
MAJHMATIKA II

PÐnakac oloklhrwm�twn sunart sewn miac netablht c:∫
xadx =

xa+1

a+ 1
+ c, a 6= −1 (1)∫

1

x
dx =

∫
dx

x
= ln |x|+ c (2)∫

exdx = ex + c (3)∫
axdx =

ax

ln a
+ c, a > 0 (4)∫

sinxdx = − cosx+ c (5)∫
cosxdx = sinx+ c (6)∫
dx

cos2 x
= tanx+ c (7)∫

dx

sin2 x
= − cotx+ c (8)∫

dx

a2 − x2
=

1

2a
ln
∣∣∣a+ x

a− x

∣∣∣+ c (9)

∫
dx

x2 + a2
=

1

a
arctan

x

a
+ c (10)∫

dx√
a2 − x2

= arcsin
x

a
+ c (11)

Idiìthtec twn aìristwn oloklhrwm�twn∫
cf(x)dx = c

∫
f(x)dx c constant, (12)∫ [

f(x)± g(x)
]
dx =

∫
f(x)dx±

∫
g(x)dx. (13)

1 SUNARTHSEIS POLLWN ANEXARTH-

TWN METABLHTWN.

KaloÔme anoikt  kuklik  e-perioq  enìc shmeÐou P0 = P0(x0, y0)

sto epÐpedo R2 to sÔnolo

∆(P0, ε) = {P ∈ R2 : |P0P | < ε},
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ìpou P = P (x, y), kai |P0P | =
√

(x− x0)2 + (y − y0)2

kai anoikt  tetragwnik  e-perioq  enìc shmeÐou P0 to sÔnolo:

∆[P0, ε] = {P (x, y) ∈ R2 : |x− x0| < ε, |y − y0| < ε}

= {P (x, y) ∈ R2 : x0 − ε < x < x0 + ε, y0 − ε < y < y0 + ε}.

To sÔnolo

∆(P0, ε) = {P ∈ R2 : |P0P | ≤ ε}

onom�zetai kleist  kuklik  e-perioq  enìc shmeÐou P0.

'Estw P0 = P0(x0, y0, z0) kai P = P (x, y, z) eÐnai shmeÐa ston q¸ro R3, kai

|P0P | =
√

(x− x0)2 + (y − y0)2 + (z − z0)2, (1)

tìte to sÔnolo

B(P0, ε) = {P ∈ R3 : |P0P | < ε},

lègetai anoikt  sfairik  e-perioq  enìc shmeÐou P0 = P0(x0, y0, z0)

ston q¸ro R3, to sÔnolo

B(P0, ε) = {P ∈ R3 : |P0P | ≤ ε},

lègetai kleist  sfairik  e-perioq  enìc shmeÐou P0.

To sÔnolo

B[P0, ε] = {P (x, y) ∈ R3 : |x− x0| < ε, |y − y0| < ε, |z − z0| < ε}.

onom�zetai anoikt  kubik  e-perioq  enìc shmeÐou P0 = P0(x0, y0, z0).

'Ena sÔnolo V kaleÐtai perioq  enìc shmeÐou P0 ston R2, an perièqei

mia anoikt  kuklik    tetragwnik  e-perioq  tou shmeÐou P0 kai shmei¸netai me

∆(P0)   ∆[P0].

'Ena sÔnolo W kaleÐtai perioq  enìc shmeÐou P0 ston R3, an perièqei

mia anoikt  sfairik    kubik  e-perioq  tou shmeÐou P0 kai shmei¸netai me B(P0)

  B[P0].

'Ena shmeÐo P0 lègetai eswterikì shmeÐo tou sunìlou A ston R2

(ston R3), ean up�rqei perioq  ∆(P0)
(
B(P0) ston R3

)
tètoia ¸ste ∆(P0) ⊂
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A
(
B(P0) ⊂ A

)
.

Lème ìti èna sÔnolo A eÐnai anoiktì ìtan ìla ta shmeÐa tou eÐnai esw-

terik� p.q. A = {P (x, y) ∈ R2 : a < x < b, c < y < d} anoiktì sÔnolo.

To sÔnolo CA = {P ∈ R3 : P /∈ A}

kaleÐtai sumpl rwma tou A. Profan¸c A
⋂
CA = ∅.

'Ena sÔnolo A kaleÐtai kleistì, an to sumpl rwm� tou CA eÐnai anoiktì

sÔnolo. To sÔnolo B = {P (x, y) ∈ R2 : a ≤ x ≤ b, c ≤ y ≤ d} eÐnai kleistì.

'Ena sÔnolo A kaleÐtai sunafèc (sunektikì), ean duo opoiad pote sh-

meÐa tou mporoÔn na sundejoÔn me mia polugwnik  gramm , h opoÐa ex olokl rou

na an kei sto A.

'Ena sunafèc kai anoiktì sÔnolo onom�zetai tìpoc.

'Ena sunafèc kai kleistì sÔnolo lègetai kleistìc tìpoc   qwrÐo.

'Estw ìti f : A → R, A ⊂ R2, ta shmeÐa P0, P ∈ A, ìpou A pedÐo

orismoÔ thc f kai P = P (x, y), P0 = P0(x0, y0). Tìte h sun�rthsh f

lègetai suneq c sto shmeÐo P0(x0, y0) e�n:

lim
(x,y)→(x0,y0)

f(x, y) = f(x0, y0).

'Estw ìti f : A → R, A ⊂ R3, ta shmeÐa P0, P ∈ A, ìpou A pedÐo

orismoÔ thc f kai P = P (x, y, z), P0 = P0(x0, y0, z0). Tìte f(x, y, z) sÔntoma

sumbolÐzetai me f(P ) kai f(x0, y0, z0) me f(P0).

Lème ìti h sun�rthsh f eÐnai suneq c sto shmeÐo P0 e�n:

lim
P→P0

f(P ) = f(P0).

Lème ìti h sun�rthsh f eÐnai suneq c se mia perioq D, e�n eÐnai suneq c

se k�je shmeÐo thc D kai gr�foume f(x, y, z) ∈ C(D).

1.1. MERIKES PARAGWGOI.

Orismìc 1. 'Otan paragwgÐzoume p.q. th sun�rthsh u = f(x, y, z) wc proc th

metablht  x, tìte ìlec oi �llec metablhtèc jewroÔntai stajerèc, h par�gwgoc

aut  onom�zetai merik  par�gwgoc thc sun�rthshc u = f(x, y, z) wc
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proc x, sumbolÐzetai me ∂u
∂x ,   u′x,   ux,   ∂f

∂x ,   f ′x,   f ′x(x, y, z)

kai orÐzetai wc ex c:

∂u

∂x
=
∂f

∂x
= u′x = fx(x, y, z) = lim

∆x→0

f(x+ ∆x, y, z)− f(x, y, z)

∆x
,

efìson hp�rqei autì to ìrio.

Orismìc 2. H merik  par�gwgoc thc sun�rthshc u = f(x, y, z)

wc proc y, sumbolÐzetai me ∂u
∂y ,   u′y,   uy,   ∂f

∂y ,   f ′y,   f ′y(x, y, z)

kai orÐzetai wc ex c:

∂u

∂y
=
∂f

∂y
= u′y = fy(x, y, z) = lim

∆y→0

f(x, y + ∆y, z)− f(x, y, z)

∆y
,

efìson hp�rqei autì to ìrio.

Orismìc 3. H merik  par�gwgoc thc sun�rthshc u = f(x, y, z)

wc proc z orÐzetai wc ex c:

∂u

∂z
=
∂f

∂z
= u′z = fz(x, y, z) = lim

∆z→0

f(x, y, z + ∆z)− f(x, y, z)

∆z
,

efìson hp�rqei autì to ìrio.

Orismìc 4. H sun�rthsh f(x) lègetai suneq¸c paragwgÐsimh sto

di�sthma (a, b) an f(x) kai f ′(x) eÐnai suneqeÐc sto (a, b) kai tìte gr�foume

f(x) ∈ C1(a, b).

Orismìc 5. H sun�rthsh f(x) lègetai duo forèc suneq¸c paragw-

gÐsimh sto di�sthma (a, b) an f(x), f ′(x) kai f ′′(x) eÐnai suneqeÐc sto (a, b)

kai tìte gr�foume f(x) ∈ C2(a, b).

Orismìc 6. H sun�rthsh f(x, y) lègetai suneq¸c diaforÐsimh ston

tìpo D ⊂ R2 an f(x, y), f ′x(x, y) kai f ′y(x, y) eÐnai suneqeÐc ston D kai tìte

gr�foume f(x, y) ∈ C1(D).

1.1.1. Kanìnec upologismoÔ twn merik¸n parag¸gwn

Oi kanìnec upologismoÔ twn merik¸n parag¸gwn twn sunart sewn poll¸n ane-

x�rthtwn metablht¸n eÐnai Ðdioi me ekeÐnouc pou qrhsimopoioÔme gia tic sunart -

seic miac anex�rththc metablht c, dhlad :

(f(x, y)± g(x, y))
′
x = (f(x, y))

′
x ±

(
g(x, y)

)′
x

= f ′x(x, y)± g′x(x, y), (14)
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(
Cf(x, y)

)′
x

= C
(
f(x, y)

)′
x

= Cf ′x(x, y), (15)

ìpou C eÐnai aujaÐreth stajer�,(
f(x, y) · g(x, y)

)′
x

= f ′x(x, y)g(x, y) + f(x, y)g′x(x, y), (16)(
(f(x, y)

g(x, y)

)′
x

=
f ′x(x, y)g(x, y)− f(x, y)g′x(x, y)

g2(x, y)
. (17)

1.1.2. PÐnakac merik¸n parag¸gwn basik¸n sunart sewn

(
fa(x, y)

)′
x

= afa−1(x, y)f ′x(x, y), a eÐnai stajer�, (18)(
ef(x,y)

)′
x

= f ′x(x, y)ef(x,y), (19)(
af(x,y)

)′
x

= af(x,y)f ′x(x, y) ln a, a > 0 (20)(
ln f(x, y)

)′
x

=
f ′x(x, y)

f(x, y)
, (21)

(loga f(x, y))
′
x =

f ′x(x, y)

f(x, y) ln a
, a > 0, (22)(

sin f(x, y)
)′
x

= f ′x(x, y) cos f(x, y), (23)(
cos f(x, y)

)′
x

= −f ′x(x, y) sin f(x, y), (24)(
tan f(x, y)

)′
x

=
f ′x(x, y)

cos2 f(x, y)
, (25)

(
cot f(x, y)

)′
x

= − f ′x(x, y)

sin2 f(x, y)
. (26)

Qr simoi tÔpoi

fa(x,y) = [f(x,y)]a,

f(x,y) = [f(x,y)]1,

n
√
fm(x, y) = f

m
n (x, y) = [f(x,y)]

m
n .

'Askhsh 1:

(x3 + y4)′x = (x3)′x + (y4)′x = 3x2 + 0 = 3x2,

(x3 − y4)′y = (x3)′y − (y4)′y = 0− 4y3 = −4y3,

'Askhsh 2:(
sinx

√
y6 cos

2

y9

)′
x

=

√
y6 cos

2

y9
(sinx)′x =

√
y6 cos

2

y9
cosx,
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'Askhsh 3: (
xy7
)′
y

= x(y7)′y = x7y6 = 7xy6.

'Askhsh 4:

(
sinxy

ex2y4

)′
x

=
(sinxy)′x e

x2y4 − sinxy
(
ex

2y4
)′
x(

ex2y4
)2 =

(xy)′x cosxy ex
2y4 − sinxy ex

2y4(x2y4)′x
e2x2y4

=
y cosxy ex

2y4 − sinxy ex
2y42xy4

e2x2y4
=
ex

2y4 [y cosxy − 2xy4 sinxy]

(ex2y4)2

=
y cosxy − 2xy4 sinxy

ex2y4
.

1.1.3. Merikèc par�gwgoi anwtèrwn t�xewn

H merik  par�gwgoc ∂z
∂x miac sun�rthshc z = f(x, y) mporeÐ me th seir� thc

na paragwgisteÐ wc proc x kai wc proc y, opìte ja d¸sei tic merikèc parag¸gouc

2-ac t�xhc
∂2z

∂x2
= z′′xx =

∂

∂x

(
∂z

∂x

)
,

kai
∂2z

∂y∂x
= z′′yx =

∂

∂y

(
∂z

∂x

)
,

ìpou h sun�rthsh z = f(x, y) pr¸ta paragwgÐzetai wc proc x kai met� wc

proc y. OmoÐwc
∂2z

∂x∂y
=

∂

∂x

(
∂z

∂y

)
= z′′xy =

(
z′y
)′
x
,

ìpou h sun�rthsh z = f(x, y) pr¸ta paragwgÐzetai wc proc y kai met� wc

proc x.

Analìgwc eis�goume tic parag¸gouc 3-hc t�xhc:

∂3f

∂x∂y2
=

∂

∂x

(
∂2f

∂y2

)
= f ′′′xy2 = (f ′′y2)′x,

ìpou pr¸ta paragwgÐzoume 2 forèc wc proc y kai meta wc proc x, kai thn

par�gwgo

∂3f

∂x∂y∂z
=

∂

∂x

(
∂2f

∂y∂z

)
,

ìpou pr¸ta paragwgÐzoume wc proc z, met� wc proc y kai sto tèloc wc proc x.
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Je¸rhma 1.

An h sun�rthsh z = f(x, y) kai oi merikèc thc par�gwgoi mèqri deutèrac t�xhc

eÐnai suneqeÐc ston tìpo D ⊂ R2, tìte h seir� parag ģhshc mporeÐ na enallageÐ,

dhlad 
∂2z

∂y∂x
=

∂2z

∂x∂y
, ∀(x, y) ∈ D.

'Askhsh 1:

(x3y4ez)′′yx =
(
(x3y4ez)′x

)′
y

=
(
(x3)′xy

4ez
)′
y

= (3x2y4ez)′y

= 3x2ez(y4)′y = 3x2ez4y3 = 12x2y3ez.

'Askhsh 2:

(x3y4ez)′′zy =
(
(x3y4ez)′y

)′
z

=
(
(y4)′y x

3ez
)′
z

= (4y3x3ez)′z

= 4y3x3(ez)′z = 4y3x3ez.

'Askhsh 3: 'Estw f(x, y) = x20y7 +
√
x cos(x6 + ex).

Na brejeÐ f ′′yx(x, y). LÔsh: Lìgw tou Jewr matoc 1, èqoume:

f ′′yx(x, y) = f ′′xy(x, y) =
(
f ′y(x, y)

)′
x

=

((
x20y7 +

√
x cos(x6 + ex)

)′
y

)′
x

=

((
x20y7

)′
y

+
(√

x cos(x6 + ex)
)′
y

)′
x

= (7y6x20+0)′x = 7y6(x20)′x = 7y620x19 = 140y6x19.

1.1.4. Kanìnac alusÐdac

I. Ean h f(x, y) èqei suneqeÐc merikèc parag¸gouc f ′x, f
′
y kai oi x = x(t) kai

y = y(t) eÐnai paragwgÐsimec wc proc t, tìte h f
(
x(t), y(t)

) def
= u(t) eÐnai

paragwgÐsimh wc proc t kai isqÔei:

du

dt
= f ′x

(
x(t), y(t)

)
· x′(t) + f ′y

(
x(t), y(t)

)
· y′(t). (27)

II. 'Estw ìti h f(x, y, z) èqei suneqeÐc merikèc parag¸gouc f ′x, f
′
y, f

′
z kai oi x =

x(t, s), y = y(t, s), z = z(t, s) eÐnai paragwgÐsimec wc proc t kai s, tìte h

f
(
x(t, s), y(t, s), z(t, s)

) def
= u(t, s) eÐnai paragwgÐsimh wc proc t kai s kai isqÔei:

∂u

∂t
=
∂f

∂x
· ∂x
∂t

+
∂f

∂y
· ∂y
∂t

+
∂f

∂z
· ∂z
∂t
, (28)

∂u

∂s
=
∂f

∂x
· ∂x
∂s

+
∂f

∂y
· ∂y
∂s

+
∂f

∂z
· ∂z
∂s

(29)
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'Askhsh 1: 'Estw

u = f(x, y) = x2 + y2, x = t2, y = t3 ⇒ u = f(x, y) = u(t).

Tìte apì ton tÔpo (27) sunep�getai

u′(t) = f ′x(x, y)x′(t) + f ′y(x, y)y′(t)

= (x2 + y2)′x(t2)′ + (x2 + y2)′y(t3)′ = [(x2)′x + (y2)′x]2t+ [(x2)′y + (y2)′y]3t2

= (2x+ 0)2t+ (0 + 2y)3t2 = 4xt+ 6yt2.

'Askhsh 2: 'Estw

u = f(x, y) = 3 sinxy2, x = t4, y = t2 ⇒ u = f(x, y) = u(t).

Tìte apì ton tÔpo (27) sunep�getai

u′(t) = f ′x(x, y)x′(t) + f ′y(x, y)y′(t)

= (3 sinxy2)′x(t4)′ + (3 sinxy2)′y(t2)′ = 3(xy2)′x cosxy2 4t3 + 3(xy2)′y cosxy2 2t

= 12t3 y2(x)′x cosxy2 + 6tx(y2)′y cosxy2 = 12t3 y2 cosxy2 + 6tx2y cosxy2

12t3 y2 cosxy2 + 12txy cosxy2

'Askhsh 3: 'Estw

u = f(x, y, z) = x2+y3+z4, x = t cos s, y = t sin s, z = t2 ⇒ u = f(x, y, z) = u(t, s).

Tìte apì ton tÔpo (28) sunep�getai

u′t(t, s) = f ′x(x, y, z)x′t(t, s) + f ′y(x, y, z)y′t(t, s) + f ′z(x, y, z)z
′
t(t, s)

= (x2 + y3 + z4)′x(t cos s)′t + (x2 + y3 + z4)′y(t sin s)t + (x2 + y3 + z4)′z(t
2)′t

= [(x2)′x+(y3+z4)′x](t)′t cos s+[(x2+z4)′y+(y3)′y](t)′t sin s+[(x2+y3)′z+(z4)′z](2t)

= (2x+ 0) cos s+ (0 + 3y2) sin s+ 2t(0 + 4z3) = 2x cos s+ 3y2 sin s+ 8tz3.

'Askhsh 4:

DeÐxte ìti h sun�rthsh

z = sinxy

epalhjeÔei th diaforik  exÐswsh

z′′xx + z′′yy + (x2 + y2)z = 0. (30)
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LÔsh: Apì thn z = sinxy ⇒ z′x = (sinxy)′x = (xy)′x cosxy = y cosxy ⇒
z′′xx = (z′x)′x = (y cosxy)′x = y(cosxy)′x = −y(xy)′x sinxy = −y · y(x)′x sinxy =

−y2 · 1 sinxy = −y2 sinxy,

z′y = (sinxy)′y = (xy)′y cosxy = x(y)′y cosxy = x · 1 cosxy = x cosxy ⇒
z′′yy = (z′y)′y = (x cosxy)′y = x(cosxy)′y = −x(xy)′y sinxy = −x2 sinxy.

Antikajist¸ntac tic timèc autèc sthn (30) lamb�noume:

−y2 sinxy+(−x2 sinxy)+(x2+y2) sinxy = −(y2+x2) sinxy+(x2+y2) sinxy = 0 ⇒ 0 = 0.

'Ara h z = sinxy epalhjeÔei thn (30), dhlad  eÐnai mia lÔsh thc.

(xa)′ = axa−1(
3

x

)′
= 3

(
1

x

)′
= 3(x−1)′ = 3 · (−1)x−1−1 = −3x−2 = − 3

x2
.

'Askhsh 5:

DeÐxte ìti h sun�rthsh z = e
3y−2x

xy epalhjeÔei th diaforik  exÐswsh

2x2z′x + 3y2z′y = 0. (31)

LÔsh:

z = e
3y−2x

xy = e
3y
xy−

2x
xy = e

3
x−

2
y ⇒

z′x =
(
e

3
x−

2
y

)′
x

= e
3
x−

2
y

( 3

x
− 2

y

)′
x

= e
3
x−

2
y ·
(
− 3

x2
− 0

)
= −e

3
x−

2
y · 3

x2
.

z′y =
(
e

3
x−

2
y

)′
y

= e
3
x−

2
y

( 3

x
− 2

y

)′
y

= e
3
x−

2
y ·
(

0 +
2

y2

)
= e

3
x−

2
y · 2

y2
.

Antikajist¸ntac tic timèc autèc sthn (31) lamb�noume:

2x2
(
− e

3
x−

2
y · 3

x2

)
+ 3y2 · e

3
x−

2
y · 2

y2
= −6e

3
x−

2
y + 6e

3
x−

2
y = 0 ⇒ 0 = 0.

'Ara h z = e
3y−2x

xy epalhjeÔei thn (31) dhlad  eÐnai mia lÔsh thc.

'Askhsh 6:

DeÐxte ìti h sun�rthsh

z = ln
√
x2 + y2 (32)

epalhjeÔei th diaforik  exÐswsh

xz′x + yz′y = 1. (33)

LÔsh: apì (32) qrhsimopoi¸ntastouc touc tÔpouc

n
√
fm(x, y) = f

m
n (x,y) = [f(x,y)]

m
n , x2 + y2 = (x2 + y2)1,
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ln fa(x,y) = a ln f(x,y), (ln f(x,y))
′
x =

f ′x(x,y)

f(x,y)
,

brÐskoume

z′x =
(

ln
√
x2 + y2

)′
x

=
(

ln(x2 + y2)1/2
)′
x

=
1

2

(
ln(x2 + y2)

)′
x

=
1

2

(x2 + y2)′x
x2 + y2

=
1

2

(2x+ 0)

x2 + y2
=

1

2

2x

x2 + y2
=

x

x2 + y2
, (34)

z′y =
(

ln
√
x2 + y2

)′
y

=
(

ln(x2 + y2)1/2
)′
y

=
1

2

(
ln(x2 + y2)

)′
y

=
1

2

(x2 + y2)′y
x2 + y2

=
1

2

(0 + 2y)

x2 + y2
=

1

2

2y

x2 + y2
=

y

x2 + y2
. (35)

Antikajist¸ntac tic timèc (34) kai (35) sthn (33), lamb�noume:

x
x

x2 + y2
+ y

y

x2 + y2
=

x2

x2 + y2
+

y2

x2 + y2
=
x2 + y2

x2 + y2
= 1 ⇒ 1 = 1.

'Ara h (32) epalhjeÔei thn (33), dhlad  eÐnai mia lÔsh thc.

'Askhsh 7:

DeÐxte ìti h sun�rthsh

z =
√
x2 + y2 (36)

epalhjeÔei th diaforik  exÐswsh

xz′x + yz′y = z. (37)

'Askhsh 8:

DeÐxte ìti h sun�rthsh z = cos xy eÐnai lÔsh thc diaforik c exÐswshc

yz′y + xz′x = 0.

'Askhsh 9:

DeÐxte ìti h sun�rthsh

z = e
x+y
x

eÐnai lÔsh thc diaforik c exÐswshc

z′x + yz′′yy = 0.

'Askhsh 10:

DeÐxte ìti h sun�rthsh

z = sin
y3

x
eÐnai lÔsh thc diaforik c exÐswshc

3xz′x + yz′y = 0.
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1.1.5. Merik  par�gwgoc plegmènhc sun�rthshc.

Lème ìti h exÐswsh F (x, y, z) = 0 orÐzei se plegmènh morfh mia sun�rthsh z =

f(x, y) ston tìpo ∆ ⊆ R2, ìtan gia k�je (x, y) ∈ ∆ isqÔei F
(
x, y, f(x, y)

)
=

0. Oi merikèc par�gwgoi z′x, z
′
y brÐskontai apì touc tÔpouc:

z′x = −F
′
x

F ′z
, z′y = −

F ′y
F ′z
. (38)

Askhsh 1.

BreÐte tic merikèc parag¸gouc z′x, z
′
y apì thn exÐswsh

eyz + y2 = xz (∗).

LÔsh: Epeid  h exÐswsh (*) de lÔnetai wc proc z, ja qrhsimopoi soume touc

tÔpouc (38) gia thn par�gwgo thc plegmènhc sun�rthshc pou orÐzetai apì thn

exÐswsh F (x, y, z) = 0. Apì thn (*) ⇒

F (x, y, z) = eyz + y2 − xz, ⇒

F ′x = (eyz + y2 − xz)′x = (eyz + y2)′x − (xz)′x = 0− z(x)′x = −z,

F ′y = (eyz+y2−xz)′y = (eyz)′y+(y2)′y−(xz)′y = eyz(yz)′y+2y−0 = eyzz(y)′y+2y−0 = zeyz+2y,

F ′z = (eyz+y2−xz)′z = (eyz)′z+(y2)′z−(xz)′z = eyz(yz)′z+0−x(z)′z = eyzy(z)′z+0−x(z)′z = yeyz−x⇒

z′x = − −z
yeyz − x

=
z

yeyz − x
, z′y = −ze

yz + 2y

yeyz − x
.

Askhsh 2.

BreÐte tic merikèc parag¸gouc z′x, z
′
y apì thn exÐswsh

x2 + y2 + z2 + 2xy + 4xz + 8yz = 20. (∗)

LÔsh: apì thn (*) brÐskoume

F (x, y, z) = x2 + y2 + z2 + 2xy + 4xz + 8yz − 20, ⇒

F ′x = (x2+y2+z2+2xy+4xz+8yz−20)′x = (x2+2xy+4xz)′x+(y2+z2+8yz−20)′x

= 2x+ 2y(x)′x + 4z(x)′x + 0 = 2x+ 2y + 4z,

F ′y = (x2+y2+z2+2xy+4xz+8yz−20)′y = (y2+2xy+8yz)′y+(x2+z2+4xz−20)′y

= 2y + 2x(y)′y + 8z(y)′y + 0 = 2y + 2x+ 8z,

F ′z = (x2+y2+z2+2xy+4xz+8yz−20)′z = (z2+4xz+8yz)′z+(x2+y2+2xy−20)′z

= 2z + 4x(z)′z + 8y(z)′z + 0 = 2z + 4x+ 8y ⇒
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z′x = −2x+ 2y + 4z

2z + 4x+ 8y
, z′y = −2y + 2x+ 8z

2z + 4x+ 8y
.

Askhsh 3.

BreÐte tic merikèc parag¸gouc z′x, z
′
y apì thn exÐswsh

x+ 3y + 2z = ln z. (∗)

LÔsh: apì thn (*) brÐskoume

F (x, y, z) = x+ 3y + 2z − ln z, ⇒

F ′x = (x+ 3y + 2z − ln z)′x = (x)′x + (3y + 2z − ln z)′x = 1 + 0 = 1,

F ′y = (x+ 3y + 2z − ln z)′y = (3y)′y + (x+ 2z − ln z)′y = 3 + 0 = 3,

F ′z = (x+ 3y + 2z − ln z)′z = (2z − ln z)′z + (x+ 3y)′z = 2− 1

z
+ 0 =

2z − 1

z
,

z′x = − 1
2z−1
z

= − z

2z − 1
, z′y = − 3

2z−1
z

= − 3z

2z − 1
.

Askhsh 4.

BreÐte tic merikèc parag¸gouc z′x, z
′
y apì thn exÐswsh

cosx− xy3 + 4z2 = ez. (∗)

LÔsh: apì thn (*) brÐskoume

F (x, y, z) = cosx− xy3 + 4z2 − ez ⇒

F ′x = (cosx− xy3 + 4z2 − ez)′x = (cosx)′x − (xy3)′x + (4z2 − ez)′x

= − sinx− y3(x)′x + 0 = − sinx− y3,

F ′y = (cosx− xy3 + 4z2 − ez)′y = (cosx)′y − (xy3)′y + (4z2 − ez)′y

= 0− x(y3)′y + 0 = −x3y2 = −3xy2,

F ′z = (cosx− xy3 + 4z2 − ez)′z = (cosx)′z − (xy3)′z + (4z2)′z − (ez)′z

= 0− 0 + 8z − ez = 8z − ez,

z′x = −− sinx− y3

8z − ez
=

sinx+ y3

8z − ez
, z′y = − −3xy2

8z − ez
=

3xy2

8z − ez
.

Askhsh 5. (gia spÐti)

BreÐte tic merikèc parag¸gouc z′x, z
′
y apì thn exÐswsh

3x+ y2 − z = sin z. (∗)
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Askhsh 6. (gia spÐti)

BreÐte tic merikèc parag¸gouc z′x, z
′
y apì thn exÐswsh

5xz7 − 2y4 = e3z. (∗)

6. An�ptugma Taylor-Mac Laurin.

Qr simoi tÔpoi

(a+ b)2 = a2 + 2ab+ b2, (a+ b)3 = a3 + 3a2b+ 3ab2 + b3,

f(x) = f(x0) +
1

1!
(x− x0)f ′(x0) +

1

2!
(x− x0)2f ′′(x0) +

1

3!
(x− x0)3f ′′′(x0) + ...

ìpou gia x0 = 0 èqoume th seir� Mac Laurin

f(x) = f(0) +
x

1!
f ′(0) +

x2

2!
f ′′(0) +

x3

3!
f ′′′(0) + ...

n! = 1 · 2 · 3 · ·... · (n− 1)n,

1! = 1, 2! = 1 · 2 = 2, 3! = 1 · 2 · 3 = 6, ...

Jètoume
(
x
∂·
∂x

+ y
∂·
∂y

)
f(x, y)

def
= x

∂f(x, y)

∂x
+ y

∂f(x, y)

∂y
,(

x
∂·
∂x

+ y
∂·
∂y

)2

f(x, y)
def
= x2 ∂

2f(x, y)

∂x2
+ 2xy

∂2f(x, y)

∂x∂y
+ y2 ∂

2f(x, y)

∂y2
,(

x
∂·
∂x

+ y
∂·
∂y

)3

f(x, y)
def
= ...

ìpou (
∂·
∂x

)2

=
∂2·
∂x2

,
∂·
∂x
· ∂·
∂y

=
∂2·
∂y∂x

.

H an�ptuxh thc f(x, y) kat� Taylor se mia perioq  tou shmeÐou (x0, y0) eÐnai:

f(x, y) = f(x0, y0) +
1

1!

(
l
∂·
∂x

+ k
∂·
∂y

)
f(x0, y0) +

1

2!

(
l
∂·
∂x

+ k
∂·
∂y

)2

f(x0, y0)

+
1

3!

(
l
∂·
∂x

+ k
∂·
∂y

)3

f(x0, y0) + ...

= f(x0, y0) +
1

1!

[
(x− x0)

∂f(x0, y0)

∂x
+ (y − y0)

∂f(x0, y0)

∂y

]
+

1

2!

[
(x− x0)2 ∂

2f(x0, y0)

∂x2
+ 2(x− x0)(y − y0)

∂2f(x0, y0)

∂y∂x
+ (y − y0)2 ∂

2f(x0, y0)

∂y2

]
+

1

3!

(
l
∂·
∂x

+ k
∂·
∂y

)3

f(x0, y0) + ... (39)
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ìpou l = x− x0, k = y − y0.

H an�ptuxh thc f(x, y) kat� Mac Laurin se mia perioq  tou (0, 0), dhlad  gia

x0 = 0, y0 = 0, eÐnai:

f(x, y) = f(0, 0) +
(
x
∂·
∂x

+ y
∂·
∂y

)
f(0, 0) +

1

2!

(
x
∂·
∂x

+ y
∂·
∂y

)2

f(0, 0) (40)

+
1

3!

(
x
∂·
∂x

+ y
∂·
∂y

)3

f(0, 0) + ...

Kanìnac tou Sarrus gia orÐzousa

Gia A =

a11 a12 a13

a21 a22 a23

a31 a32 a33

⇒ detA = |A| = det

a11 a12 a13

a21 a22 a23

a31 a32 a33

 =

= a11a22a33 + a12a23a31 + a13a21a32 − a12a21a33 − a11a23a32 − a13a22a31

(41)

An�ptugma kat� Laplace gia orÐzousa

Gia A =

a11 a12 a13

a21 a22 a23

a31 a32 a33

⇒ detA = det

a11 a12 a13

a21 a22 a23

a31 a32 a33

 (42)

= a11

∣∣∣∣∣ a22 a23

a32 a33

∣∣∣∣∣− a12

∣∣∣∣∣ a21 a23

a31 a33

∣∣∣∣∣+ a13

∣∣∣∣∣ a21 a22

a31 a32

∣∣∣∣∣
= a11

(
a22a33 − a32a23

)
− a12

(
a21a33 − a31a23

)
+ a13

(
a21a32 − a31a22

)
2 DIANUSMATIKH ANALUSH

'Orismìc 1. Lème bajmwtì pedÐo th bajmwt  sun�rthsh f(x, y, z)  

f(x, y) ìpou

f : R3 → R   f : R2 → R.

'Orismìc 2. Lème dianusmatikì pedÐo th dianusmatik  sun�rthsh
~F = (P,Q,R) : R3 → R3, dhlad :

~F (x, y, z) = P (x, y, z)~i+Q(x, y, z)~j +R(x, y, z)~k (43)

  ~F = (P,Q) : R2 → R2, dhlad : ~F (x, y) = P (x, y)~i+Q(x, y)~j.
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'Orismìc 3. To di�nusma

∇ =
−→
∇ def

=
( ∂·
∂x
,
∂·
∂y
,
∂·
∂z

)
=~i

∂·
∂x

+~j
∂·
∂y

+ ~k
∂·
∂z

onom�zetai telest c an�delta (Hamilton).

'Orismìc 4. 'Estw ìti h f(x, y, z) èqei suneqeÐc merikèc parag¸gouc. H

dianusmatik  sun�rthsh

grad f = ∇f def
=
(∂f
∂x
,
∂f

∂y
,
∂f

∂z

)
= (f ′x, f

′
y, f
′
z) (44)

lègetai klÐsh (gradient) thc f(x, y, z).

'Orismìc 5. Mia sun�rthsh f(x, y, z) pou èqei thn idiìthta h klÐsh thc na

dÐnei to dianusmatikì pedÐo ~F dhlad 

∇f = ~F ,

onom�zetai sun�rthsh dunamikoÔ.

'Estw ìti P0 = P0(x0, y0, z0) eÐnai èna shmeÐo p�nw sthn epif�neia F (x, y, z) =

0

'Orismìc 6. To di�nusma

gradF (P0) = (∇F )|
P0

=
(
F ′x(P0), F ′y(P0), F ′z(P0)

)
(45)

eÐnai k�jeto di�nusma sthn epif�neia F (x, y, z) = 0 sto shmeÐo P0.

'Orismìc 7. H exÐswsh tou efaptìmenou epipèdou sto shmeÐo

P0 thc epif�neiac F (x, y, z) = 0 eÐnai

F ′x(P0)(x− x0) + F ′y(P0)(y − y0) + F ′z(P0)(z − z0) = 0. (46)

'Orismìc 8. H exÐswsh k�jethc sthn epif�neia eujeÐac sto

shmeÐo P0 eÐnai
x− x0

F ′x(P0)
=

y − y0

F ′y(P0)
=

z − z0

F ′z(P0)
. (47)

'Askhsh BreÐte tic exis¸seic tou efaptìmenou epipèdou kai thn exÐswsh

k�jethc eujeÐac thc sfaÐrac

x2 + y2 + z2 = 9 (48)
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sto shmeÐo P0(1, 2, 2).

LÔsh: Apì to shmeÐo P0(1, 2, 2) kai thn (48) èqoume x0 = 1, y0 = 2, z0 = 2

kai

F (x, y, z) = x2 + y2 + z2 − 9.

Tìte

F ′x(x, y, z) = (x2 + y2 + z2 − 9)′x = 2x+ 0 = 2x,

F ′x(P0) = F ′x(x0, y0, z0) = 2x0 = 2 · 1 = 2,

F ′y(x, y, z) = (x2 + y2 + z2 − 9)′y = 0 + 2y + 0 = 0 + 2y + 0 = 2y,

F ′y(P0) = F ′y(x0, y0, z0) = 2y0 = 2 · 2 = 4,

F ′z(x, y, z) = (x2 + y2 + z2 − 9)′z = 0 + 0 + 2z − 0 = 2z,

F ′z(P0) = F ′z(x0, y0, z0) = 2z0 = 2 · 2 = 4.

Antikajhstìntac tic parap�nw timèc

F ′x(P0) = 2, F ′y(P0) = 4, F ′z(P0) = 4

kai x0 = 1, y0 = 2, z0 = 2 sthn (46) lamb�noume thn exÐswsh tou efaptìme-

nou epipèdou

2(x− 1) + 4(y − 2) + 4(z − 2) = 0,

2x+ 4y + 4z − 18 = 0,

x+ 2y + 2z − 9 = 0.

Antikajhstìntac tic parap�nw timèc sthn (47) lamb�noume thn exÐswsh thc k�-

jethc eujeÐac
x− 1

2
=
y − 2

4
=
z − 2

4
.

'Alutec Ask seic: BreÐte tic exis¸seic tou efaptìmenou epipèdou kai

thn exÐswsh k�jethc eujeÐac k�je epif�niac sto dedomèno shmeÐo

1. x2 + y2 + z2 = 14, P0 = P0(1,−2, 3),

2. x2 + 2z2 = 3y2, P0 = P0(2,−2,−2),

3. 2x2 + 2xy + y2 + z + 1 = 0, P0 = P0(1,−2,−3).
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'Orismìc 9. Gia to dianusmatikì pedÐo

~F = (P,Q,R) = P~i+Q~j +R~k,

ìpou P,Q,R èqoun suneqeÐc merikèc parag¸gouc 1−hc t�xhc, h dianusmatik 

sun�rthsh (telest c):

rot ~F = ∇× ~F =

∣∣∣∣∣∣∣
~i ~j ~k

∂/∂x ∂/∂y ∂/∂z

P Q R

∣∣∣∣∣∣∣ =~i(R′y−Q′z)−~j(R′x−P ′z) +~k(Q′x−P ′y)

(49)

lègetai peristrof    strobilismìc (rotation).

'Orismìc 10. H bajmwt  sun�rthsh

div~F = ∇ · ~F def
=

∂P

∂x
+
∂Q

∂y
+
∂R

∂z
= P ′x +Q′y +R′z (50)

lègetai apìklish (divergence) tou dianusmatikoÔ pedÐou ~F = (P,Q,R).

'Orismìc 11. 'Ena diaforÐsimo dianusmatikì pedÐo ~F lègetai swlhnoei-

dèc   laplasianì sto D ìtan gia k�je shmeÐo M ∈ D isqÔei

div ~F = 0.

'Askhsh 2. BreÐte thn peristrof  kai thn apìklish tou dianusmatikoÔ

pedÐou
~F (x, y, z) = x2y~i+ yz~j + z~k (51)

LÔsh: Apì thn (43) kai (51) ⇒

P (x, y, z) = x2y, Q(x, y, z) = yz, R(x, y, z) = z ⇒

P ′x = (x2y)′x = 2xy, P ′y = (x2y)′y = x2, P ′z = (x2y)′z = 0,

Q′x = (yz)′x = 0, Q′y = (yz)′y = z, Q′z = (yz)′z = y,

R′x = (z)′x = 0, R′y = (z)′y = 0, R′z = (z)′z = 1.

Tìte apì touc tÔpouc (49) , (50) ⇒

rot ~F =~i(R′y −Q′z)−~j(R′x − P ′z) + ~k(Q′x − P ′y)

=~i(0− y)−~j(0− 0) + ~k(0− x2) = −~iy − ~kx2
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kai

div~F = P ′x +Q′y +R′z = 2xy + z + 1.

'Orismìc 12. O telest c

4 = ∇ · ∇ =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

lègetai telest c tou Laplace kai h exÐswsh 4f = 0  

∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2
= 0 (52)

diaforik  exÐswsh tou Laplace sto R3(ExÐswsh di�doshc kÔmatoc).

H exÐswsh
∂2f

∂x2
+
∂2f

∂y2
= 0 (53)

lègetai diaforik  exÐswsh tou Laplace sto R2.

Mia sun�rthsh pou epalhjeÔei thn exÐswsh Laplace lègetai armonik .

'Askhsh 1. DeÐxte ìti h sun�rthsh

f(x, y) = ln(x2 + y2) (54)

epalhjeÔei th diaforik  exÐswsh Laplace (53), dhlad  eÐnai armonik .

LÔsh: 'Apo thn 54) brÐskoume

f ′x(x, y) =
(
ln(x2 + y2)

)′
x

=
(x2 + y2)′x
x2 + y2

=
2x+ 0

x2 + y2
=

2x

x2 + y2
,

f ′′xx(x, y) = (f ′x)′x =

(
2x

x2 + y2

)′
x

=
(2x)′x(x2 + y2)− 2x(x2 + y2)′x

(x2 + y2)2

=
2(x2 + y2)− 2x(2x+ 0)

(x2 + y2)2
=

2y2 − 2x2

(x2 + y2)2
,

f ′′xx(x, y) =
2y2 − 2x2

(x2 + y2)2
. (55)

Epeid 

f(x, y) = ln(x2 + y2) = ln(y2 + x2) = f(y, x)

h sun�rthsh f(x, y) apì thn (54) eÐnai shmmetrik  wc proc metablhtèc x kai y,

tìte all�zonteac jèseic twn metablht¸n x kai y sthn (55) ja broÔme

f ′′yy(x, y) =
2x2 − 2y2

(y2 + x2)2
. (56)
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Antikajhstìntac tic timèc apì tic exis¸seic (55), (56) sthn (53) ja l�boume

f ′′xx(x, y) + f ′′yy(x, y) =
2y2 − 2x2

(x2 + y2)2
+

2x2 − 2y2

(y2 + x2)2
=

2y2 − 2x2 + 2x2 − 2y2

(y2 + x2)2
= 0.

'Ara h sun�rthsh f(x, y) apì thn (54) eÐnai armonik .

'Alutec Ask seic:

DeÐxte ìti oi parak�tw sunart seic f(x, y, z) ikanopoioÔn thn exÐswsh Laplace

sto q¸ro R3 : f ′′xx + f ′′yy + f ′′zz = 0

1. f(x, y, z) = x2 + y2 − 2z2,

2. f(x, y, z) = (x2 + y2 + z2)−
1
2 ,

3. f(x, y, z) = e3x+4y cos 5z,

4. f(x, y, z) = cos 3x cos 4y sinh 5z.

'Orismìc 13. H par�gwgoc thc bajmwt c sun�rthshc f(x, y, z) =

f(P ) sto shmeÐo P0 = P0(x0, y0, z0) kat� kateÔjunsh tou dianÔsmatoc

~c = (c1, c2, c3) sumbolÐzetai kai upologÐzetai wc:

D~c0f =
df

d~c0

def
= (∇f)|

P0
· ~c0 = f ′x(P0) cosα+ f ′y(P0) cosβ + f ′z(P0) cos γ (57)

=f ′x(x0, y0, z0) cosα+ f ′y(x0, y0, z0) cosβ + f ′z(x0, y0, z0) cos γ

ìpou

~c0 = (cosα, cosβ, cos γ)

eÐnai to monadiaÐo di�nusma tou dianÔsmatoc ~c, ta sinhmÐtona cosα, cosβ, cos γ

lègontai sunhmÐtona kateÔjunshc kai

cosα =
c1
|c|
, cosβ =

c2
|c|
, cos γ =

c3
|c|
, |c| =

√
c21 + c22 + c23. (58)

'Askhsh 1. BreÐte thn par�gwgo thc f(x, y, z) = ex+y2+z3 sto shmeÐo

P0(−4, 2, 0) kat� kateÔjunsh tou dianÔsmatoc ~c = (2,−2, 1).
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LÔsh: 'Eqoume c1 = 2, c2 = −2, c3 = 1, kai

f ′x(x, y, z) =
(
ex+y2+z3

)′
x

= ex+y2+z3(x+ y2 + z3)′x

= ex+y2+z3 [(x)′x + (y2 + z3)′x] = ex+y2+z3(1 + 0) = ex+y2+z3 ,

f ′y(x, y, z) =
(
ex+y2+z3

)′
y

= ex+y2+z3(x+ y2 + z3)′y = 2yex+y2+z3 ,

f ′z(x, y, z) =
(
ex+y2+z3

)′
z

= ex+y2+z3(x+ y2 + z3)′z = 3z2ex+y2+z3 ,

|~c| =
√

22 + (−2)2 + 12 = 3.

Tìte

f ′x(P0) = f ′x(−4, 2, 0) = e−4+22+03

= e0 = 1,

f ′y(P0) = f ′y(−4, 2, 0) = 2 · 2e−4+22+03

= 4e0 = 4,

f ′z(P0) = f ′z(−4, 2, 0) = 3 · 02 e−4+22+03

= 0,

cosα =
c1
|c|

=
2

3
, cosβ =

c2
|c|

=
−2

3
, cos γ =

c3
|c|

=
1

3
.

Antikajist¸ntac tic timèc autèc ston tÔpo (57) brÐskoume

df

d~c0
=

2

3
+ 4 ·

(−2

3

)
+ 0 · 1

3
= −2.

'Askhsh 2. BreÐte thn par�gwgo thc f(x, y, z) = x2 + 2y3z + 3z4 sto

shmeÐo P0(2, 1, 3) kat� kateÔjunsh tou dianÔsmatoc ~c = (−4, 2, 4).

LÔsh: 'Eqoume c1 = −4, c2 = 2, c3 = 4, kai

f ′x(x, y, z) = (x2 + 2y3z + 3z4)′x = (x2)′x + (2y3z + 3z4)′x = 2x+ 0 = 2x,

f ′y(x, y, z) = (x2 + 2y3z + 3z4)′y = (x2)′y + (2y3z)′y + (3z4)′y

= 0 + 2z(y3)′y + 0 = 2z · 3y2 = 6y2z,

f ′z(x, y, z) = (x2 + 2y3z + 3z4)′z = (x2)′z + (2y3z)′z + (3z4)′z

= 0 + 2y3(z)′z + 3 · (z4)′z = 2y3 + 3 · 4z3 = 2y3 + 12z3,

|~c| =
√

(−4)2 + 22 + 42 =
√

36 = 6. Tìte

f ′x(x, y, z) = 2x,

f ′y(x, y, z) = 6y2z,

f ′z(x, y, z) = 2y3 + 12z3. 'Ara

f ′x(P0) = f ′x(2, 1, 3) = 2 · 2 = 4,

f ′y(P0) = f ′y(2, 1, 3) = 6 · 12 · 3 = 18,
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f ′z(P0) = f ′z(2, 1, 3) = 2 · 13 + 12 · 33 = 110,

cosα =
c1
|c|

=
−4

6
= −2

3
, cosβ =

c2
|c|

=
2

6
=

1

3
, cos γ =

c3
|c|

=
4

6
=

2

3
.

Antikajist¸ntac tic timèc autèc ston tÔpo (57) brÐskoume

df

d~c0
= 4 · −2

3
+ 18 · 1

3
+ 110 · 2

3
=

230

3
.

'Alutec Ask seic: BreÐte thn par�gwgo twn epìmenwn sunart sewn

sto dedomèno shmeÐo kat� kateÔjunsh tou dedomènou dianÔsmatoc

1. f(x, y, z) = x2 + y2 + xy − z, P0 = P0(3, 1, 2), ~c = (2,−2, 1),

2. f(x, y, z) = xy2z, P0 = P0(2, 1, 3), ~c = (3,−4, 0),

3. f(x, y, z) = 2x2 + 2xy + y2 + z + 1 = 0, P0 = P0(1,−2,−3), ~c =

(2,−4, 4).

'Orismìc 14. Olik� diaforik� 1-hc kai 2-ac t�xhc thc su-

n�rthshc f(x, y)

df(x) = f ′(x)dx,

df(x, y) = f ′x(x, y)dx+ f ′y(x, y)dy,

d2f(x, y) = d(df(x, y)) = f ′′xx(x, y)dx2 + 2f ′′yx(x, y)dydx+ f ′′yy(x, y)dy2,

ìpou

dx2 = (dx)2, dy2 = (dy)2.

(a+ b)2 = a2 + 2ab+ b2.

'Askhsh

'Estw f(x, y) = x3 + 3y2. Tìte

df(x, y) = f ′x(x, y)dx+f ′y(x, y)dy = (x3+3y2)′xdx+(x3+3y2)′ydy = [(x3)′x+(3y2)′x]dx

+[(x3)′y + (3y2)′y]dy = (3x2 + 0)dx+ (0 + 3 · 2y)dy = 3x2dx+ 6ydy.

'Orismìc 15. Ta olik� diaforik� 1-hc kai 2-ac t�xhc thc

sun�rthshc f(x, y, z) upologÐzontai wc ex c:

df(x, y, z) = f ′x(x, y, z)dx+ f ′y(x, y, z)dy + f ′z(x, y, z)dz, (59)

d2f(x, y, z) = f ′′xx(x, y, z)dx2 + f ′′yy(x, y, z)dy2 + f ′′zz(x, y, z)dz
2 (60)

+ 2f ′′yx(x, y, z)dxdy + 2f ′′zx(x, y, z)dxdz + 2f ′′zy(x, y, z)dydz.

(a+ b+ c)2 = a2 + b2 + c2 + 2ab+ 2bc+ 2ac.
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'Askhsh

'Estw f(x, y, z) = x2 + sin y + 2z3. Tìte

f ′x = f ′x(x, y, z) = (x2 + sin y + 2z3)′x = 2x+ 0 + 0 = 2x,

f ′y = f ′y(x, y, z) = (x2 + sin y + 2z3)′y = 0 + cos y + 0 = cos y,

f ′z = f ′z(x, y, z) = (x2 + sin y + 2z3)′z = 0 + 0 + (2z3)′z = 2 · 3z2 = 6z2,

f ′′xx = (f ′x)′x = (2x)′x = 2, f ′′yy = (f ′y)′y = (cos y)′y = − sin y, f ′′zz = (f ′z)
′
z = (6z2)′z = 12z,

f ′′yx = (f ′x)′y = (2x)′y = 0, f ′′zy = (f ′y)′z = (cos y)′z = 0, f ′′zx = (f ′x)′z = (2x)′z = 0,

d2f(x, y, z) = 2dx2 + (−siny)dy2 + 12zdz2 + 2 · 0dydx+ 2 · 0dydz + 2 · 0dzdx

= 2dx2 − siny dy2 + 12zdz2.

3 TOPIKA AKROTATA (T.A.)

sunart sewn duo anex�rthtwn metablht¸n

E�n h sun�rthsh z = f(x, y) eÐnai suneq¸c paragwgÐsimh s' èna tìpo D, tìte ta

akrìtata thc mporoÔn na up�rxoun mìno se :

(i) sunoriak� shmeÐa tou tìpou D,

(ii) eswterik� shmeÐa , ìpou f ′x(x, y) = 0, f ′y(x, y) = 0,

(iii) shmeÐa , ìpou h f ′x(x, y)   h f ′y(x, y) den up�rqoun.

'Estw ìti h z = f(x, y) eÐnai duo forèc suneq¸c paragwgÐsimh sun�rthsh s'

èna tìpo D. Gia na broÔme ta T.A. thc z = f(x, y) sta eswterik� shmeÐa kanoume

ta ex c b mata:

B ma 1o ParagwgÐzoume thn z = f(x, y) wc proc x kai y, kai lÔnoume to

sÔsthma:

f ′x(x, y) = 0, f ′y(x, y) = 0.

Oi lÔseic tou sust matoc (x0, y0) lègontai krÐsima shmeÐa kai eÐnai shmeÐa pi-

jan¸n akrot�twn .

B ma 2o UpologÐzoume th sun�rthsh

4(x, y) = f ′′xx(x, y) · f ′′yy(x, y)− [f ′′xy(x, y)]2

B ma 3o Diakrinoume tic ex c peript¸seic:

1. 4(x0, y0) > 0 kai f ′′xx(x0, y0) > 0 : tìte sto (x0, y0) èqoume

T.E. = f(x0, y0).

2. 4(x0, y0) > 0 kai f ′′xx(x0, y0) < 0 : tìte sto (x0, y0) èqoume
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T.M. = f(x0, y0).

3. 4(x0, y0) < 0 : tìte to shmeÐo lègetai auqenikì (sagmatikì), dhlad 

den èqei T.A.

4. 4(x0, y0) = 0 : tìte den mporoÔme na poÔme an up�rqei   ìqi T.A. sto shmeÐo

autì.

(fa(x, y))
′
x = afa−1(x, y)f ′x(x, y)

(fa(x))
′
x = afa−1(x)f ′x(x)(

(x− 1)2
)′
x

= 2(x− 1)2−1(x− 1)′x = 2(x− 1) · 1 = 2(x− 1).

~a = (a1, a2), ~b = (b1, b2), ~a ·~b = a1b1 + a2b2 = |~a| · |~b| cosφ

~a ·~b = |~a| · |~b| cosφ

'Askhsh 1. Na brejoÔn ta topik� akrìtata thc sun�rthshc

f(x, y) = (x− 1)2 + 2y2. (61)

LÔsh : Apì thn (61)⇒

f ′x(x, y) =
(
(x− 1)2 + 2y2

)′
x

=
(
(x− 1)2

)′
x

+ (2y2)′x (62)

= 2(x− 1)(x− 1)′x + 0 = 2(x− 1) · 1 = 2(x− 1),

f ′y(x, y) =
(
(x− 1)2 + 2y2

)′
y

=
(
(x− 1)2

)′
y

+ (2y2)′y = 0 + 2 · 2y = 4y, (63)

'Etsi èqoume èna sÔsthma

2(x− 1) = 0,

4y = 0,

opìte h lÔsh eÐnai x = 1, y = 0.

'Ara èqoume èna krÐsimo shmeÐo (x0, y0) = (1, 0).

Tìte, qrhsimopoi¸ntac (62), (63) brÐskoume

f ′′xx(x, y) =
(
f ′x(x, y)

)′
x

= (2(x− 1))′x = 2(x− 1)′x = 2,

f ′′yy(x, y) =
(
f ′y(x, y)

)′
y

= (4y)′y = 4,

f ′′xy(x, y) =
(
f ′x(x, y)

)′
y

= (2(x− 1))′y = 0.

Epomènwc

f ′′xx(x0, y0) = f ′′xx(1, 0) = 2,
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f ′′yy(x0, y0) = f ′′yy(1, 0) = 4.

f ′′xy(x0, y0) = f ′′xy(1, 0) = 0.

Tìte

4(x0, y0) = f ′′xx(x0, y0) · f ′′yy(x0, y0)− [f ′′xy(x0, y0)]2

= 4(1, 0) = f ′′xx(1, 0) · f ′′yy(1, 0)− [f ′′xy(1, 0)]2

= 2 · 4− 02 = 8 > 0.

Epeid  4(x0, y0) > 0 kai f ′′xx(x0, y0) = f ′′xx(1, 0) = 2 > 0, tìte sto (x0, y0) =

(1, 0) èqoume

T.E. = f(1, 0)
(61)
= (1− 1)2 + 2 · 02 = 0.

'Askhsh 2. Na brejoÔn ta topik� akrìtata thc sun�rthshc

f(x, y) = x2 + xy + y2 + x− 4y + 7. (64)

LÔsh : Apì thn (64)⇒

f ′x(x, y) = (x2 + xy + y2 + x− 4y + 7)′x = (x2)′x + (xy)′x + (y2 − 4y + 7)′x + (x)′x

= 2x+ y(x)′x + 0 + 1 = 2x+ y + 1, (65)

f ′y(x, y) = (x2 + xy + y2 + x− 4y + 7)′y = (x2 + x+ 7)′y + (y2)′y + (xy)′y − (4y)′y

= 0 + 2y + x(y)′y − 4(y)′y = 2y + x · 1− 4 · 1 = 2y + x− 4. (66)

'Etsi èqoume èna sÔsthma

2x+ y + 1 = 0,

2y + x− 4 = 0,

opìte lÐnoume th deÔterh exÐswsh wc proc x kai antikajustoÔme sthn pr¸th

x = 4− 2y, 2(4− 2y) + y + 1 = 0 ⇒ −3y = −9, ⇒

y = 3, x = 4− 2 · 3 = 4− 6 = −2, ⇒ x = −2, y = 3.

'Ara èqoume èna krÐsimo shmeÐo (x0, y0) = (−2, 3).

Tìte, qrhsimopoi¸ntac (65), (66) ja l�boume

f ′′xx(x, y) =
(
f ′x(x, y)

)′
x

= (2x+ y + 1)′x = 2 + 0 = 2,

f ′′yy(x, y) =
(
f ′y(x, y)

)′
y

= (2y + x− 4)′y = 2 + 0 = 2,

f ′′xy(x, y) =
(
f ′x(x, y)

)′
y

= (2x+ y + 1)′y = 0 + 1 + 0 = 1.
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Epomènwc

f ′′xx(x0, y0) = f ′′xx(−2, 3) = 2,

f ′′yy(x0, y0) = f ′′yy(−2, 3) = 2.

f ′′xy(x0, y0) = f ′′xy(−2, 3) = 1.

Tìte

4(x0, y0) = f ′′xx(x0, y0) · f ′′yy(x0, y0)− [f ′′xy(x0, y0)]2

= 4(−2, 3) = f ′′xx(−2, 3) · f ′′yy(−2, 3)− [f ′′xy(−2, 3)]2

= 2 · 2− 12 = 3 > 0.

Epeid  4(x0, y0) > 0 kai f ′′xx(x0, y0) = 2 > 0, tìte sto (x0, y0) = (−2, 3)

èqoume

T.E.=f(−2, 3)
(64)
= (−2)2 + (−2) · 3 + 32 + (−2)− 4 · 3 + 7 = 0.

'Askhsh 3. Na brejoÔn ta topik� akrìtata thc sun�rthshc

f(x, y) = 2x2 + y3 + 16x− 12y − 7. (67)

LÔsh : Apì thn (67)⇒

f ′x(x, y) = (2x2 + y3 + 16x− 12y − 7)′x = 4x+ 16 = 0⇒ x = −4, (68)

f ′y(x, y) = (2x2+y3+16x−12y−7)′y = 3y2−12 = 0⇒ y2 = 4⇒ y = ±2.

(69)

'Ara èqoume duo krÐsima shmeÐa (x1, y1) = (−4,−2) kai (x2, y2) = (−4, 2).

Prèpei na melet soume xeqwrist� gia Topik� Akrìtata (T.A.) se aut� ta duo

shmeÐa. Qrhsimopoi¸ntac (68), (69) brÐskoume

f ′′xx(x, y) =
(
f ′x(x, y)

)′
x

= (4x+ 16)′x = 4,

f ′′yy(x, y) =
(
f ′y(x, y)

)′
y

= (3y2 − 12)′y = 3 · 2y − 0 = 6y, (70)

f ′′xy(x, y) =
(
f ′x(x, y)

)′
y

= (4x+ 16)′y = 0.

Epomènwc

f ′′xx(x1, y1) = f ′′xx(x2, y2) = 4,

f ′′xy(x1, y1) = f ′′xy(x2, y2) = 0,

kai apì thn (70) lamb�noume

f ′′yy(x, y) = 6y, ⇒ f ′′yy(x1, y1) = 6y1, f ′′yy(x2, y2) = 6y2,
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f ′′yy(x1, y1) = f ′′yy(−4,−2) = 6(−2) = −12,

f ′′yy(x2, y2) = f ′′yy(−4, 2) = 6 · 2 = 12.

Tìte

4(x1, y1) = f ′′xx(x1, y1) · f ′′yy(x1, y1)− [f ′′xy(x1, y1)]2

= 4(−4,−2) = f ′′xx(−4,−2)·f ′′yy(−4,−2)−[f ′′xy(−4,−2)]2 = 4·(−12)−02 = −48 < 0⇒

to shmeÐo (x1, y1) = (−4,−2) eÐnai auqenikì. Analìgwc melet�me to shmeÐo

(x2, y2) = (−4, 2) :

4(x2, y2) = f ′′xx(x2, y2) · f ′′yy(x2, y2)− [f ′′xy(x2, y2)]2

= 4(−4, 2) = f ′′xx(−4, 2) · f ′′yy(−4, 2)− [f ′′xy(−4, 2)]2 = 4 · 12− 02 = 48 > 0⇒

sto (x2, y2) = (−4, 2) èqoume

T.E. = f(−4, 2)
(67)
= 2(−4)2 + 23 + 16(−4)− 12 · 2− 7 = −55,

epeid  f ′′xx(x2, y2) = f ′′xx(−4, 2) = 4 > 0.

'Alutec Ask seic

Na brejoÔn ta topik� akrìtata twn parak�tw sunart sewn:

1. f(x, y) = 6x2 − 2x3 + 3y2 + 6xy.

2. f(x, y) = 6x2 + y2 − 4xy + 20y + 1 = 0

3. f(x, y) = 2y2 − 7x+ x2 − xy + 1.

4. f(x, y) = 4(x− 3)2 + 2xy + 1
2y

2.

5. f(x, y) = 3y2 + y(11− x) + x2 + 1.

6. f(x, y) = x3 + y3 − 15xy.

7. f(x, y) = xy(6− x− 3y).

8. f(x, y) = (y + 3)2 + 4x2.

9. f(x, y) = y2 − x3 + 2y + 27x+ 1.

10. f(x, y) = x3 + y3 + 6xy.

11. f(x, y) = xy + 50
x + 20

y , x, y > 0.
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TOPIKA AKROTATA (T.A.) UPO SUNJHKES

sunart sewn duo anex�rthtwn metablht¸n

Na brejoÔn ta topik� akrìtata thc sun�rthshc

z = f(x, y) upì sunj kh g(x, y) = 0.

1. 'Estw h exÐswsh g(x, y) = 0 mporeÐ na lujeÐ wc proc y, dhlad  èstw

y = φ(x) eÐnai h lÔsh thc g(x, y) = 0. Tìte to prìblhma eÔreshc twn

topik¸n akrot�twn thc sun�rthshc z = f(x, y) an�getai sthn eÔresh twn

sunhjismènwn topik¸n akrot�twn thc sun�rthshc miac anex�rththc metablht c

z = F1(x), ìpou F1(x) = f(x, φ(x)).

2. 'Estw h exÐswsh g(x, y) = 0 mporeÐ na lujeÐ wc proc x, dhlad  èstw

x = ψ(y) eÐnai h lÔsh thc g(x, y) = 0. Tìte to prìblhma eÔreshc twn

topik¸n akrot�twn thc sun�rthshc z = f(x, y) an�getai sthn eÔresh twn

sunhjismènwn topik¸n akrot�twn thc sun�rthshc miac anex�rththc metablht c

z = F2(y), ìpou F2(y) = f(ψ(y), y).

'Askhsh 1. Na brejoÔn ta topik� akrìtata thc sun�rthshc

z = f(x, y) = xy upì sunj kh x+ y = 1. (71)

LÔsh : Apì thn (71) brÐskoume y = 1 − x, kai antikajustìntac sthn pr¸th

exÐswsh èqoume

z = F1(x) = x(1− x). Tìte z = x(1− x), (72)

z′x = (x(1− x))
′
x = (x− x2)′x = 1− 2x = 0 ⇒ 2x = 1 ⇒ (73)

to shmeÐo x = 1/2 eÐnai to krÐsimo. Apì thn (73) brÐskoume

z′′xx = (z′x)′x = (1− 2x)′x = −2.

Epeid  z′′xx = −2 < 0, tìte sto x = 1/2 èqoume T.M. pou brÐsketai apì thn (72)

T.M. = F1

(
1

2

)
=

1

2
·
(

1− 1

2

)
=

1

4

x0 =
1

2
, y0 = 1− 1

2
=

1

2

eÐnai to krÐshmo shmeÐo thc z = f(x, y) = xy.

27



Upologismìc topik¸n akrot�twn sun�rthshc duo

anex�rthtwn metablht¸n

me sun�rthsh Lagrange

To prìblhma eÔreshc twn topik¸n akrot�twn thc sun�rthshc

z = f(x, y) upì sunj kh g(x, y) = 0,

an�getai sthn eÔresh twn topik¸n akrot�twn thc sun�rthshc Lagrange

L(x, y) = f(x, y) + λg(x, y), (74)

ìpou λ eÐnai stajerìc suntelest c tou Lagrange.

B ma 1. ParagwgÐzoume thn (74) wc proc x kai y kai apì to sÔsthma

tri¸n exis¸sewn

L′x(x, y) = 0, L′y(x, y) = 0, g(x, y) = 0

brÐskoume ta krÐshma shmeÐa x0, y0 kai to λ0.

B ma 2. UpologÐzoume tic merikèc parag¸gouc deutèrac t�xhc kai to olikì

diaforikì 2-ac t�xhc:

L′′xx(x, y), L′′yy(x, y), L′′xy(x, y),

d2L(x, y) = L′′xx(x, y)dx2 + 2L′′xy(x, y)dxdy + L′′yy(x, y)dy2. (75)

B ma 3. Apì thn (75) gia x = x0, y = y0, λ = λ0 brÐskoume

d2L(x0, y0) = L′′xx(x0, y0)dx2 + 2L′′xy(x0, y0)dxdy + L′′yy(x0, y0)dy2.

1. An d2L(x0, y0) < 0, kaj¸c |dx| + |dy| 6= 0, tìte sto krÐshmo shmeÐo

(x0, y0) èqoume

T.M. = f(x0, y0),   T.M. = L(x0, y0).

2. An d2L(x0, y0) > 0, kaj¸c |dx| + |dy| 6= 0, tìte sto krÐshmo shmeÐo

(x0, y0) èqoume

T.E. = f(x0, y0),   T.E. = L(x0, y0).

3. An d2L(x0, y0) = 0, tìte h mèjodoc aut  den efarmìzetai.
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Parat rhsh 1.

Se k�poiec ask seic gia na broÔme to prìshmo tou d2L(x0, y0) prèpei na

qreishmopoi soume mia apo tic sqèshc

dg(x, y) = g′x(x, y)dx+ g′y(x, y)dy = 0 ⇒ (76)

dg(x0, y0) = g′x(x0, y0)dx+ g′y(x0, y0)dy = 0. (77)

(fa(x))′ = afa−1(x)f ′(x),

dx2 = (dx)2, dy2 = (dy)2.

'Askhsh

z =
1

x2 + y2 − 1
⇒

z′x =

(
1

x2 + y2 − 1

)′
x

=
(
(x2 + y2 − 1)−1

)′
x

= −1(x2+y2−1)−1−1(x2+y2−1)′x = −(x2+y2−1)−2(2x+0) = −2x(x2+y2−1)−2 ⇒

z′x = −2x(x2 + y2 − 1)−2 ⇒

z′′xx = (z′x)′x =
(
−2x(x2 + y2 − 1)−2

)′
x

= −2
(
x(x2 + y2 − 1)−2

)′
x

= −2
[
(x)′x(x2 + y2 − 1)−2 + x

(
(x2 + y2 − 1)−2

)′
x

]
=

−2
[
1 · (x2 + y2 − 1)−2 + x(−2)(x2 + y2 − 1)−2−1(x2 + y2 − 1)′x

]
= −2

[
(x2 + y2 − 1)−2 − 2x(x2 + y2 − 1)−3(2x+ 0)

]
= −2

[
(x2 + y2 − 1)−2 − 4x(x2 + y2 − 1)−3

]
⇒

z′′xx = −2
[
(x2 + y2 − 1)−2 − 4x(x2 + y2 − 1)−3

]
⇒

z′′yy = −2
[
(x2 + y2 − 1)−2 − 4y(x2 + y2 − 1)−3

]
,

lìgw thc summetrÐac thc sun�rthshc z = 1
x2+y2−1 .

'Askhsh 1. Na brejoÔn ta topik� akrìtata thc sun�rthshc

z = f(x, y) = x2 + y2 upì sunj kh x− y = 2. (78)

LÔsh : Apì thn (78) èqoume g(x, y) = x− y − 2, kai apì thn (74) brÐskoume

L(x, y) = x2 + y2 + λ(x− y − 2). Tìte (79)

L′x(x, y) = (x2 + y2 + λ(x− y − 2))′x = (x2 + y2)′x + λ(x− y − 2)′x

= 2x+ 0 + λ(1− 0) = 2x+ λ, (80)
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L′y(x, y) = (x2 + y2 + λ(x− y − 2))′y = (x2 + y2)′y + λ(x− y − 2)′y

= 0 + 2y + λ(0− 1− 0) = 2y − λ. (81)

LÔnoume to sÔsthma

2x+ λ = 0, 2y − λ = 0, x− y = 2,

opìte λ = −2x, 2y − λ = 0 ⇒

2y − (−2x) = 0, ⇒ 2(y + x) = 0, ⇒ y + x = 0, ⇒ y = −x.

Antikajist¸ntac y = −x sthn exÐswsh x− y = 2, brÐskoume

x− (−x) = 2 ⇒ 2x = 2, ⇒ x = 1.

Apì tic y = −x kai λ = −2x ⇒ y = −1, λ = −2. Tìte èqoume èna

krÐshmo shmeÐo

x0 = 1, y0 = −1 λ = −2.

Apì tic (80), (81) sunep�getai

L′′xx(x, y) = (L′x)′x = (2x+ λ)
′
x = 2,

L′′yy(x, y) = (L′y)′y = (2y − λ)
′
y = 2,

L′′xy(x, y) = (L′x)′y = (2x+ λ)
′
y = 0.

Tìte apì thn sqèsh (75) lamb�noume

d2L(x, y) = 2dx2 + 2 · 0dxdy+ 2dy2 = 2(dx2 + dy2) > 0 ⇒ d2L(x0, y0) > 0.

(82)

'Ara sto shmeÐo x0 = 1, y0 = −1 qreishmopoi¸ntac thn (78) èqoume

T.E. = f(x0, y0) = f(1,−1) = 12 + (−1)2 = 2.

'Askhsh 2. Na brejoÔn ta topik� akrìtata thc sun�rthshc

z = f(x, y) = xy upì shnj kh x+ y = 1. (83)

LÔsh : Apì thn (83) èqoume g(x, y) = x+ y − 1, kai apì thn (74) brÐskoume

L(x, y) = xy + λ(x+ y − 1). Tìte (84)

L′x(x, y) = (xy+λ(x+y−1))′x = (xy)′x+λ(x+y−1)′x = y+λ(1+0) = y+λ, (85)

L′y(x, y) = (xy+λ(x+y−1))′y = (xy)′y+λ(x+y−1)′y = x+λ(0+1+0) = x+λ.

(86)
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LÔnoume to sÔsthma

y + λ = 0, x+ λ = 0, x+ y = 1,

opìte , y = −λ, x = −λ.

Antikajist¸ntac autèc tic timèc sthn exÐswsh x+ y = 1, brÐskoume

−λ+ (−λ) = 1, −2λ = 1, λ = −1

2
, x = y = −

(
−1

2

)
=

1

2
, opìte

x0 = y0 =
1

2
, λ0 = −1

2
, kai (x0, y0) = (1/2, 1/2)

eÐnai to krÐshmo shmeÐo. Apì tic (85), (86) gia λ0 = − 1
2 èqoume

L′′xx(x, y) = (L′x)′x =

(
y − 1

2

)′
x

= 0,

L′′yy(x, y) = (L′y)′y =

(
x− 1

2

)′
y

= 0,

L′′xy(x, y) = (L′x)′y =

(
y − 1

2

)′
y

= 1− 0 = 1.

Tìte apì thn sqèsh (75) lamb�noume

d2L(x, y) = 0dx2 + 2dxdy + 0dy2 = 2dxdy ⇒ d2L(x0, y0) = 2dxdy. (87)

Gia na broÔme to prìshmo tou diaforikoÔ d2L(x0, y0), qreishmopoiìume thn

Parat rhsh 1, pio sugkekrimèna ton tÔpo (76)

dg(x, y) = g′x(x, y)dx+ g′y(x, y)dy = (x+ y − 1)′xdx+ (x+ y − 1)′ydy

= (1 + 0)dx+ (0 + 1 + 0)dy = dx+ dy = 0 ⇒ dy = −dx. (88)

Antikajistìntac dy = −dx sthn (87) paÐrnoume

d2L(x0, y0) = 2dx(−dx) == −2dx2 = −2(dx)2 < 0.

'Ara apì thn sqèsh (83) èqoume

T.M. = f(x0, y0) = f(1/2, 1/2) =
1

2
· 1

2
=

1

4
.

'Askhsh 3. Na brejoÔn ta topik� akrìtata thc sun�rthshc

z = f(x, y) = x+ y upì sunj kh x2 + y2 = 2. (89)
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LÔsh : Apì thn (89) èqoume g(x, y) = x2 + y2 − 2, kai apì thn (74) brÐskoume

L(x, y) = x+ y + λ(x2 + y2 − 2). Tìte (90)

L′x(x, y) = (x+ y + λ(x2 + y2 − 2))′x = (x+ y)′x + λ(x2 + y2 − 2)′x

= 1 + λ(2x+ 0) = 2xλ+ 1, (91)

L′y(x, y) = (x+ y + λ(x2 + y2 − 2))′y = (x+ y)′y + λ((x2 + y2 − 2))′y

= 1 + λ(0 + 2y) = 2λy + 1. (92)

LÔnoume to sÔsthma

2xλ+ 1 = 0, 2yλ+ 1 = 0, x2 + y2 = 2,

opìte 2xλ = −1, 2yλ = −1, ⇒

2xλ = 2yλ, ⇒ 2λ(x− y) = 0, ⇒ x− y = 0, ⇒ x = y,

gia λ 6= 0. Antikajist¸ntac y = x sthn exÐswsh x2 + y2 = 2, brÐskoume

x2 + x2 = 2 ⇒ 2x2 = 2, ⇒ x2 = 1 ⇒ x = ±1, y = ±1

Apì thn 2xλ = −1 ⇒ λ = − 1
2x . Tìte gia

x = y = 1 ⇒ λ1 = −1

2
,

kai gia

x = y = −1 ⇒ λ2 =
1

2
.

'Etsi èqoume duo krÐshma shmeÐa

x1 = y1 = 1, λ1 = −1

2
, kai x2 = y2 = −1, λ2 =

1

2
.

Apì tic (91), (92) sunep�getai

L′′xx(x, y) = (L′x)′x = (2xλ+ 1)
′
x = 2λ,

L′′yy(x, y) = (L′y)′y = (2yλ+ 1)
′
y = 2λ,

L′′xy(x, y) = (L′x)′y = (2xλ+ 1)
′
y = 0.

Tìte apì thn sqèsh (75) lamb�noume

d2L(x, y) = 2λdx2 + 2 · 0dxdy + 2λdy2 = 2λdx2 + 2λdy2. (93)
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Apì thn sqèsh (93) gia x1 = y1 = 1, λ1 = −1/2 sunep�getai

d2L(x1, y1) = 2

(
−1

2

)
dx2 + 2

(
−1

2

)
dy2 = −dx2 − dy2 < 0,

kai ètsi apì thn sqèsh (89) sto (x1, y1) èqoume

T.M. = f(x1, y1) = f(1, 1) = 1 + 1 = 2.

Apì thn sqèsh (93) gia x2 = y2 = −1, λ2 = 1/2 sunep�getai

d2L(x2, y2) = 2λ2dx
2 + 2λ2dy

2 = 2 · 1

2
dx2 + 2 · 1

2
dy2 = dx2 + dy2 > 0.

kai ètsi apì thn sqèsh (89) èqoume

T.E. = f(x2, y2) = f(−1,−1) = −1 + (−1) = −2.

'Alutec Ask seic Na brejoÔn ta topik� akrìtata twn sunart sewn

z = f(x, y) upì sunj kh g(x, y) = 0.

'Askhsh 1. z = f(x, y) = x2 + y2, x+ y = 1.

'Askhsh 2. z = f(x, y) = x2 − 2x+ y2 + 1, x+ y = 3.

Upologismìc topik¸n akrot�twn sun�rthshc tri¸n

anex�rthtwn metablht¸n

me sun�rthsh Lagrange

To prìblhma eÔreshc twn topik¸n akrot�twn thc sun�rthshc

u = f(x, y, z) upì sunj kec g1(x, y, z) = 0, g2(x, y, z) = 0,

an�getai sthn eÔresh twn topik¸n akrot�twn thc sun�rthshc Lagrange

L(x, y, z) = f(x, y, z) + λ1g1(x, y, z) + λ2g2(x, y, z), (94)

ìpou λ1, λ2 eÐnai stajerèc suntelestèc tou Lagrange.

B ma 1. ParagwgÐzoume thn (94) wc proc x, y kai z kai apì to sÔsthma

twn pènte exis¸sewn

L′x(x, y, z) = 0, L′y(x, y, z) = 0, L′z(x, y, z) = 0, g1(x, y, z) = 0, g2(x, y, z) = 0

brÐskoume ta krÐshma shmeÐa x0, y0, z0 kai ta λ1 = λ10, λ2 = λ20.

B ma 2. UpologÐzoume tic merikèc parag¸gouc deutèrac t�xhc kai to olikì

diaforikì 2-ac t�xhc:

L′′xx(x, y, z), L′′yy(x, y, z), L′′xy(x, y, z), L′′zz(x, y, z), L
′′
xz(x, y, z), L

′′
yz(x, y, z),
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d2L(x, y, z) = L′′xx(x, y, z)dx2 + 2L′′xy(x, y, z)dxdy + L′′yy(x, y, z)dy2

+ 2L′′xz(x, y, z)dxdz + 2L′′yz(x, y, z)dydz. (95)

B ma 3. Apì thn (95) gia x = x0, y = y0, z = z0, λ1 = λ10, λ2 = λ20

brÐskoume

d2L(x0, y0, z0) = L′′xx(x0, y0, z0)dx2 + 2L′′xy(x0, y0, z0)dxdy + L′′yy(x0, y0, z0)dy2

+2L′′xz(x0, y0, z0)dxdz + 2L′′yz(x0, y0, z0)dydz.

1. An d2L(x0, y0, z0) < 0, kaj¸c |dx| + |dy| + |dz| 6= 0, tìte sto krÐshmo

shmeÐo (x0, y0, z0) èqoume

T.M. = f(x0, y0, z0),   T.M. = L(x0, y0, z0).

2. An d2L(x0, y0, z0) > 0, kaj¸c |dx| + |dy| + |dz| 6= 0, tìte sto krÐshmo

shmeÐo (x0, y0, z0) èqoume

T.E. = f(x0, y0, z0),   T.E. = L(x0, y0, z0).

3. An d2L(x0, y0, z0) = 0, tìte h mèjodoc aut  den efarmìzetai.

Parat rhsh 2.

Se k�poiec ask seic gia na broÔme to prìshmo tou d2L(x0, y0, z0) prèpei na

qreishmopoi soume mia apo tic sqèshc

dg(x, y, z) = g′x(x, y, z)dx+ g′y(x, y, z)dy + g′z(x, y, z)dz = 0 ⇒ (96)

dg(x0, y0, z0) = g′x(x0, y0, z0)dx+ g′y(x0, y0, z0)dy + g′z(x0, y0, z0)dz = 0. (97)

���������������

4 DIPLA OLOKLHRWMATA.

Qr simoi tÔpoi

n
√
fm(x) = f

m
n (x) = [f(x)]

m
n ,∫

xadx =
xa+1

a+ 1
+ c. (∗)

An h sun�rthsh F (x) eÐnai par�gousa thc sun�rthshc f(x), dhlad  an

F ′(x) = f(x) tìte∫ b

a

f(x)dx = [F (x)]
b
a = F (b)− F (a). (∗∗)
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1. Diadoqik� oloklhr¸mata

Orismìc 1.

Ta oloklhr¸mata thc morf c∫ b

a

[∫ ϕ2(x)

ϕ1(x)

f(x, y)dy

]
dx kai

∫ d

c

[∫ g2(y)

g1(y)

f(x, y)dx

]
dy

lègontai Dipl� Diadoqik� oloklhr¸mata. Up�rqoun ki �lloi sumbolismoÐ:∫ b

a

∫ ϕ2(x)

ϕ1(x)

f(x, y)dydx  

∫ b

a

dx

∫ ϕ2(x)

ϕ1(x)

f(x, y)dy.

1.1. Upologismìc Dipl¸n Diadoqik¸n oloklhrwm�twn tÔpou∫ b

a

[∫ ϕ2(x)

ϕ1(x)

f(x, y)dy

]
dx (98)

Sta Dipl� Diadoqik� oloklhr¸mata tÔpou (98) pr¸ta oloklhr¸noume to eswte-

rikì olokl rwma mèsa se agkÔlec wc proc y, jewr¸ntac ìti h metablht  x eÐnai

stajer . Met� thn olokl rwsh ja èqoume èna monì olokl rwma wc proc x, to

opoÐo sth sunèqeia oloklhr¸noume me ta Majhmatik� 1, dhlad  an h F (x, y)

eÐnai h par�gousa thc f(x, y) wc proc y, dhlad  F ′y(x, y) = f(x, y) kai∫
f(x, y)dy = F (x, y), tìte

∫ ϕ2(x)

ϕ1(x)

f(x, y)dy = [F (x, y)]
ϕ2(x)
ϕ1(x) = F (x, ϕ2(x))− F (x, ϕ1(x)) = Ψ(x),

kai apì thn (98) sunep�getai∫ b

a

[∫ ϕ2(x)

ϕ1(x)

f(x, y)dy

]
dx =

∫ b

a

Ψ(x)dx.

ASKHSH 1. UpologÐste to diadoqikì diplì olokl rwma:

I =

∫ 1

0

(∫ 2

0

x3y2dy

)
dx.

LÔsh:∫ 2

0

x3y2dy = x3

∫ 2

0

y2dy = x3

[
y2+1

2 + 1

]2

0

= x3

[
y3

3

]2

0

= x3

[
23

3
− 03

3

]

=
8

3
x3 = Ψ(x).

35



Tìte

I =

∫ 1

0

8

3
x3dx =

8

3

∫ 1

0

x3dx =
8

3

[
x3+1

3 + 1

]1

0

=
8

3

[
x4

4

]1

0

=
8

3

[
14

4
− 04

4

]
=

8

3
·1
4

=
2

3
.

ApeujeÐac lÔsh:∫ 1

0

(∫ 2

0

x3y2dy

)
dx =

∫ 1

0

x3

(∫ 2

0

y2dy

)
dx =

∫ 1

0

x3

[
y3

3

]2

0

dx

=

∫ 1

0

x3

[
23

3
− 03

3

]
dx =

8

3

∫ 1

0

x3dx =
8

3
·
[
x4

4

]1

0

=
8

3

(
14

4
− 04

4

)
=

8

3
· 1

4
=

2

3
.

ASKHSH 2. UpologÐste to diadoqikì diplì olokl rwma:

I =

∫ 1

0

(∫ π/2

0

2x5 cos ydy

)
dx.

LÔsh:∫ π/2

0

2x5 cos ydy = 2x5

∫ π/2

0

cos ydy = 2x5[sin y]
π/2
0 = 2x5[sinπ/2− sin 0]

= 2x5(1− 0) = 2x5 = Ψ(x). Tìte

I =

∫ 1

0

2x5dx = 2

∫ 1

0

x5dx = 2

[
x5+1

5 + 1

]1

0

= 2

[
x6

6

]1

0

= 2

[
16

6
− 06

6

]
= 2· 1

6
=

1

3
.

ASKHSH 3. UpologÐste to diadoqikì diplì olokl rwma:

I =

∫ 1

0

(∫ x

0

x2y4dy

)
dx.

LÔsh:∫ x

0

x2y4dy = x2

∫ x

0

y4dy = x2

[
y5

5

]x
0

= x2

[
x5

5
− 05

5

]
=
x7

5
. Tìte

I =

∫ 1

0

x7

5
dx =

1

5

∫ 1

0

x7dx =
1

5

[
x8

8

]1

0

=
1

5

(
18

8
− 08

8

)
=

1

5
· 1

8
=

1

40
.

1.2. Upologismìc Dipl¸n Diadoqik¸n oloklhrwm�twn tÔpou
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∫ d

c

[∫ g2(y)

g1(y)

f(x, y)dx

]
dy (99)

Sta Dipl� Diadoqik� oloklhr¸mata tÔpou (99) pr¸ta oloklhr¸noume to eswte-

rikì olokl rwma mèsa se agkÔlec wc proc x, jewr¸ntac ìti h metablht  y eÐnai

stajer . Met� thn olokl rwsh ja èqoume èna monì olokl rwma wc proc y, to

opoÐo sth sunèqeia oloklhr¸noume me ta Majhmatik� 1, dhlad  an h Φ(x, y)

eÐnai h par�gousa thc f(x, y) wc proc x, dhlad  Φ′x(x, y) = f(x, y) kai∫
f(x, y)dx = Φ(x, y), tìte

∫ g2(y)

g1(y)

f(x, y)dx = [Φ(x, y)]
g2(y)
g1(y) = Φ (g2(y), y)− Φ (g1(y), y) = G(y),

kai apì thn (99) sunep�getai∫ d

c

[∫ g2(y)

g1(y)

f(x, y)dx

]
dy =

∫ d

c

G(y)dy.

ASKHSH 1. UpologÐste to diadoqikì diplì olokl rwma:

I =

∫ 2

0

(∫ 1

0

x3y2dx

)
dy.

LÔsh:∫ 1

0

x3y2dx = y2

∫ 1

0

x3dx = y2

[
x3+1

3 + 1

]1

0

= y2

[
x4

4

]1

0

= y2

[
14

4
− 04

4

]

=
y2

4
= G(y).

Tìte

I =

∫ 2

0

y2

4
dy =

1

4

∫ 2

0

y2dy =
1

4

[
y2+1

2 + 1

]2

0

=
1

4

[
y3

3

]2

0

=
1

4

[
23

3
− 03

3

]
=

1

4
·8
3

=
2

3
.

ApeujeÐac lÔsh:∫ 2

0

(∫ 1

0

x3y2dx

)
dy =

∫ 2

0

y2

(∫ 1

0

x3dx

)
dy =

∫ 2

0

y2

[
x4

4

]1

0

dy

=

∫ 2

0

y2

[
14

4
− 04

4

]
dy =

1

4

∫ 2

0

y2dy =
1

4

[
y3

3

]2

0

=
1

4

(
23

3
− 03

3

)
=

1

4
· 8

3
=

2

3
.

ParathroÔme ìti∫ 1

0

(∫ 2

0

x3y2dy

)
dx =

∫ 2

0

(∫ 1

0

x3y2dx

)
dy =

2

3
,
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dhlad  ìti ìtan ìla ta ìria sto diadoqikì diplì olokl rwma eÐnai stajer�, tìte

mporoÔme na all�xoume th seira olokl rwshc, genik� isqÔei∫ b

a

[∫ d

c

f(x, y)dy

]
dx =

∫ d

c

[∫ b

a

f(x, y)dx

]
dy.

ASKHSH 2. UpologÐste to diadoqikì olokl rwma all�zontac th seir�

olokl rwshc: ∫ π

0

(∫ π

x

cos y

y
dy

)
dx.

LÔsh: Ta ìria olokl rwshc deÐqnoun ìti o tìpoc D perigr�fetai me anisìthtec:

D : 0 ≤ x ≤ π, x ≤ y ≤ π. Tìte D : 0 ≤ y ≤ π, 0 ≤ x ≤ y. All�zoume th

seir� olokl rwshc:∫ π

0

(∫ π

x

cos y

y
dy

)
dx =

∫ π

0

(∫ y

0

cos y

y
dx

)
dy =

∫ π

0

cos y

y

(∫ y

0

dx

)
dy

=

∫ π

0

cos y

y
[x]y0 dy =

∫ π

0

cos y

y
[y − 0]dy =

∫ π

0

cos y

y
ydy =

∫ π

0

cos ydy

= [sin y]π0 = sinπ − sin 0 = 0− 0 = 0.

2. Dupl� oloklhr¸mata

Orismìc 2.

Ta oloklhr¸mata thc morf c∫ ∫
D

f(x, y)dxdy kai

∫ ∫
D

f(x, y)dydx

lègontai Dupl� oloklhr¸mata kai upologÐzontai me anagwg  sta Dupl� Diado-

qik� oloklhr¸mata tÔpou (98)   (99). ParathroÔme ìti∫ ∫
D

f(x, y)dxdy =

∫ ∫
D

f(x, y)dydx.

Upologismìc dipl¸n oloklhrwm�twn se kartesianèc

suntetagmènec.

'Ena sÔnolo D tou R2 lègetai aplì wc proc ton �xona y′y (x′x) ìtan

to eswterikì tou eÐnai mh kenì sunafèc sunolo kai k�je eujeÐa L par�llhlh wc

proc ton �xona y′y (x′x) tèmnei to sÔnoro ∂D tou D to polÔ se duo shmeÐa.

To sÔnolo D tou R2 lègetai aplì ìtan eÐnai tautìqrona aplì wc proc y′y

kai x′x.
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Je¸rhma Fubini

I. 'Estw ìti o tìpoc D eÐnai aplìc wc proc y′y kai dÐnetai wc ex c:

D = {(x, y) ∈ R2 : a ≤ x ≤ b, ϕ1(x) ≤ y ≤ ϕ2(x)}, (100)

ìpou ϕ1(x), ϕ2(x) eÐnai suneqeÐc sunart seic sto [a, b]. Tìte∫ ∫
D

f(x, y)dxdy =

∫ b

a

[∫ ϕ2(x)

ϕ1(x)

f(x, y)dy

]
dx. (101)

ASKHSH 1.1. UpologÐste to diplì olokl rwma:∫ ∫
D

x2ydxdy, ìpou D : x ∈ [0, 1], 0 ≤ y ≤ 2x.

LÔsh: O tìpoc D eÐnai aplìc wc proc y′y kai tìte∫ ∫
D

x2ydxdy =

∫ 1

0

(∫ 2x

0

x2ydy

)
dx.

Pr¸ta oloklhr¸noume mèsa se parenjèseic wc proc y, jewr¸ntac ìti h meta-

blht  x eÐnai stajer . Tìte kai to x2 eÐnai stajerì kai bgaÐnei èxw ap to

olokl rwma, dhlad :∫ 1

0

(∫ 2x

0

x2ydy

)
dx =

∫ 1

0

x2

(∫ 2x

0

ydy

)
dx =

∫ 1

0

x2
[y2

2

]2x
0
dx =

1

2

∫ 1

0

x2
[
y2
]2x

0
dx =

1

2

∫ 1

0

x2
[
(2x)2 − 02

]
dx =

1

2

∫ 1

0

x24x2dx =
4

2

∫ 1

0

x4dx = 2
[x5

5

]1
0

=
2

5
[15 − 05] =

2

5
.

Je¸rhma Fubini

II. 'Otan o tìpoc D eÐnai aplìc wc proc x′x kai dÐnetai wc ex c:

D = {(x, y) ∈ R2 : c ≤ y ≤ d, g1(y) ≤ x ≤ g2(y)}, (102)

ìpou g1(y), g2(y) eÐnai suneqeÐc sunart seic sto [c, d]. Tìte∫ ∫
D

f(x, y)dxdy =

∫ d

c

[ ∫ g2(y)

g1(y)

f(x, y)dx
]
dy. (103)

ASKHSH 1.2 UpologÐste to diplì olokl rwma:∫ ∫
D

ey
2

cosxdxdy, ìpou D : x ∈ [0, π], 0 ≤ y ≤ 1.
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LÔsh: O tìpoc D eÐnai aplìc wc proc x′x epeid  0 ≤ y ≤ 1, 0 ≤ x ≤ π,
kai tìte ∫ ∫

D

x2ydxdy =

∫ 1

0

(∫ π

0

ey
2

cosxdx

)
dy.

Pr¸ta oloklhr¸noume mèsa se parenjèseic wc proc x, jewr¸ntac ìti h meta-

blht  y eÐnai stajer . Tìte kai to ey
2

eÐnai stajerì kai bgaÐnei èxw ap to

olokl rwma, dhlad :∫ 1

0

(∫ π

0

ey
2

cosxdx

)
dy =

∫ 1

0

ey
2

(∫ π

0

cosxdx

)
dy∫ 1

0

ey
2

[sinx]
π
0 dy =

∫ 1

0

ey
2

(sinπ − sin 0)dy =

∫ 1

0

ey
2

(0− 0)dy = 0.

ASKHSH 1.3 UpologÐste to diplì olokl rwma, all�zontac th seir�

olokl rwshc ∫ 1

0

[∫ 2

2y

cos(x2)dx

]
dy. (∗∗)

LÔsh: apì (**) ⇒

0 ≤ y ≤ 1, 2y ≤ x ≤ 2 ⇒ y = 0, y = 1, x = 2y, x = 2, ⇒ y =
1

2
x.

Apì thn grafik  par�stash faÐnetai ìti

0 ≤ x ≤ 2, 0 ≤ y ≤ 1

2
x.

Tìte∫ 1

0

[∫ 2

2y

cos(x2)dx

]
dy =

∫ 2

0

[∫ 1
2x

0

cos(x2)dy

]
dx =

∫ 2

0

cosx2

[∫ 1
2x

0

dy

]
dx

=

∫ 2

0

cosx2[y]
1
2x
0 dx =

∫ 2

0

(cosx2)

(
1

2
x− 0

)
dx =

1

2

∫ 2

0

x cosx2dx

=
1

4

∫ 2

0

(cosx2)2xdx =
1

4

∫ 2

0

(cosx2)dx2 =
1

4
[sinx2]20 =

1

4
[sin 22−sin 02] =

1

4
sin 4.

df(x) = f ′(x)dx ⇒ dx2 = (x2)′dx = 2xdx,∫
cos tdt = sin t

Idiìthtec twn dipl¸n oloklhrwm�twn:
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An up�rqoun
∫ ∫

D
f(x, y)dxdy kai

∫ ∫
D
g(x, y)dxdy, tìte

1.

∫ ∫
D

cf(x, y)dxdy = c

∫ ∫
D

f(x, y)dxdy gia c constant, (104)

2.

∫ ∫
D

[f(x, y)± g(x, y)]dxdy =

∫ ∫
D

f(x, y)dxdy ±
∫ ∫

D

g(x, y)dxdy,

(105)

3.
∣∣∣ ∫ ∫

D

f(x, y)dxdy
∣∣∣ ≤ ∫ ∫

D

|f(x, y)|dxdy. (106)

An D = D1 ∪D2, D1 ∩D2 = ∅, tìte

4.

∫ ∫
D

f(x, y)dxdy =

∫ ∫
D1

f(x, y)dxdy +

∫ ∫
D2

f(x, y)dxdy, (107)

An f(x, y) ≥ 0 ∀(x, y) ∈ D, tìte

5.

∫ ∫
D

f(x, y)dxdy ≥ 0, (108)

An f(x, y) ≤ g(x, y) ∀(x, y) ∈ D, tìte

6.

∫ ∫
D

f(x, y)dxdy ≤
∫ ∫

D

g(x, y)dxdy, (109)

An m ≤ f(x, y) ≤M ∀(x, y) ∈ D, tìte

7. Em ≤
∫ ∫

D

f(x, y)dxdy ≤ EM, (110)

ìpou E =
∫ ∫

D
dxdy eÐnai to embado thc D.

ASKHSEIS: breÐte ta ìria twn parak�tw dipl¸n oloklhrwm�twn

metatrèpont�c ta sta diadoqik� tÔpou∫ [∫
f(x, y)dy

]
dx  

∫ [∫
f(x, y)dx

]
dy.

1.
∫ ∫

D
f(x, y)dxdy, ìpou D : y = x2, x = y2,

2.
∫ ∫

D
f(x, y)dxdy, ìpou D : y ≤ x+ 1, y ≤ −x+ 1, y ≥ 0,

3.
∫ ∫

D
f(x, y)dxdy, ìpou D : 0 ≤ x ≤ 2, y = x, y = 2x,

4.
∫ ∫

D
f(x, y)dxdy, ìpou D : y = −x2, y = x− 2,

−2 ≤ x ≤ 1, x− 2 ≤ y ≤ −x2

Allag  metablht¸n olokl rwshc.

41



AntikajistoÔme tic metablhtèc (x, y) me nèec metablhtèc (u, v) me ton ex c me-

tasqhmatismì (M): x = x(u, v), y = y(u, v), ìpou (x, y) ∈ D, (u, v) ∈ D∗,

tìte ∫ ∫
D

f(x, y)dxdy =

∫ ∫
D∗

f
(
x(u, v), y(u, v)

)
|J |dudv, (111)

an J 6= 0, ìpou J eÐnai h Iakwbian  orÐzousa tou metasqhmatismoÔ M:

J = D(x,y)
D(u,v) =

∣∣∣∣∣x′u x′v
y′u y′v

∣∣∣∣∣ = x′uy
′
v − x′vy′u, kai |J | eÐnai apìluth tim  (mètro)

an h J eÐnai pragmatik  sun�rthsh (migadik  sun�rthsh).

Upologismìc dipl¸n oloklhrwm�twn se polikèc

suntetagmènec.

AntikajistoÔme tic kartesianèc suntetagmènec (x, y) me tic polikèc suntetagmè-

nec (r, t) mèso tou metasqhmatismoÔ

(M) : x = r cos t, y = r sin t, ìpou (x, y) ∈ D, (r, t) ∈ D∗. (112)

Tìte dxdy = rdrdt.

'Estw ìti D∗ = {(r, t) : α ≤ t ≤ β, r1(t) ≤ r ≤ r2(t), tìte∫ ∫
D

f(x, y)dxdy =

∫ β

α

[∫ r2(t)

r1(t)

f(r cos t, r sin t)rdr

]
dt, (113)

ìpou pr¸ta oloklhr¸noume mèsa se agkÔlec wc proc r, jewr¸ntac ìti h meta-

blht  t eÐnai stajer .

DeÐxte ìti h Iakwbian  orÐzousa twn polik¸n suntetagmènwn eÐnai Ðsh me J = r.

Qr simoc tÔpoc:

x2 + y2 = (r cos t)2 + (r sin t)2 = r2(cos2 t+ sin2 t) = r2 · 1 = r2. (∗)

ASKHSH 1. UpologÐste se polikèc suntetagmènec to diplì olokl rw-

ma :

∫ ∫
D

√
x2 + y2 dxdy, ìpou D : x2 + y2 ≤ 4.

LÔsh: QrhsimopoioÔme to metasqhmatismì (M) apì thn (112). Epeid  o tìpoc

D eÐnai ìloc o dÔskoc me kèntro O(0,0) kai aktÐna r = 2, èqoume
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0 ≤ t ≤ 2π, 0 ≤ r ≤ 2. Efarmìzoume touc tÔpojc (113), (*) kai ètsi èqoume:∫ ∫
D

√
x2 + y2 dxdy =

∫ 2π

0

[∫ 2

0

√
r2 rdr

]
dt

=

∫ 2π

0

[∫ 2

0

r2dr

]
dt =

∫ 2π

0

[
r3

3

]2

0

dt =
1

3

∫ 2π

0

[r3]20 dt

=
1

3

∫ 2π

0

(23 − 03)dt =
8

3

∫ 2π

0

dt =
8

3
[t]2π0 =

8

3
· (2π − 0) =

16π

3
.

ASKHSH 2. UpologÐste se polikèc suntetagmènec to diplì olokl rwma

∫ ∫
D

dxdy√
x2+y2

, ìpou D : x ≥ 0, x2 + y2 ≤ 49.

LÔsh: QrhsimopoioÔme to metasqhmatismì (M) apì thn (112):

x = r cos t, y = r sin t, dxdy = rdrdt.

Epeid  o tìpoc D eÐnai to dexÐ mèroc tou dÔskou me kèntro O(0,0) kai aktÐna 7,

èqoume

−π
2
≤ t ≤ π

2
, 0 ≤ r ≤ 7.

Efarmìzoume touc tÔpojc (113), (*) kai ètsi èqoume:∫ ∫
D

dxdy√
x2 + y2

=

∫ π/2

−π/2

(∫ 7

0

rdr√
r2

)
dt =

∫ π/2

−π/2

(∫ 7

0

rdr

r

)
dt

=

∫ π/2

−π/2

(∫ 7

0

dr

)
dt =

∫ π/2

−π/2
[r]70dt =

∫ π/2

−π/2
(7− 0)dt = 7

∫ π/2

−π/2
dt = 7 [t]

π/2
−π/2

= 7
[π

2
−
(
−π

2

)]
= 7

(π
2

+
π

2

)
= 7π.

Qr simoc tÔpoc:

(x− x0)2 + (y − y0)2 = a2

eÐnai exÐswsh kÔklou me aktÐna r = a kai kèntro K(x0, y0).

ASKHSH 3. UpologÐste se polikèc suntetagmènec to diplì olokl rwma

∫ ∫
D

dxdy,√
x2+y2

, ìpou D : x2 + y2 − 2x ≤ 0.

LÔsh: apì x2 + y2− 2x ≤ 0 ⇒ x2− 2x+ 1 + y2 ≤ 1 ⇒ (x− 1)2 + y2 ≤ 1.

EÐnai exÐswsh kÔklou me kèntro K(1, 0) kai aktÐna 1.
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QrhsimopoioÔme to metasqhmatismì (M) apì thn (112) kai ton tÔpo (*):

x = r cos t, y = r sin t, dxdy = rdrdt.

Tìte apì thn anhs¸thta x2 + y2 − 2x ≤ 0 ⇒

r2−2r cos t = 0 ⇒ r(r−2 cos t) = 0 ⇒ r1 = 0, r−2 cos t = 0 ⇒ r2 = 2 cos t.

Apì thn grafik  par�stash èqoume

−π
2
≤ t ≤ π

2
, 0 ≤ r ≤ 2 cos t.

Efarmìzoume ton tÔpo (113) kai lamb�noume:∫ ∫
D

dxdy√
x2 + y2

=

∫ π/2

−π/2

(∫ 2 cos t

0

rdr√
r2

)
dt =

∫ π/2

−π/2

(∫ 2 cos t

0

rdr

r

)
dt

=

∫ π/2

−π/2

(∫ 2 cos t

0

dr

)
dt =

∫ π/2

−π/2
[r]

2 cos t
0 dt =

∫ π/2

−π/2
(2 cos t− 0)dt

= 2

∫ π/2

−π/2
cos tdt = 2[sin t]

π/2
−π/2 = 2

[
sin

π

2
− sin

(
−π

2

)]
= 2[1− (−1)] = 2 · 2 = 4.

ASKHSEIS: breÐte ta ìria twn parak�tw dipl¸n oloklhrwm�twn

metatrèpont�c ta sta diadoqik� tÔpou:∫ ∫
D

f(x, y)dxdy =

∫ [∫
f(r cos t, r sin t)rdr

]
dt.

1.
∫ ∫

Ω
f(x, y)dxdy, ìpou D : x, y ≥ 0, x2 + y2 ≤ 1,

2.
∫ ∫

D
f(x, y)dxdy, ìpou D : x ≥ 0, x2 + y2 ≤ 49,

3.
∫ ∫

D
f(x, y)dxdy, ìpou D : y ≥ 0, x2 + y2 ≤ 36,

4.
∫ ∫

D
f(x, y)dxdy, ìpou D : x, y ≥ 0, x2 + y2 ≥ 1, x2 + y2 ≤ 9,

5.
∫ ∫

D
f(x, y)dxdy, ìpou D : 0 ≤ y ≤ x, x2 + y2 ≤ 36,

6.
∫ ∫

D
f(x, y)dxdy, ìpou D : 0 ≤ x ≤ y, x2 + y2 ≤ 25,

7.
∫ ∫

D
f(x, y)dxdy, ìpou D : y ≥ x, y ≥ −x, x2 + y2 ≤ 16,

8.
∫ ∫

D
f(x, y)dxdy, ìpou D : x2 + y2 − 2y ≤ 0.

ASKHSEIS:

1. UpologÐste
∫ ∫

D
xydxdy, ìpou D : y = x2, x = y2,
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2. UpologÐste
∫ ∫

D
yxdxdy, ìpou D : y ≤ x+ 1, y ≤ −x+ 1, y ≥ 0,

3. UpologÐste
∫ ∫

D
(x+ y2)dxdy, ìpou D : 0 ≤ x ≤ 2, y = x, y = 2x,

4. UpologÐste
∫ ∫

D
(x+ y)dxdy, ìpou D : y = −x2, y = x− 2,

5. UpologÐste
∫ 3

0

[∫√9−y2
0

5
√
x2 + y2dx

]
dy,

6. UpologÐste
∫ 4

0

[∫√16−x2

−
√

16−x2
4
√
x2 + y2dy

]
dx,

7. UpologÐste
∫ ∫

D
dxdy

3
√
x2+y2

, ìpou D : 0 ≤ y ≤ x, x2 + y2 ≤ 36,

8. UpologÐste
∫ ∫

Ω
ydxdy√
x2+y2

, ìpou D : x, y ≥ 0, x2 + y2 ≤ 1,

9. UpologÐste
∫ ∫

D
xdxdy√
x2+y2

, ìpou D : x ≥ 0, x2 + y2 ≤ 49,

10. UpologÐste
∫ ∫

D
dxdy√

1−x2−y2
, ìpou D : x, y ≥ 0, x2 + y2 ≤ 1,

11. UpologÐste
∫ ∫

D
dxdy√
x2+y2

, ìpou D : 0 ≤ x ≤ y, x2 + y2 ≤ 25,

12. UpologÐste
∫ ∫

D

√
x2 + y2dxdy, ìpou D : x2 + y2 + 2y ≤ 0,

UpologÐste ta dipl� oloklhr¸mata, all�zontac th seir�

olokl rwshc

1. UpologÐste ∫ 0

−1

[∫ x+1

0

xydy

]
dx+

∫ 1

0

[∫ 1−x

0

xydy

]
dx,

2. UpologÐste ∫ π

0

[∫ π

x

sin y

y
dy

]
dx,

3. UpologÐste ∫ 1

0

[∫ 1

y

x2exydx

]
dy,

4. UpologÐste ∫ 8

0

[∫ 2

3
√
x

dy

y4 + 1

]
dx,

5. UpologÐste ∫ 2

0

[∫ 2

x

y2 sinxydy

]
dx,
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6. UpologÐste ∫ 8

0

[∫ 2

3
√
x

dy

y4 + 1

]
dx,

7. UpologÐste ∫ 1

0

[∫ 3

3y

ex
2

dx

]
dy,

Efarmogèc twn dipl¸n oloklhrwm�twn.

1. M�za epÐpedou s¸matoc D, an eÐnai gnwst  h puknìtht� tou

ρ = ρ(x, y) se k�je shmeÐo (x, y) ∈ D :

M =

∫ ∫
D

ρ(x, y)dxdy,

2. Kèntro b�rouc K(x̄, ȳ) epÐpedou s¸matoc D an eÐnai gnwst  h

puknìtht� tou ρ = ρ(x, y) se k�je shmeÐo (x, y) ∈ D :

x̄ =

∫ ∫
D
xρ(x, y)dxdy∫ ∫

D
ρ(x, y)dxdy

, ȳ =

∫ ∫
D
yρ(x, y)dxdy∫ ∫

D
ρ(x, y)dxdy

,

3. Ropèc adr�neiac wc proc touc �xonec I0x, I0y kai thn arq  twn

axìnwn I0 epÐpedou s¸matoc D, an eÐnai gnwst  h puknìtht� tou ρ = ρ(x, y)

se k�je shmeÐo (x, y) ∈ D :

I0x =

∫ ∫
D

y2ρ(x, y)dxdy, I0y =

∫ ∫
D

x2ρ(x, y)dxdy,

I0 =

∫ ∫
D

(x2 + y2)ρ(x, y)dxdy.

4. Embadì thc epif�neiac z = f(x, y), (x, y) ∈ D :

S =

∫ ∫
D

√
1 + (z′x)2 + (z′y)2dxdy,

ìpou D eÐnai h probol  thc epif�neiac z = f(x, y) sto epÐpedo (x, y).

An to epÐpedo s¸ma eÐnai omogenèc, tìte stoÔc tÔpouc 1,2,3 jewroÔme ìti

ρ = ρ(x, y) = 1 gia ìla ta (x, y) ∈ D.
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5 TRIPLA OLOKLHRWMATA.

Upologismìc tripl¸n oloklhrwm�twn se kartesianèc

suntetagmènec. Je¸rhma Fubini

Orismìc 1. An èna qwrÐo D dÐnetai wc ex c:

D = {(x, y, z) ∈ R3 : a ≤ x ≤ b, ϕ1(x) ≤ y ≤ ϕ2(x), ψ1(x, y) ≤ z ≤ ψ2(x, y)},

ìpou oi sunart seic ϕ1(x), ϕ2(x) eÐnai suneqeÐc sto [a, b] kai oi ψ1(x, y), ψ2(x, y)

eÐnai suneqeÐc sthn orj  probol  Dxy tou D sto epÐpedo xy, dhlad 

Dxy = {(x, y) ∈ R2 : a ≤ x ≤ b, ϕ1(x) ≤ y ≤ ϕ2(x)},

tìte to D lègetai xy aplì qwrÐo tou R3. UpenjumÐzoume ìti Dxy eÐnai

èna aplì epÐpedo qwrÐo wc proc ton �xona y′y.

Je¸rhma Fubini

An to qwrÐo D eÐnai xy aplì qwrÐo tou R3, tìte∫ ∫ ∫
D

f(x, y, z)dxdydz =

∫ b

a

{∫ ϕ2(x)

ϕ1(x)

[∫ ψ2(x,y)

ψ1(x,y)

f(x, y, z)dz

]
dy

}
dx

=

∫ b

a

[∫ ϕ2(x)

ϕ1(x)

F (x, y)dy

]
dx,

dhlad  pr¸ta oloklhr¸noume mèsa se agkÔlec wc proc z, jewr¸ntac ìti oi

metablhtèc x, y eÐnai stajerèc kai ètsi metatrèpoume to triplì olokl rwma se

diplì olokl rwma k�poiac sun�rthshc F (x, y) me metablhtèc x, y

Orismìc 2. An èna qwrÐo D dÐnetai wc ex c:

D = {(x, y, z) ∈ R3 : c ≤ y ≤ d, g1(y) ≤ x ≤ g2(y), ψ1(x, y) ≤ z ≤ ψ2(x, y)},

ìpou oi sunart seic g1(y), g2(y) eÐnai suneqeÐc sto [c, d] kai oi ψ1(x, y), ψ2(x, y)

eÐnai suneqeÐc sthn orj  probol  Dyx tou D sto epÐpedo xy, dhlad 

Dyx = {(x, y) ∈ R2 : c ≤ y ≤ d, g1(y) ≤ x ≤ g2(y)},

tìte to D lègetai yx aplì qwrÐo tou R3. UpenjumÐzoume ìti Dyx eÐnai èna

aplì epÐpedo qwrÐo wc proc ton �xona x′x.

Je¸rhma Fubini

47



An to qwrÐo D eÐnai yx aplì qwrÐo tou R3, tìte∫ ∫ ∫
D

f(x, y, z)dxdydz =

∫ d

c

{∫ g2(y)

g1(y)

[∫ ψ2(x,y)

ψ1(x,y)

f(x, y, z)dz

]
dx

}
dy

=

∫ d

c

[∫ g2(y)

g1(y)

G(x, y)dx

]
dy,

dhlad  pr¸ta oloklhr¸noume mèsa se agkÔlec wc proc z, jewr¸ntac ìti oi meta-

blhtèc x, y eÐnai stajerèc kai ètsi metatrèpoume to triplì olokl rwma se diplì

olokl rwma k�poiac sun�rthshc G(x, y) me metablhtèc x, y.

Orismìc 3. An èna qwrÐo D dÐnetai wc ex c:

D = {(x, y, z) ∈ R3 : m ≤ z ≤ n, h1(z) ≤ x ≤ h2(z), q1(x, z) ≤ y ≤ q2(x, z)},

ìpou oi sunart seic h1(z), h2(z) eÐnai suneqeÐc sto [m,n] kai oi q1(x, z), q2(x, z)

eÐnai suneqeÐc sthn orj  probol  Dzx tou D sto epÐpedo xz, dhlad 

Dzx = {(x, z) ∈ R2 : m ≤ z ≤ n, h1(z) ≤ x ≤ h2(z)},

tìte to D lègetai zx aplì qwrÐo tou R3. UpenjumÐzoume ìti Dzx eÐnai èna

aplì epÐpedo qwrÐo wc proc ton �xona x′x.

Je¸rhma Fubini

An to qwrÐo D eÐnai zx aplì qwrÐo tou R3, tìte∫ ∫ ∫
D

f(x, y, z)dxdydz =

∫ n

m

{∫ h2(z)

h1(z)

[∫ q2(x,z)

q1(x,z)

f(x, y, z)dy

]
dx
}
dz

=

∫ n

m

[∫ h2(z)

h1(z)

H(x, z)dx

]
dz,

ìpou pr¸ta oloklhr¸noume mèsa se agkÔlec wc proc y, jewr¸ntac ìti oi meta-

blhtèc x, z eÐnai stajerèc kai ètsi metatrèpoume to triplì olokl rwma se diplì

olokl rwma k�poiac sun�rthshc H(x, z) me metablhtèc x, z.

Up�rqoun �lloi treic tÔpoi twn diadoqik¸n tripl¸n oloklhrwm�twn.

Efarmogèc twn tripl¸n oloklhrwm�twn.
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1. 'Ogkoc stereoÔ D

V =

∫ ∫ ∫
D

dxdydz,

2. M�za stereoÔ D, an eÐnai gnwst  h puknìthta ρ = ρ(x, y, z) stereoÔ

se k�je shmeÐo (x, y, z) ∈ D :

M =

∫ ∫ ∫
D

ρ(x, y, z)dxdydz,

3. Kèntro b�rouc K(x̄, ȳ, z̄) stereoÔ D, an eÐnai gnwst  h puknìthta

ρ = ρ(x, y, z) tou stereoÔ D se k�je shmeÐo (x, y, z) ∈ D :

x̄ =

∫ ∫ ∫
D
xρ(x, y, z)dxdydz∫ ∫ ∫

D
ρ(x, y, z)dxdydz

, ȳ =

∫ ∫ ∫
D
yρ(x, y, z)dxdydz∫ ∫ ∫

D
ρ(x, y, z)dxdydz

,

z̄ =

∫ ∫ ∫
D
zρ(x, y, z)dxdydz∫ ∫ ∫

D
ρ(x, y, z)dxdydz

,

4. Ropèc adr�neiac Ix, Iy, Iz stereoÔ D, an eÐnai gnwst  h puknìthta

ρ = ρ(x, y, z) tou stereoÔ D se k�je shmeÐo (x, y, z) ∈ D :

Ix =

∫ ∫ ∫
D

(y2+z2)ρ(x, y, z)dxdydz, Iy =

∫ ∫ ∫
D

(x2+z2)ρ(x, y, z)dxdydz,

Iz =

∫ ∫ ∫
D

(x2 + y2)ρ(x, y, z)dxdydz.

An to s¸ma eÐnai omogenèc, tìte se ìlouc autoÔc touc tÔpouc jewroÔme ìti

ρ = ρ(x, y, z) = 1 gia ìla ta (x, y, z) ∈ D.
ASKHSH 1. UpologÐste to diadoqikì triplì olokl rwma:∫ 1

0

{∫ x

0

[∫ y

0

xy2zdz

]
dy

}
dx

LÔsh: Pr¸ta oloklhr¸noume mèsa se agkÔlec wc proc z, jewr¸ntac ìti oi

metablhtèc x, y eÐnai stajerèc:∫ 1

0

{∫ x

0

[∫ y

0

xy2zdz

]
dy

}
dx =

∫ 1

0

{∫ x

0

xy2

[∫ y

0

zdz

]
dy

}
dx

=

∫ 1

0

{∫ x

0

xy2

[
z2

2

]y
0

dy

}
dx =

1

2

∫ 1

0

{∫ x

0

xy2[z2]y0 dy

}
dx

=
1

2

∫ 1

0

[∫ x

0

xy2(y2 − 02)dy

]
dx =

1

2

∫ 1

0

x

[∫ x

0

y4dy

]
dx =

1

2

∫ 1

0

x

[
y5

5

]x
0

dx

=
1

10

∫ 1

0

x[y5]x0 dx =
1

10

∫ 1

0

x(x5 − 05)dx =
1

10

∫ 1

0

x6dx =
1

10

[
x7

7

]1

0

=
1

70
[x7]10 =

1

70
(17 − 07) =

1

70
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ASKHSH 2. BreÐte ton ìgko tou prÐsmatoc sto pr¸to ogdohmìrio pou

kìbetai apì ta suntetagmèna epÐpeda x = 0, y = 0, z = 0 kai ta epÐpeda x = 2,

y + z = 1.

LÔsh: Apì thn y + z = 1 brÐskoume z = 1− y. Apì thn grafik  par�stash

faÐnetai ìti

D : 0 ≤ x ≤ 2, 0 ≤ y ≤ 1, 0 ≤ z ≤ 1− y.

Tìte

V =

∫ ∫ ∫
D

dxdydz =

∫ 2

0

{∫ 1

0

[∫ 1−y

0

dz

]
dy

}
dx =

∫ 2

0

[∫ 1

0

[z]1−y0 dy

]
dx

=

∫ 2

0

[∫ 1

0

(1− y − 0)dy

]
dx =

∫ 2

0

[∫ 1

0

(1− y)dy

]
dx =

∫ 2

0

[
y − y2

2

]1

0

dx

∫ 2

0

[
1− 12

2
−
(

0− 02

2

)]
dx =

1

2

∫ 2

0

dx =
1

2
[x]20 =

1

2
(2− 0) = 1.

ASKHSEIS

1. UpologÐste
∫ 1

0

[∫ x2

0

(∫ 4
√
x+y

0
4z3dz

)
dy
]
dx.

2. UpologÐste
∫ 1

0

[∫ y
0

(∫ y−x
0

yzdz
)
dx
]
dy.

3. UpologÐste
∫ 1

0

[∫ x
0

(∫ x+y

0
xzdz

)
dy
]
dx.

4. BreÐte ton ìgko tou tetraèdrou pou kìbetai apì to pr¸to ogdohmìrio apì

to epÐpedo 6x+ 3y + 2z = 6.

Upologismìc tripl¸n oloklhrwm�twn se kulindrikèc

suntetagmènec.

AntikajistoÔme tic kartesianèc suntetagmènec (x, y, z) me tic kulindrikèc sunte-

tagmènec (r, t, z) mèso tou metasqhmatismoÔ

(M) : x = r cos t, y = r sin t, z = z, dxdydz = rdzdrdt, (x, y, z) ∈ D, (r, t, z) ∈ D∗,

ìpou t eÐnai h jetik  gwnÐa metaxÔ tou �xona x′x kai aktÐnac r kai genik�

t ∈ [0, 2π]. 'Estw ìti

D∗ = {(r, t, z) : α ≤ t ≤ β, r1(t) ≤ r ≤ r2(t), ψ1(r, t) ≤ z ≤ ψ2(r, t)}, tìte∫ ∫ ∫
D

f(x, y, z)dxdydz =

∫ β

α

{∫ r2(t)

r1(t)

[∫ ψ2(r,t)

ψ1(r,t)

f(r cos t, r sin t, z)rdz

]
dr

}
dt
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Pr¸ta oloklhr¸noume mèsa se agkÔlec wc proc z, jewr¸ntac ìti oi metablhtèc

t, r eÐnai stajerèc kai ètsi ja katal xoume se diplì olokl rwma se polikèc su-

ntetagmènec.

Qr simoc tÔpoc:

x2 + y2 = r2. (∗)

ASKHSH 1. Upologiste to triplì olokl rwma se kulindrikèc sunte-

tagmènec:

I =

∫ ∫ ∫
D

√
x2 + y2dxdydz, ìpou D : z = 1− (x2 + y2), z ≥ 0.

LÔsh: UpenjumÐzoume ìti x2 +y2 = r2. H exÐswsh z = 1−(x2 +y2) mac dÐnei

to elleiptikì paraboloeidèc me koruf  to shmeÐo K(0, 0, 1) kai se kulindrikèc

suntetagmènec h exÐsws  tou eÐnai z = 1 − r2. Apì thn grafik  par�stash

èqoume

D : 0 ≤ t ≤ 2π, 0 ≤ r ≤ 1, 0 ≤ z ≤ 1− r2, tìte

I =

∫ 2π

0

[∫ 1

0

(∫ 1−r2

0

√
r2rdz

)
dr

]
dt =

∫ 2π

0

[∫ 1

0

(∫ 1−r2

0

r2dz

)
dr

]
dt =

∫ 2π

0

[∫ 1

0

r2

(∫ 1−r2

0

dz

)
dr

]
dt =

∫ 2π

0

[∫ 1

0

r2[z]1−r
2

0 dr

]
dt =

∫ 2π

0

[∫ 1

0

r2(1− r2 − 0)dr

]
dt

=

∫ 2π

0

[∫ 1

0

(r2 − r4)dr

]
dt =

∫ 2π

0

[
r3

3
− r5

5

]1

0

dt =

∫ 2π

0

[
13

3
− 15

5
−
(

03

3
− 05

5

)]
dt

=

(
1

3
− 1

5

)∫ 2π

0

dt =

(
5

15
− 3

15

)
[t]2π0 =

2

15
(2π − 0) =

4π

15
.

ASKHSEIS

1. BreÐte ton ìgko tou qwrÐou pou orÐzetai apì to epÐpedo xy kai to ellei-

ptikì paraboloeidèc z = 4− x2 − y2.

2. UpologÐste
∫ ∫ ∫

D
(x2 + y2)dxdydz, ìpou to qwrÐo D periorÐzetai

apì thn epif�neia z = (x2 + y2)/2 kai to epÐpedo z = 2.

3. UpologÐste
∫ ∫ ∫

D
z
√
x2 + y2dxdydz, ìpouD : z = 1−(x2+y2), z ≥ 0.

4. UpologÐste
∫ ∫ ∫

D

√
x2 + y2dxdydz, ìpou D : x2 + y2 ≤ 1,

z = x2 + y2, z = 0.

Upologismìc tripl¸n oloklhrwm�twn se sfairikèc

suntetagmènec.
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AntikajistoÔme tic kartesianèc suntetagmènec (x, y, z) me tic sfairikèc sunte-

tagmènec (r, t, θ) mèsw tou metasqhmatismoÔ

(M):

x = r cos t sin θ, y = r sin t sin θ, z = r cos θ, dxdydz = r2 sin θdθdrdt,

ìpou genik�

t ∈ [0, 2π], θ ∈ [0, π], (x, y, z) ∈ D, (r, t, θ) ∈ D∗

kai θ eÐnai h jetik  gwnÐa metaxÔ tou �xona z′z kai aktÐnac r kai t eÐnai

h jetik  gwnÐa metaxÔ tou �xona x′x kai probol c thc aktÐnac r sto epÐpedo

(x, y). Tìte∫ ∫ ∫
D

f(x, y, z)dxdydz =

∫ ∫ ∫
D∗

f(r cos t sin θ, r sin t sin θ, r cos θ)r2 sin θdθdrdt.

Qr simoc tÔpoc:

x2 + y2 + z2 = r2. (∗∗)

'Askhsh 1. UpologÐste to triplì olokl rwma se sfairikèc suntetagmènec

I =

∫ ∫ ∫
D

√
x2 + y2 + z2dxdydz, ìpou D : x2 + y2 + z2 ≤ 9.

LÔsh: apì th grafik  par�stash faÐnetai ìti

t ∈ [0, 2π], r ∈ [0, 3], θ ∈ [0, π].

Tìte

I =

∫ 2π

0

[∫ 3

0

(∫ π

0

√
r2r2 sin θdθ

)
dr

]
dt =

∫ 2π

0

[∫ 3

0

(∫ π

0

r3 sin θdθ

)
dr

]
dt

∫ 2π

0

[∫ 3

0

r3

(∫ π

0

sin θdθ

)
dr

]
dt =

∫ 2π

0

(∫ 3

0

r3[− cos θ]π0dr

)
dt = −

∫ 2π

0

(∫ 3

0

r3[cos θ]π0dr

)
dt =

= −
∫ 2π

0

(∫ 3

0

r3[cosπ − cos 0]dr

)
dt = −

∫ 2π

0

(∫ 3

0

r3(−1− 1)dr

)
dt = 2

∫ 2π

0

(∫ 3

0

r3dr

)
dt

= 2

∫ 2π

0

[
r4

4

]3

0

dt = 2

∫ 2π

0

(
34

4
− 04

4

)
dt = 2·81

4

∫ 2π

0

dt =
81

2
[t]2π0 =

81

2
(2π−0) = 81π.

'Askhsh 2.

UpologÐste ton ìgko thc sfaÐrac x2 + y2 + z2 = a2 me aktÐna a.
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LÔsh: Efarmìzoume tic sfairikèc suntetagmènec x = r cos t sin θ, y = r sin t sin θ,

z = r cos θ. Apì th grafik  par�stash faÐnetai ìti

0 ≤ t ≤ 2π, 0 ≤ r ≤ a, 0 ≤ θ ≤ π.

Tìte

V =

∫ ∫ ∫
D

dxdydz =

∫ 2π

0

[∫ a

0

(∫ π

0

r2 sin θdθ

)
dr

]
dt

=

∫ 2π

0

[∫ a

0

r2

(∫ π

0

sin θdθ

)
dr

]
dt

=

∫ 2π

0

[∫ a

0

r2[− cos θ]π0dr

]
dt = −

∫ 2π

0

[∫ a

0

r2[cos θ]π0dr

]
dt

= −
∫ 2π

0

(∫ a

0

r2(cosπ − cos 0)dr

)
dt = −

∫ 2π

0

(∫ a

0

r2(−1− 1)dr

)
dt =

= 2

∫ 2π

0

(∫ a

0

r2dr

)
dt = 2

∫ 2π

0

[
r3

3

]a
0

dt = 2

∫ 2π

0

[
a3

3
− 03

3

]
dt

= 2 · a
3

3

∫ 2π

0

dt =
2a3

3
[t]2π0 =

2a3

3
(2π − 0) =

4

3
πa3.

ASKHSEIS

1. UpologÐste
∫ 1

−1

[∫√1−x2

0

(∫√1−x2−y2
0

dz

)
dy

]
dx.

2. UpologÐste
∫ ∫ ∫

D

√
1 + (x2 + y2 + z2)3/2dxdydz, ìpou D : x2 +

y2 + z2 ≤ 1.

6 EPIKAMPULIA OLOKLHRWMATA

EPIKAMPULIA OLOKLHRWMATA 1-ou eÐdouc sto epÐpedo

R2.

UpologÐzontai me duo trìpouc:

I. 'Estw ìti h L eÐnai kampÔlh tou epipèdou me exÐswsh y = φ(x), x ∈ [a, b],

ìpou φ(x) eÐnai suneq¸c paragwgÐsimh sun�rthsh epÐ tou [a, b] kai h f(x, y)

eÐnai suneq c sun�rthsh epÐ tou L. Tìte to epikampÔlio olokl rwma 1-ou eÐdouc

upologÐzetai wc ex c:∫
L

f(x, y)dl =

∫ b

a

f
(
x, φ(x)

)√
1 + [φ′(x)]2 dx. (114)
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II. 'Estw ìti h kampÔlh L dÐnetai se parametrik  morf  me exis¸seic:

x = x(t), y = y(t), t ∈ [t1, t2] ìpou x(t), y(t) eÐnai suneq¸c paragwgÐ-

simec sunart seic epÐ tou [t1, t2] kai h f(x, y) eÐnai suneq c sun�rthsh epÐ tou

L. Tìte to epikampÔlio olokl rwma 1-ou eÐdouc upologÐzetai wc ex c:∫
L

f(x, y)dl =

∫ t2

t1

f
(
x(t), y(t)

)√
[x′(t)]2 + [y′(t)]2 dt. (115)

ASKHSH 1. UpologÐste:

I =

∫
L

ydl,

ìpou L eÐnai to tìxo thc kubik c parabol c y = x3 pou sundèei ta shmeÐa

A(0, 0) kai B(1, 1).

LÔsh: QrhsimopoioÔme ton tÔpo (114), ìpou φ(x) = x3, x ∈ [0, 1]. Tìte

(φ(x))′ = 3x2 kai ètsi èqoume

I =

∫
L

ydl =

∫ 1

0

x3
√

1 + [3x2]2dx =

∫ 1

0

√
1 + 9x4 x3dx. (E1)

Jètw (M) : p =
√

1 + 9x4 ⇒ p2 = 1 + 9x4 ⇒

d(1 + 9x4) = dp2 ⇒ (1 + 9x4)′dx = (p2)′dp ⇒ 36x3dx = 2pdp ⇒ x3dx =
1

18
pdp

An x = 0
(M)⇒ p = 1. An x = 1

(M)⇒ p =
√

10.

Apì thn (E1) ⇒

I =

∫ √10

1

p
1

18
pdp =

1

18

∫ √10

1

p2dp =
1

18

[p3

3

]√10

1
=

1

54

[
p3
]√10

1
=

1

54

(√
103−1

)
.
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ASKHSEIS

1. UpologÐste
∫
L
y
xdl, ìpou L eÐnai to tìxo thc parabol c

y = x2, x ∈ [0,
√

2].

2. UpologÐste
∫
L
yx2dl, ìpou L eÐnai to tìxo tou kÔklou

x2 + y2 = 4, y ≥ 0.

3. UpologÐste
∫
L

(x − y)dl, ìpou L eÐnai to eujÔgrammo tm ma pou

sundèei ta shmeÐa A(0, 0) kai B(4, 3).

4. UpologÐste
∫
L

(x+ y)dl, ìpou L eÐnai to tìxo tou kÔklou

x2 + y2 = 9, x, y ≥ 0.

5. UpologÐste
∫
L
x3dl, ìpou L eÐnai to tìxo thc kubik c parabol c

y = x3 pou sundèei ta shmeÐa A(0, 0) kai B(2, 8).

6. UpologÐste
∫
L

√
x2 + y2dl, ìpou L eÐnai h perifèreia:

x = 2(cos t+ t sin t), y = 2(sin t− t cos t), t ∈ [0, 2π].

7. UpologÐste
∫
L

dl√
x2+y2+4

, ìpou L eÐnai to eujÔgrammo tm ma pou

sundèei ta shmeÐa A(0, 0) kai B(1, 2).

EPIKAMPULIA OLOKLHRWMATA 1-ou eÐdouc sto q¸ro R3.

'Estw ìti h kampÔlh L dÐnetai se parametrik  morf  me exis¸seic

x = x(t), y = y(t), z = z(t), t ∈ [t1, t2] ìpou x(t), y(t), z(t) eÐnai

suneq¸c paragwgÐsimec sunart seic epÐ tou [t1, t2] kai h f(x, y, z) eÐnai suneq c

sun�rthsh epÐ tou L. Tìte to epikampÔlio olokl rwma 1-ou eÐdouc upologÐzetai

wc ex c:∫
L

f(x, y, z)dl =

∫ t2

t1

f
(
x(t), y(t), z(t)

)√
[x′(t)]2 + [y′(t)]2 + [z′(t)]2dt (116)

ASKHSEIS

1. UpologÐste
∫
L

(x+ y + z)dl, ìpou L eÐnai h perifèria:

z = x2 + y2, z = 4,

2. UpologÐste
∫
L

√
2y2 + z2dl, ìpou L eÐnai h perifèria:

x =
√

2
2 sin t, y =

√
2

2 sin t, z = cos t, t ∈ [0, 2π],

3. UpologÐste
∫
L

√
2x2 + z2dl, ìpou L eÐnai h perifèria:

x2 +y2 +z2 = 4, y = x. ( Qrhsimopoi ste tic sfairikèc suntetagmènnec.)
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EPIKAMPULIA OLOKLHRWMATA 2-ou eÐdouc.

Sto epÐpedo R2 upologÐzontai me duo trìpouc:

I. 'Estw ìti h L eÐnai kampÔlh tou epipèdou me exÐswsh y = φ(x), x ∈ [a, b], ìpou

φ(x) eÐnai suneq¸c paragwgÐsimh sun�rthsh epÐ tou [a, b] kai P (x, y), Q(x, y)

eÐnai suneqeÐc sunart seic epÐ tou L. Tìte to epikampÔlio olokl rwma 2-ou eÐdouc

upologÐzetai wc ex c:∫
L

P (x, y)dx+Q(x, y)dy =

∫ b

a

[
P
(
x, φ(x)

)
+Q

(
x, φ(x)

)
φ′(x)

]
dx. (117)

II. 'Estw ìti h kampÔlh L dÐnetai se parametrik  morf  me exis¸seic

x = x(t), y = y(t), t ∈ [t1, t2] ìpou x(t), y(t) eÐnai suneq¸c paragwgÐsi-

mec sunart seic epÐ tou [t1, t2] kai P (x, y), Q(x, y) eÐnai suneqeÐc sunart seic

epÐ tou L. Tìte to epikampÔlio olokl rwma 2-ou eÐdouc upologÐzetai wc ex c:∫
L

P (x, y)dx+Q(x, y)dy =

∫ t2

t1

[
P
(
x(t), y(t)

)
x′(t) +Q

(
x(t), y(t)

)
y′(t)

]
dt.

(118)

Analìgwc upologÐzontai sto q¸ro R3.

'Estw ìti h kampÔlh L dÐnetai se parametrik  morf  me exis¸seic:

x = x(t), y = y(t), z = z(t), t ∈ [t1, t2] ìpou x(t), y(t), z(t) eÐ-

nai suneq¸c paragwgÐsimec sunart seic epÐ tou [t1, t2] kai èstw ìti ~F =
~F (x, y, z) = P (x, y, z)~i+Q(x, y, z)~j +R(x, y, z)~k eÐnai èna dianusmatikì pedÐo,

ìpou P (x, y, z), Q(x, y, z), R(x, y, z) eÐnai suneqeÐc sunart seic epÐ tou L. Tì-

te h kampÔlh L eÐnai to sÔnolo twn per�twn dianusm�twn jèsewn ~r = ~r(t) =(
x(t), y(t), z(t)

)
, d~r =

(
dx(t), dy(t), dz(t)

)
= (dx, dy, dz) kai to epikampÔlio

olokl rwma 2-ou eÐdouc upologÐzetai wc ex c:∫
L

~F · d~r =

∫
L

P (x, y, z)dx+Q(x, y, z)dy +R(x, y, z)dz = (119)∫ t2

t1

[
P
(
x(t), y(t), z(t)

)
x′(t) +Q

(
x(t), y(t), z(t)

)
y′(t) +R

(
x(t), y(t), z(t)

)
z′(t)

]
dt

JEWRHMA tou GREEN

'Estw ìti oi sunart seic P (x, y), Q(x, y) eÐnai suneq¸c diaforÐsimec se aplì

qwrÐo D kai L = ∂D eÐnai to sÔnoro tou D pou eÐnai mia kleist  kampÔlh pou

perikleÐei to qwrÐo D. Tìte isqÔei o tÔpoc tou GREEN:∮
L

P (x, y)dx+Q(x, y)dy =

∫ ∫
D

[∂Q(x, y)

∂x
− ∂P (x, y)

∂y

]
dxdy,

ìpou arister� to epikampÔlio olokl rwma upologÐzetai antÐjeta apì th for�

kÐnhshc twn deikt¸n tou rologioÔ.
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To sÔmbolo
∮
qrhsimopoieÐtai mìno ìtan h kampÔlh L eÐnai kleist .

ASKHSH 1. UpologÐste:∫
L

xy2dx− x3ydy, ìpou

L eÐnai to to eujÔgrammo tm ma pou sundèei ta shmeÐa A(0, 0) kai B(2, 4).

LÔsh: H exÐswsh eujeÐac pou pern�ei ap ta duo shmeÐa A(x1, y1) kai B(x2, y2)

eÐnai

x− x1

x2 − x1
=

y − y1

y2 − y1
. Gia A(0, 0), B(2, 4) ⇒ x− 0

2− 0
=
y − 0

4− 0
⇒ x

2
=
y

4
⇒ y = 2x.

'Ara y = φ(x) = 2x ìpou x ∈ [0, 2]. T¸ra qrhsimopoioÔme ton tÔpo (117):∫
L

xy2dx− x3ydy =

∫ 2

0

[
x(2x)2 − x3(2x)(2x)′

]
dx =

∫ 2

0

(4x3 − 4x4)dx

=4

∫ 2

0

x3dx− 4

∫ 2

0

x4dx = 4
[x4

4

]2
0
− 4
[x5

5

]2
0

=
[
x4
]2
0
− 4

5

[
x5
]2
0

= (16− 0)− 4

5
(32− 0) = −48

5
.

ASKHSH 2. UpologÐste:∮
L

xdy + ydx,

ìpou L eÐnai to tìxo thc perifèreiac x2 + y2 = 1.

LÔsh: ∮
L

xdy + ydx =

∮
L

ydx+ xdy.

P (x, y) = y, Q(x, y) = x,

P ′y(x, y) = (y)
′
y = 1, Q′x(x, y) = (x)

′
x = 1.

'Ara ∮
L

xdy + ydx =

∫ ∫
D

(1− 1)dxdy =

∫ ∫
D

0dxdy = 0.

AnexarthsÐa tou EpikampÔliou Oloklhr¸matoc B' eÐdouc apì

to drìmo olokl rwshc

'Estw ìti oi sunart seic P (x, y), Q(x, y) eÐnai suneq¸c diaforÐsimec se aplì

qwrÐo D kai L = ÂB eÐnai ènac drìmoc (kampÔlh) me arq  A(x1, y1) kai pè-

rac B(x2, y2), pou an kei sto D kai èstw ìti hp�rqei mia suneq¸c diaforÐsimh

sun�rthsh u(x, y) tètoia ¸ste to olikì diaforikì thc

du(x, y) = P (x, y)dx+Q(x, y)dy, (120)
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  Q′x = P ′y. (121)

Tìte isqÔei o tÔpoc :∫
L

P (x, y)dx+Q(x, y)dy = u(x2, y2)− u(x1, y1), (122)

dhlad  to EpikampÔlio Olokl rwma B' eÐdouc den exart�tai apì to drìmo olo-

kl rwshc L, all� mìno apì ta shmeÐa A kai B.

ASKHSH 1. UpologÐste:∫
L

xdy − ydx
x2

,

ìpou L eÐnai to tìxo thc parabol c y = x2 pou sundèei ta shmeÐa A(1, 1) kai

B(2, 4).

LÔsh: ∫
L

xdy − ydx
x2

=

∫
L

−ydx
x2

+
dy

x
.

ParathroÔme ìti isqÔei o tÔpoc (120):

d
(y
x

)
=
(y
x

)′
x
dx+

(y
x

)′
y
dy = − y

x2
dx+

1

x
dy = −ydx

x2
+
dy

x
.

Efarmìzoume ton tÔpo (122) me

u(x, y) =
y

x
, x1 = 1, y1 = 1, x2 = 2, y2 = 4 :∫

L

xdy − ydx
x2

=

∫
L

−ydx
x2

+
dy

x
=
y2

x2
− y1

x1
=

4

2
− 1

1
= 2− 1 = 1.

ASKHSEIS

1. UpologÐste
∫
L
xydx + ydy, ìpou L eÐnai to tìxo thc parabol c

y = x2 pou sundèei ta shmeÐa A(0, 0) kai B(1, 1).

2. UpologÐste
∫
L
y2dx+ 2yxdy, ìpou L eÐnai to tìxo thc parabol c

y = x2 pou sundèei ta shmeÐa A(0, 0) kai B(2, 4).

3. UpologÐste
∫
L
dy
x −

dx
y , ìpou L eÐnai h perifèreia:

x2 + y2 = 25.

4. UpologÐste
∫
L
y3dx − yxdy, ìpou L eÐnai to tìxo thc kubik c pa-

rabol c y = x3 pou sundèei ta shmeÐa A(0, 0) kai B(2, 8).

5. UpologÐste
∫
L
xy2dx+ yzdy + xzdz, ìpou L eÐnai h perifèreia:

x = 2 cos t, y = 2 sin t, z = 1.
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7 DIAFORIKES EXISWSEIS (D.E.).

EISAGWGIKES ENNOIES.

Diaforik  eÐnai mia exÐswsh pou perièqei mia   perissìterec parag¸gouc   dia-

forik�. Oi D.E. lègontai Sun jeic D.E. ìtan oi �gnwstec sunart seic

eÐnai miac metablht c kai Merikèc D.E. ìtan oi �gnwstec sunart seic eÐnai

poll¸n metablht¸n.

T�xh miac D.E. eÐnai h megalÔterh t�xh parag¸gou pou emfanÐzetai sth

D.E. p.q. P (x, y)dx + Q(x, y)dy = 0 eÐnai Sun jeic D.E. 1-hc t�xhc,

y′′ = f(x, y, y′) eÐnai Sun jeic D.E. 2-hc t�xhc se kanonik  morf    lu-

mènh thc morf , F (x, y, y′, y′′, y′′′) = 0 eÐnai Sun jeic D.E. 3-hc t�xhc se

peplegmènh morf .

To gr�fhma k�je lÔshc lègetai oloklhrwtik  kampÔlh.

Sun jwc oi D.E. èqoun �peirec lÔseic. To prìblhma thc eurèsewc miac lÔshc

thc D.E. 1-hc t�xhc y ′ = f(x, y) pou ikanopoeÐ thn arqik  sunj kh

y(x0) = y0 onom�zetai Prìblhma Arqik¸n Tim¸n (P.A.T.).

Gia th D.E. 2-ac t�xhc F (x, y, y ′, y ′′) = 0 to P.A.T. perièqei duo arqi-

kèc sunj kec: y(x0) = y0, y ′(x0) = y1.

Mia sun�rthsh y = φ(x, c) ìpou c eÐnai mia aujaÐreth stajer�, lègetai geni-

k  lÔsh (G.L.) thc D.E. F (x, y, y′) = 0 an h sun�rthsh aut  epalhjeÔei

th D.E. F (x, y, y′) = 0 dhlad  an isqÔei F
(
x, φ(x, c), φ′(x, c)

)
≡ 0.

Mia sun�rthsh Φ(x, y, c) = 0 lègetai genikì Olokl rwma (G.O.) thc

D.E. F (x, y, y′) = 0 ean epalhjeÔei aut n th D.E.

Analìgwc orÐzontai h G.L. y = φ(x, c1, c2) kai to G.O. Φ(x, y, c1, c2) = 0 thc

D.E. 2-hc t�xhc F (x, y, y′, y′′) = 0, ìpou c1, c2 duo aujaÐretec stajerèc.

H lÔsh pou prokÔptei ap th genik  lÔsh gia sukgekrimènec timèc twn stajer¸n

onom�zetai merik  lÔsh (M.L.).

Mia lÔsh pou den prokÔptei ap th genik  lÔsh lègetai idi�zousa lÔsh

(I.L.).

O arijmìc x = x0 eÐnai rÐza pollaplìthtac s tou poluwnÔmou Pn(x)

bajmoÔ n an Pn(x) = (x − x0)s Pn−s(x) , ìpou Pn−s(x) eÐnai polu¸numo

bajmoÔ n− s.

7.1 DIAFORIKES EXISWSEIS

QWRIZOMENWN METABLHTWN.

H D.E.

f1(x)g1(y)dx+ f2(x)g2(y)dy = 0 (123)
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lègetai diaf. ex. qwrizìmenwn metablht¸n kai lÔnetai wc ex c:

Apì thn (123) ⇒

f1(x)g1(y)dx = −f2(x)g2(y)dy ⇒ f1(x)

f2(x)
dx = −g2(y)

g1(y)
dy ⇒ (124)∫

f1(x)

f2(x)
dx = −

∫
g2(y)

g1(y)
dy + c, (125)

ìpou met� thn olokl rwsh lamb�noume th Genik  LÔsh   to Genikì Olokl rwma

thc D.E.

ASKHSH 1. Na brejeÐ to G.O. thc D.E.

(
√
xy −

√
x )dy + (

√
xy +

√
y )dx = 0 (126)

LÔsh : Apì thn (126) epeid 
√
xy =

√
x
√
y ⇒

√
x(
√
y − 1)dy = −√y(

√
x+ 1)dx ⇒

∫ √
y − 1
√
y

dy = −
∫ √

x+ 1√
x

dx∫ (
1− 1
√
y

)
dy = −

∫ (
1 +

1√
x

)
dx ⇒

∫ (
1− y−1/2

)
dy = −

∫ (
1 + x−1/2

)
dx ⇒

y − y−1/2+1

−1/2 + 1
= −x− x−1/2+1

−1/2 + 1
+ c ⇒

y − y1/2

1/2
= −x− x1/2

1/2
+ c ⇒

y − 2
√
y = −(x+ 2

√
x) + c.

pou eÐnai to Genikì Olokl rwma (G.O.) thc (126).

ASKHSH 2. Na brejeÐ to G.O. thc D.E.

ydx− ln ydy = 0. (127)

LÔsh : Apì thn (127) ⇒

ydx = ln ydy ⇒ dx =
ln y

y
dy ⇒

∫
dx =

∫
ln y

y
dy ⇒ x =

∫
ln y

y
dy. (128)

Me antikat�stash z = ln y lamb�noume dz = d(ln y) = (ln y)′dy = 1
ydy = dy

y

kai tìte brÐskoume∫
ln y

y
dy =

∫
ln y

dy

y
=

∫
zdz =

z2

2
+ c =

(ln y)2

2
+ c =

ln2 y

2
+ c.
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Tìte apì thn (128) lamb�noume to G.O. thc D.E. (127).

x =
ln2 y

2
+ c.

y′ = f(ax+ by + c)

z = ax+ by + c ⇒ z′ = a+ by′

ASKHSH 3. Na brejeÐ to G.O. thc D.E.

y ′ = cos(x− y − 1). (129)

LÔsh : Me antikat�stash z = x − y − 1 lamb�noume z′ = (x − y − 1)′ =

1− y′ ⇒ z′ = 1− y′ ⇒ y′ = 1− z′.
Tìte apì thn (129) ⇒

1− z′ = cos z ⇒ z′ = 1− cos z ⇒ dz

dx
= 1− cos z ⇒ dz

1− cos z
= dx ⇒∫

dz

1− cos z
=

∫
dx ⇒ x =

∫
dz

1− cos z
. (130)

Apì ton tÔpo

sin2 t =
1− cos 2t

2
⇒ 1− cos z = 2 sin2 z

2

kai tìte Me antikat�stash p = z
2 brÐskoume∫

dz

1− cos z
=

∫
dz

2 sin2 z
2

=

∫
d z2

sin2 z
2

=

∫
dp

sin2 p
= − cot p+ c

= − cot
z

2
+ c = − cot

x− y − 1

2
+ c.

Tìte apì thn (130) lamb�noume to G.O. thc D.E. (129).

x = − cot
x− y − 1

2
+ c.

Ask seic.

Na brejoÔn oi genikèc lÔseic (G.L.)   ta genik� oloklhr¸mata

twn parak�tw diaforik¸n exis¸sewn:

1. ex sin3 ydx+ (1 + e2x) cos ydy = 0

2. e1+x2

tan ydx− e2x

x−1dy = 0
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3. y
xdx+ ln x

2
√
ydy = 0

4.
(
1 + ex

)
yy ′ = ex

5. ey(y ′ − 1) = −1

6. 3y ′ + y = 1/y2

7. y ′(x2y + xy) = 1

8. xy ′ ln(y + 2) = y + 2

9. ln(cos y)dx+ x tan ydy = 0.

Na lujeÐ to prìblhma arqik¸n tim¸n (P.A.T.):

10. ex+ydx+ (ey + 1)dy = 0, y(0) = 0

11. y ln ydx+ xdy = 0, y(1) = 2

12.
√

1+cos 2x
1+sin y + y ′ = 0, y(π/4) = 0

Qr simoi tÔpoi

ln fa(x) = a ln f(x), gia f(x) > 0, (1)

eln g(x) = g(x), gia g(x) > 0, (2)∫
xadx =

xa+1

a+ 1
+ c, gia a 6= −1, (3)∫

dx

x
= ln |x|+ c. (4)

7.2 GRAMMIKES DIAFORIKES EXISWSEIS PRWTHS

TAXHS

Grammikèc diaforikèc exis¸seic pr¸thc t�xhc lègontai oi exis¸seic tÔpou

y′ + p(x)y = g(x) (131)

An oi sunart seic p(x), g(x) eÐnai suneqeÐc, tìte h genik  lÔsh thc ( 131 )

dÐnetai apì ton tÔpo

y = e−
∫
p(x)dx

[
c+

∫
g(x)e

∫
p(x)dxdx

]
(132)

ìpou c eÐnai mia aujaÐreth stajer�.
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'Askhsh 1. Na brejeÐ h genik  lÔsh thc D.E.

xy′ + 4y = x5, ìpou x 6= 0 (133)

LÔsh : Apì thn (133)

⇒ xy′ + 4y

x
=
x5

x
⇒ y′ +

4

x
y = x4.

Tìte lìgw twn (131) kai (132) ja èqoume antÐstoiqa p(x) = 4
x , g(x) = x4

kai

y =e−
∫

4
xdx
(
c+

∫
x4e

∫
4
xdxdx

)
= e−4 ln |x|

(
c+

∫
x4e4 ln |x|dx

)
=eln x−4

(
c+

∫
x4eln |x|4dx

)
= x−4

(
c+

∫
x4x4dx

)
=x−4

(
c+

∫
x8dx

)
= x−4

(
c+

x9

9

)
.

Ara h genik  lÔsh eÐnai

y = x−4
(
c+

x9

9

)
.

'Askhsh 2. Na brejeÐ h genik  lÔsh thc D.E.

2y′ + 4y = e−3x (134)

LÔsh : Apì thn (134)⇒ y′+2y = 1
2e
−3x Tìte lìgw twn (131) kai (132)

ja èqoume antÐstoiqa p(x) = 2, g(x) = 1
2e
−3x kai

y =e−
∫

2dx
(
c+

∫
1

2
e−3xe

∫
2dxdx

)
=e−2x

(
c+

1

2

∫
e−3xe2xdx

)
=e−2x

(
c+

1

2

∫
e−xdx

)
=e−2x

[
c+

1

2
(−e−x)

]
.

Ara h genik  lÔsh eÐnai

y = e−2x
(
c− 1

2
e−x

)
.

'Askhsh 3. Na brejeÐ h genik  lÔsh thc D.E.

y′ + y cosx = e− sin x (135)
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LÔsh : Apì thn (135) lìgw twn (131) kai (132) ja èqoume antÐstoiqa

p(x) = cosx, g(x) = e− sin x kai

y =e−
∫

cos xdx
(
c+

∫
e− sin xe

∫
cos xdxdx

)
=e− sin x

(
c+

∫
e− sin xesin xdx

)
=e− sin x

(
c+

∫
1dx

)
= e− sin x(c+ x).

Ara h genik  lÔsh eÐnai

y = e− sin x(c+ x).

Qr simoc tÔpoc:

xaxb = xa+b, xax−b = xa−b, x0 = 1,

∫
dx = x+ c,

∫
dt

1− t2
=

1

2
ln

∣∣∣∣ t+ 1

t− 1

∣∣∣∣+ c (∗)

d cos 2x = (cos 2x)′dx = − sin 2x(2x)′dx = −2 sin 2xdx ⇒

d cos 2x = −2 sin 2xdx ⇒ sin 2xdx = −1

2
d cos 2x.

d sinx = (sinx)′dx = cosxdx∫
du

u2
=

∫
u−2du =

u−2+1

−2 + 1
=
u−1

−1
= −u−1 = − 1

u∫
f ′(x)

f(x)
dx = ln |f(x)|+ c∫
dx

cos2 x
= tanx+ c

'Askhsh 4. Na brejeÐ h genik  lÔsh thc D.E.

y′ sin 2x = 4(y + sinx) ìpou sin 2x 6= 0 (136)

LÔsh : Apì thn (136) ⇒

y′ sin 2x− 4y = 4 sinx ⇒ y′ sin 2x

sin 2x
− 4y

sin 2x
=

4 sinx

sin 2x
⇒

y′ − 4

sin 2x
y =

4 sinx

sin 2x
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  lìgw twn sin 2x = 2 sinx cosx, (131) kai (132) ja èqoume antÐstoiqa

p(x) = −4
sin 2x , g(x) = 4 sin x

sin 2x = 2
cos x kai

y =e−
∫

(− 4
sin 2x )dx

(
c+

∫
2

cosx
e
∫ −4

sin 2xdxdx
)

=e
∫

4 sin 2x
sin2 2x

dx
(
c+

∫
2

cosx
e−

∫
4 sin 2x
sin2 2x

dxdx
)

=e
−2

∫
d cos 2x

1−cos2 2x

(
c+

∫
2

cosx
e

2
∫

d cos 2x
1−cos2 2x dx

)
=e− ln

∣∣ cos 2x+1
cos 2x−1

∣∣(
c+

∫
2

cosx
eln
∣∣ cos 2x+1
cos 2x−1

∣∣
dx
)

=
∣∣∣cos 2x+ 1

cos 2x− 1

∣∣∣−1(
c+

∫
2

cosx

∣∣∣cos 2x+ 1

cos 2x− 1

∣∣∣dx)
=
∣∣∣cos 2x− 1

cos 2x+ 1

∣∣∣(c+

∫
2

cosx

∣∣∣cos2 x− sin2 x+ cos2 x+ sin2 x

cos2 x− sin2 x− sin2 x− cos2 x

∣∣∣dx)
=
∣∣∣−2 sin2 x

2 cos2 x

∣∣∣(c+

∫
2

cosx

∣∣∣ 2 cos2 x

−2 sin2 x

∣∣∣dx)
= tan2 x

(
c+ 2

∫
cos2 x

cosx sin2 x
dx
)

= tan2 x
(
c+ 2

∫
cosxdx

sin2 x

)
= tan2 x

(
c+ 2

∫
d sinx

sin2 x

)
= tan2 x

[
c+ 2

∫
(sinx)−2d sinx

]
= tan2 x

[
c+ 2

(sinx)−1

−1

]
Ara h genik  lÔsh eÐnai

y =
(
c− 2

sinx

)
tan2 x.

'Askhsh 5. Na brejeÐ h genik  lÔsh thc D.E.:

y′ + y tanx =
1

cosx
, ìpou cosx > 0 (137)

LÔsh : Apì thn (137) lìgw twn (131) kai (132) ja èqoume antÐstoiqa

p(x) = tanx, g(x) = 1
cos x kai

y =e−
∫

tan xdx
(
c+

∫
1

cosx
e
∫

tan xdxdx
)

=e−
∫ (− cos x)′

cos x dx
(
c+

∫
1

cosx
e
∫ (− cos x)′

cos x dxdx
)

=eln | cos x|
(
c+

∫
1

cosx
e− ln | cos x|dx

)
= cosx

(
c+

∫
1

cosx

1

cosx
dx
)

= cosx(c+ tanx) = c cosx+ sinx

Ara h genik  lÔsh eÐnai

y = c cosx+ sinx.
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'Askhsh 6. Na brejeÐ h genik  lÔsh thc D.E.:

(y4 + 2x)y ′ = y, y > 0. (138)

LÔsh : Apì thn (138) lìgw thc sqèshc y′ = dy
dx ⇒

(y4 + 2x)
dy

dx
= y ⇒ y4 + 2x

y
=
dx

dy
⇒ x′(y) =

y4

y
+

2x

y
⇒

x′ − 2

y
x = y3,

pou eÐnai mia grammik  exÐswsh wc proc x me p(y) = − 2
y , g(y) = y3.

Efarmìzontac ton tÔpo (132), ìpou ta x kai y ja all�xoun jèseic, ja

l�boume

x = e−
∫
(− 2

y )dy
[
c+

∫
y3e

∫
2
y dydy

]
= e−

∫
(− 2

y )dy
[
c+

∫
y3e

∫
2
y dydy

]
= e2

∫ dy
y

[
c+

∫
y3e−2

∫ dy
y dy

]
= e2 ln y

[
c+

∫
y3e−2 ln ydy

]
= eln y2

[
c+

∫
y3eln y−2

dy

]
= y2[c+

∫
y3y−2] = y2[c+

∫
ydy = y2[c+

y2

2
].

'Ara

x = y2[c+
y2

2
]

eÐnai to G.O.

'Alutec Ask seic: Na brejoÔn oi genikèc lÔseic (G.L.)   ta genik� olo-

klhr¸mata twn parak�tw diaforik¸n exis¸sewn:

1. y ′ + y = ex

2. y ′ + 2y = e−x

3. y ′ + y sinx = e− cos x
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4. y ′ + y cotx = 1/ sinx

5. xy ′ + 4y = sin x
x3 , x > 0

6. y ′ = y(ex + ln y) me antikat�stash z = ln y

7. y2y ′ + 1 = (x− 1)e−y
3/3 me antikat�stash z = e−y

3/3

8. y ′ − tan y = ex

cos y me antikat�stash z = cos y

9. y ′(x+ y2) = y, y > 0

10. y ′ = y
x+y2 , y > 0

Na lujeÐ to prìblhma arqik¸n tim¸n (P.A.T.):

11. y ′ cos2 x = tanx− y, y(0) = 0

Qr simoi tÔpoi

ln fa(x) = a ln f(x), gia f(x) > 0, (1)

eln g(x) = g(x), gia g(x) > 0, (2)∫
xadx =

xa+1

a+ 1
+ c, gia a 6= −1, (3)∫

dx

x
= ln |x|+ c. (4)

(ya(x))′ = aya−1(x)y′(x), y(x) = y.
√
ab =

√
a
√
b.

√
y = y1/2,

√
t

t
=

√
t√
t
√
t

=
1√
t

7.3. DIAFORIKES EXISWSEIS BERNOULLI
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Oi diaforikèc exis¸seic (D.E.) tÔpou

y ′ + p(x)y = g(x)ym, m 6= 1 (139)

lègontai diaforikèc exis¸seic (D.E.) Bernoulli. Metatrèpontai se grammikèc

D.E. 1-hc t�xhc me ton ex c trìpo : ap thn (139) ⇒

y−my ′ + p(x)yy−m = g(x)ymy−m ⇒

y−my ′ + p(x)y1−m = g(x) (140)

Jètw

z = y1−m ⇒ z′ = (1−m)y−my ′ ⇒ y−my ′ =
z′

1−m
.

Tìte ap thn (140) ⇒
z′

1−m
+ p(x)z = g(x) ⇒

z′ + (1−m)p(x)z = (1−m)g(x) (141)

pou eÐnai grammik  D.E. 1-hc t�xhc me

p1(x) = (1−m)p(x), g1(x) = (1−m)g(x).

'Estw h genik  lÔsh ( G.L.) thc eÐnai h z = Φ(x, c), ìpou c eÐnai mia aujaÐreth

stajer�. Tìte lìgw thc antikat�stashc z = y1−m to G.O. thc (139) eÐnai h

y1−m = Φ(x, c).

'Askhsh 1.

(1 + x2)y′ − 2xy = 4
√
y(1 + x2). (142)

LÔsh : apì thn (142) ⇒

y′− 2x

1 + x2
y =

4
√

1 + x2√y
1 + x2

  y−
1
2 y′− 2x

1 + x2
yy−

1
2 = y

1
2 y−

1
2

4√
1 + x2

⇒

y−
1
2 y′ − 2x

1 + x2
y

1
2 =

4√
1 + x2

. (143)

K�noume thn antikat�stash

z = y
1
2 ⇒ z′ =

1

2
y

1
2−1y′ ⇒ z′ =

1

2
y−

1
2 y′ ⇒ y−

1
2 y′ = 2z′ (144)

(143)
(144)⇒ 2z′ − 2x

1+x2 z = 4√
1+x2

 

z′ − x

1 + x2
z =

2√
1 + x2

(145)
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eÐnai grammik  exÐswsh 1-hc t�xhc wc proc z, ìpou

p(x) = − x

1 + x2
, g(x) =

2√
1 + x2

.

Tìte

z =e
−

∫
(− x

1+x2 )dx
(
c+

∫
2√

1 + x2
e
∫

(− x
1+x2 )dx

dx
)

=e
1
2

∫
2x

1+x2 dx
(
c+ 2

∫
1√

1 + x2
e
− 1

2

∫
2x

1+x2 dxdx
)

=e
1
2

∫ (1+x2)′

1+x2 dx
(
c+ 2

∫
1√

1 + x2
e
− 1

2

∫ (1+x2)′

1+x2 dx
dx
)

=e
1
2 ln(1+x2)

(
c+ 2

∫
1√

1 + x2
e−

1
2 ln(1+x2)dx

)
=eln(1+x2)

1
2
(
c+ 2

∫
1√

1 + x2
eln(1+x2)−

1
2 dx

)
=(1 + x2)

1
2

(
c+ 2

∫
1√

1 + x2
(1 + x2)−

1
2 dx

)
=
√

1 + x2
(
c+ 2

∫
1√

1 + x2

1√
1 + x2

dx
)

=
√

1 + x2
(
c+ 2

∫
dx

1 + x2

)
=
√

1 + x2 (c+ 2 arctanx).

'Ara

z =
√

1 + x2 (c+ 2 arctanx)

pou me thn (144) dÐnei

y1/2 =
√

1 + x2 (c+ 2 arctanx)

to genikì olokl rwma thc (142). Tìte h G.L eÐnai

y = (1 + x2)(c+ 2 arctanx)2.

'Askhsh 2.

y′ + y cosx =
cosx

y3
. (146)

LÔsh : apì thn (146) ⇒

y3y′ + y4 cosx = cosx. (147)

Jètoume

z = y4 ⇒ z′ = 4y3y′ ⇒ y3y′ =
1

4
z′. (148)
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(147)
(148)⇒

1

4
z′ + z cosx = cosx ⇒

z′ + (4 cosx)z = 4 cosx (149)

eÐnai grammik  exÐswsh 1-hc t�xhc wc proc z, ìpou

p(x) = 4 cosx, g(x) = 4 cosx.

Tìte

z = e−
∫

4 cos xdx
(
c+

∫
4 cosx e

∫
4 cos xdxdx) = e−4 sin x

(
c+

∫
4 cosx e4 sin xdx.

)
(∗)

jètw

u(x) = e4 sin x ⇒ u′(x) =
(
e4 sin x

)′
= e4 sin x(4 sinx)′ = 4 cosxe4 sin x.

'Ara

u′(x) = 4 cosxe4 sin x ⇒∫
4 cosx e4 sin xdx =

∫
u′(x)dx = u(x) = e4 sin x.

Me antikat�stash sthn (*) lamb�noume

z = e−4 sin x
(
c+ e4 sin x

)
.

Tìte

z = ce−4 sin x + 1

pou me thn (148) dÐnei

y4 = ce−4 sin x + 1

to genikì olokl rwma thc (146).

'Askhsh 3. Na lujeÐ to prìblhma arqik¸n tim¸n (P.A.T.):

y′ +
2

x
y = −x9y5, ìpou y(−1) = 2. (150)

LÔsh : apì thn (150) ⇒

y−5y′ +
2

x
yy−5 = −x9y5y−5 ⇒

y−5y′ +
2

x
y−4 = −x9. (151)
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K�noume thn antikat�stash

z = y−4 ⇒ z′ = −4y−4−1y′ = −4y−5y′ ⇒ z′ = −4y−5y′ ⇒

y−5y′ = −1

4
z′. (152)

Apì (151)
(152)⇒ − 1

4z
′ + 2

xz = −x9  

z′ − 8

x
z = 4x9, (153)

pou eÐnai grammik  exÐswsh 1-hc t�xhc wc proc z, ìpou

p(x) = − 8

x
, g(x) = 4x9.

Tìte

z = e−
∫

(− 8
x )dx

(
c+

∫
4x9e

∫
(− 8

x )dxdx
)

= e8ln|x|
(
c+ 4

∫
x9e−8ln|x|dx

)

= eln|x|
8
(
c+

∫
4x9eln|x|

−8

dx
)

= |x|8
(
c+ 4

∫
x9 1

|x|8
dx
)

= x8
(
c+ 4

∫
x9

x8
dx
)

= x8

(
c+ 4

∫
xdx

)
= x8(c+ 2x2).

'Ara z = x8(c+ 2x2), pou me thn z = y−4, dÐnei

y−4 = x8(c+ 2x2) (∗∗)

to genikì olokl rwma thc (150). Ja broÔme merikì olokl rwma, pou epalhjeÔei

thn arqik  sunj kh y(−1) = 2.

AntikajistoÔme sto genikì olokl rwma (**) tic timèc x = −1, y = 2 kai ja

èqoume

2−4 = (−1)8[c+ 2(−1)2] ⇒ 1

16
= c+ 2 ⇒ c = −31

16
,

pou me antikat�stash sto (**) mac dÐnei to merikì olokl rwma

y−4 = x8
(

2x2 − 31

16

)
.

'Askhsh 4.

6y5y′ + y6 sinx = 2 sinx. (154)
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Jètoume

z = y6 ⇒ z′ = 6y5y′. (155)

(154)
(155)⇒

z′ + (sinx)z = 2 sinx, (156)

pou eÐnai grammik  exÐswsh 1-hc t�xhc wc proc z, ìpou

p(x) = sinx, g(x) = 2 sinx. Tìte

z =e−
∫

sin xdx
(
c+

∫
2 sinx e

∫
sin xdxdx

)
=ecos x

(
c+ 2

∫
sinx e− cos xdx

)
= ecos x

(
c+ 2

∫
e− cos x sinxdx

)
=ecos x

(
c+ 2

∫
e− cos xd(− cosx)

)
= ecos x

(
c+ 2e− cos x

)
.

'Ara

z = ecos x(c+ 2e− cos x)

pou me thn (155), dÐnei

y6 = cecos x + 2

to genikì olokl rwma thc (154).

'Askhsh 5.

8y′ − 8y

4 + x
= (4 + x)5y3. (157)

LÔsh : apì thn (157) ⇒

8y−3y′ − 8y−2

4 + x
= (4 + x)5. (158)

Jètoume

z = y−2 ⇒ z′ = −2y−3y′ ⇒ y−3y′ = −1

2
z′. (159)

(158)
(159)⇒ −4z′ − 8z

4+x = (4 + x)5  

z′ +
2z

4 + x
= −1

4
(4 + x)5

pou eÐnai grammik  exÐswsh 1-hc t�xhc, ìpou

p(x) =
2

4 + x
, g(x) = −1

4
(4 + x)5.
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Tìte

z =e−
∫

( 2
4+x )dx

[
c+

∫ (
−1

4

)
(4 + x)5e2

∫
2

4+xdxdx

]
=e−2

∫
(
(4+x)′
4+x )dx

[
c− 1

4

∫
(4 + x)5e2

∫ (4+x)′
4+x dxdx

]
=e−2ln|4+x|

[
c− 1

4

∫
(4 + x)5 e2ln|4+x|dx

]
=eln|4+x|−2

[
c− 1

4

∫
(4 + x)5 (4 + x)2dx

]
=

=(4 + x)−2

[
c− 1

4

∫
(4 + x)7dx

]
= (4 + x)−2

[
c− 1

4

(4 + x)8

8

]
.

'Ara

z = (4 + x)−2
[
c− (4 + x)8

32

]
  lìgw thc (159)

y−2 = (4 + x)−2
[
c− (4 + x)8

32

]
pou eÐnai to genikì olokl rwma thc (157).

'Askhsh 6.

xy′ = 2y − 3xex
9

y5. (160)

LÔsh : apì thn (160) ⇒

y−5y′ − 2

x
y−4 = −3ex

9

. (161)

Jètoume

z = y−4 ⇒ z′ = −4y−5y′ ⇒ y−5y′ = −1

4
z′. (162)

(161)
(162)⇒ − 1

4z
′ − 2

xz = −3ex
9

 

z′ +
8

x
z = 12ex

9

, (163)

pou eÐnai grammik  exÐswsh 1-hc t�xhc, ìpou

p(x) =
8

x
, g(x) = 12ex

9

.
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Tìte

z =e−
∫

8
xdx
(
c+

∫
12ex

9

e
∫

8
xdxdx

)
=e−8ln|x|

(
c+ 12

∫
ex

9

e8 ln |x|dx
)

=eln|x|
−8
(
c+ 12

∫
ex

9

eln |x|8dx
)

=|x|−8
(
c+

12

9

∫
ex

9

9x8dx
)

=x−8
(
c+

4

3

∫
ex

9

dx9
)

= x−8
(
c+

4

3
ex

9
)
,

epeid  gia

u = x9 ⇒ du = dx9 = (x9)′dx = 9x8dx,∫
ex

9

9x8dx =

∫
eudu = eu = ex

9

.

'Ara h genik  lÔsh thc (163) eÐnai z = x−8
(
c + 4

3e
x9
)
. Epomènwc lìgw thc

(162)

y−4 = x−8
(
c+

4

3
ex

9
)

eÐnai to genikì olokl rwma thc (160).

'Alutec Askhseic: Na brejoÔn oi genikèc lÔseic (G.L.)   ta genik�

oloklhr¸mata (G.O.) twn parak�tw diaforik¸n exis¸sewn:

1. xy ′ − y = y2 lnx, x > 0

2. xyy ′ − y2 = 2x2, x > 0

3. y ′ − y
x−1 = y2

x−1 , x > 1

4. x2y ′ + xy = −y2, x > 0

5. 3xy2y ′ + y3 = 2x, x > 0

6. 3xy3y ′ = y4 + x4, x > 0
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7. (x2 ln y − x)y ′ = y, x > 0

7.4. OMOGENEIS DIAFORIKES EXISWSEIS 1-hc t�xhc.

H D.E. y ′ = f(x, y) lègetai omogen c diaforik  exÐswsh 1-hc t�xhc an

y′ = f(x, y) = F
(y
x

)
, (164)

dhlad  eÐnai sun�rthsh tou lìgou y
x ,  

x
y , p.q.

y ′ = x+y
x = x

x + y
x = 1 + y

x = F
(
y
x

)
.

Tìte jètoume

z =
y

x
⇒ y = xz ⇒ y ′ = (xz)′ = x′z + xz′ = z + xz ′ (165)

kai h D.E. y ′ = F
(
y
x

)
an�getai se D.E. qwrizìmenwn metablht¸n

z + xz′ = F (z) ⇒ x
dz

dx
= F (z)− z ⇒ dz

F (z)− z
=
dx

x
.

ParathroÔme ìti an

z =
y

x
, tìte

1

z
=
x

y
.

'Askhsh 1.

Na brejeÐ h G.L. thc D.E.

xy3y ′ = x4 + y4. (166)

LÔsh : Apì thn (166) ⇒

y ′ =
x4 + y4

xy3
⇒ y ′ =

x4

xy3
+

y4

xy3
⇒

y ′ =
(x
y

)3

+
(y
x

)
⇒ y ′ =

1(
y
x

)3 +
(y
x

)
. (167)

'Ara h (167) eÐnai omogen c D.E. kai me to metasqhmatismì z = y
x , y ′ = z+xz ′

an�getai se :

z + xz ′ =
1

z3
+ z ⇒ x

dz

dx
=

1

z3
⇒ z3dz =

dx

x
⇒∫

z3dz =

∫
dx

x
⇒ z4

4
= ln |x|+ c ⇒

z4 = 4(ln |x|+ c)
z=y/x⇒

(y
x

)4

= lnx4 + c1 ⇒ y4 = x4(lnx4 + c1).
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pou eÐnai to genikì olokl rwma thc (166), ìpou c1 = 4c.

'Askhsh 2.

Na brejeÐ h G.L. thc D.E.

(x2 − y2)dx+ xydy = 0. (168)

LÔsh : Apì thn (168) ⇒

(x2 − y2)dx = −xydy ⇒ x2 − y2

xy
= −dy

dx
⇒ −y′ =

x2

xy
− y2

xy
⇒

y′ = −x
y

+
y

x
⇒ y′ = − 1

y
x

+
y

x
,

opìte lìgw twn sqèsewn (165) lamb�noume

xz′ + z = −1

z
+ z ⇒ x

dz

dx
=

1

z
⇒ zdz =

dx

x
⇒

∫
zdz =

∫
dx

x
⇒ z2

2
= ln |x|+ c ⇒ z2 = 2(ln |x|+ c) ⇒(y

x

)2

= 2(ln |x|+ c) ⇒ y2 = 2x2(ln |x|+ c),

pou eÐnai to G.O. thc D.E. (168).

'Askhsh 3.

Na brejeÐ h G.L. thc D.E.(
x− y cos

y

x

)
dx+ x cos

y

x
dy = 0. (169)

LÔsh : Apì thn (169) ⇒(
x− y cos

y

x

)
dx = −x cos

y

x
dy ⇒

x− y cos yx
x

= − cos
y

x

dy

dx
⇒

x

x
− y

x
cos

y

x
= − cos

y

x

dy

dx
⇒ − cos

y

x
y′ = 1− y

x
cos

y

x
⇒

eÐnai omogen c D.E. kai lìgw twn sqèsewn (165) lamb�noume

−(xz′ + z) cos z = 1− z cos z ⇒ −x cos zz′ − z cos z = 1− z cos z ⇒

−x cos z
dz

dx
= 1 ⇒ cos zdz = −dx

x
⇒

∫
cos zdz = −

∫
dx

x
⇒

sin z = − ln |x|+ c ⇒ sin
(y
x

)
= − ln |x|+ c,
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pou eÐnai to G.O. thc D.E. (169).

'Askhsh 4.

Na brejeÐ h G.L. thc D.E. (
xey/x + y

)
dx− xdy = 0. (170)

LÔsh : Apì thn (170) ⇒(
xey/x + y

)
dx = xdy ⇒ xey/x + y

x
=
dy

dx
⇒

y′ =
xey/x

x
+
y

x
⇒ y′ = ey/x +

y

x
,

pou eÐnai omogen c D.E. kai lìgw twn sqèsewn (165) lamb�noume

z+xz′ = ez+z ⇒ x
dz

dx
= ez ⇒ dz

ez
=
dx

x
⇒

∫
dz

ez
dz =

∫
dx

x
⇒

∫
e−zdz = ln |x|+ c ⇒ −e−z = ln |x|+ c ⇒ −e−y/x = ln |x|+ c,

pou eÐnai to G.O. thc D.E. (170).

ASKHSEIS. Na brejoÔn oi genikèc lÔseic (G.L.)   ta genik� oloklh-

r¸mata (G.O.) twn D.E.

1. (x2 + y2)dx+ 2xydy = 0

2. x2dy + (y2 − xy)dx = 0

3. (x+ y)dy + (x− y)dx = 0

4. y ′ = x5+y5

xy4

5. xy ′ = y + x cos yx , x 6= 0

6. xy ′ = y + x cos2 y
x , x 6= 0
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7. xy ′ = y + x sin2 y
x , x 6= 0

8. (x sin y
x − y cos yx )dx+ x cos yx dy = 0

9. xy ′ = y + x cos yx , x 6= 0

10. xy ′(x2 − y2) + y3 = 0, x 6= 0

8 GRAMMIKES DIAFORIKES EXISWSEIS

DEUTERAS TAXHS

Grammikèc mh omogeneÐc diaforikèc exis¸seic deutèrac t�xhc lègontai oi

exis¸seic tÔpou

y′′ + p(x)y′ + g(x)y = f(x) (171)

'Otan f(x) = 0 h exÐswsh

y′′ + p(x)y′ + g(x)y = 0 (172)

onom�zetai omogen c grammik  D.E. deutèrac t�xhc.

'Estw ìti c1, c2 eÐnai duo aujaÐretec stajerèc, tìte mia sun�rthsh y = ϕ(x, c1, c2)(
antist. ψ(x, y, c1, c2) = 0

)
pou epalhjeÔei th D.E.: F (x, y, y′, y′′) = 0, lègetai

Genik  lÔsh G.L. ( antist. Genikì Olokl rwma G.O.) aut c thc D.E.

H lÔsh pou prokÔptei ap th genik  lÔsh gia sukgekrimènec timèc twn stajer¸n

onom�zetai merik  lÔsh.

An y0 eÐnai h genik  lÔsh thc omogenoÔc exÐswshc (172) kai yµ mia merik  lÔsh

thc (171) tìte h genik  lÔsh yγ thc (171) eÐnai:

yγ = y0 + yµ. (173)

An y1(x), y2(x) eÐnai duo grammik� anex�rthtec merikèc lÔseic thc omogenoÔc

D.E. (172), tìte genik  lÔsh thc omogenoÔc D.E. eÐnai

y0 = c1y1 + c2y2, (174)

ìpou c1, c2 eÐnai duo aujaÐretec stajerèc. H orÐzousa

W (x) = W [y1(x), y2(x)] = W [y1, y2] =

∣∣∣∣∣y1(x) y2(x)

y′1(x) y′2(x)

∣∣∣∣∣
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lègetai orÐzousa Wronsky twn sunart sewn y1(x), y2(x).

Duo lÔseic thc (172) lègontai grammik� anex�rthtec kai apoteloÔn je-

meli¸dec sÔsthma lÔsewn ìtan W [y1(x), y2(x)] 6= 0.

H orÐzousa Wronsky ikanopoieÐ th D.E.

W ′(x) + p(x)W (x) = 0

ìpou p(x) eÐnai o suntelest c tou y′ sthn (171).

Oi exis¸seic tÔpou (171) lÔnontai me upobibasmì t�xhc D.E. kai me th Mejodo

Metabol c twn Stajer¸n Suntelest¸n (Lagrange), pou dÐnontai parak�tw.

8.1. GRAMMIKES DIAFORIKES EXISWSEIS DEUTERAS TAXHS ME

STAJEROUS SUNTELESTES.

EÐnai oi exis¸seic thc morf c

y′′ + a1y
′ + a2y = f(x) (175)

ìpou a1, a2 eÐnai stajerèc. H antÐstoiqh omogen c eÐnai h exÐswsh

y′′ + a1y
′ + a2y = 0. (176)

H qarakthristik  exÐswsh (q.e.) thc (176) sunep�getai apì thn (176) me anti-

kat�stash y = eλx kai eÐnai

λ2 + a1λ+ a2 = 0. (177)

Oi grammik� anex�rthtec merikèc lÔseic thc omogenoÔc D.E. (176) exart¸ntai

apì tic rÐzec thc q.e. kai brÐskontai apì ton PÐnaka:

PÐnakac (178)

RÐzec thc q.e. Merikèc grammik� anex�rthtec lÔseic thc (176)

1. λ1, λ2 ∈ R, λ1 6= λ2 y1(x) = eλ1x, y2(x) = eλ2x

2. λ1, λ2 ∈ R, λ1 = λ2 = λ y1(x) = eλx, y2(x) = xeλx

3. λ1, λ2 ∈ C, λ1,2 = α± iβ, α, β ∈ R y1(x) = eαx cosβx, y2(x) = eαx sinβx

aλ2 + bλ+ c = 0, ∆ = b2 − 4ac, λ1,2 =
−b±

√
∆

2a
.

ASKHSH 1. Na brejeÐ h genik  lÔsh thc omogenoÔc D.E.

y′′ + 4y′ − 5y = 0. (179)
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LÔsh: H qarakthristik  exÐswsh (q.e.) thc (179) eÐnai

λ2 + 4λ− 5 = 0 ⇒ ∆ = 42 − 4(−5) = 16 + 20 = 36,

λ1,2 =
−b±

√
∆

2a
=
−4±

√
36

2 · 1
=
−4± 6

2
⇒

λ1 = −5, λ2 = 1.

'Eqoume thn pr¸th perÐptwsh tou PÐnaka (178). 'Ara

y1 = eλ1x = e−5x, y2 = eλ2x = ex.

Tìte h genik  lÔsh thc omogenoÔc D.E. (179) lìgw thc (174) eÐnai

y0 = c1y1 + c2y2 = c1e
−5x + c2e

x.

ASKHSH 2. Na brejeÐ h genik  lÔsh thc omogenoÔc D.E.

y′′ − 2y′ + y = 0. (180)

LÔsh: H qarakthristik  exÐswsh (q.e.) thc (180) eÐnai

λ2 − 2λ+ 1 = 0 ⇒ (λ− 1)2 = 0 ⇒ (λ− 1)(λ− 1) = 0 ⇒ λ1 = λ2 = 1.

'Ara λ = 1 eÐnai rÐza pollaplìthtac 2. 'Eqoume th deÔterh perÐptwsh tou PÐnaka

(178). Tìte

y1 = eλx = ex, y2 = xeλx = xex

kai h genik  lÔsh thc omogenoÔc D.E. (193) lìgw thc (174) eÐnai

y0 = c1e
x + c2xe

x.

ASKHSH 3. Na brejeÐ h genik  lÔsh thc omogenoÔc D.E.

y′′ + 36y = 0. (181)

LÔsh: H qarakthristik  exÐswsh (q.e.) thc (181) eÐnai

λ2 + 36 = 0 ⇒ λ2 = −36 ⇒ λ1,2 = ±
√
−36 ⇒

λ1,2 = ±
√

62(−1) = ±6
√
−1 = 0± 6i.

Epeid 
√
−1 = i. 'Ara èqoume th tr th perÐptwsh tou PÐnaka (178), ìpou

α = 0, β = 6. Tìte

y1 = e0x cos 6x = cos 6x, y2 = e0x sin 6x = sin 6x
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kai h genik  lÔsh thc omogenoÔc D.E. (193) lìgw thc (174) eÐnai

y0 = c1 cos 6x+ c2 sin 6x.

ASKHSH 4. Na brejeÐ h genik  lÔsh thc omogenoÔc D.E.

y′′ − 2y′ + 2y = 0. (182)

LÔsh: H qarakthristik  exÐswsh (q.e.) thc (182) eÐnai

λ2 − 2λ+ 2 = 0 ⇒ a = 1, b = −2, c = 2 ⇒

∆ = b2 − 4ac = (−2)2 − 4 · 1 · 2 = 4− 8 = −4 ⇒

λ1,2 =
2±
√
−4

2
=

2±
√

4(−1)

2
=

2± 2
√
−1

2
=

2± 2i

2
=

2

2
± 2i

2
= 1± i ⇒

λ1,2 = 1± i,

epeid 
√
−1 = i. 'Ara èqoume th tr th perÐptwsh tou PÐnaka (178), ìpou

α = 1, β = 1. Tìte

y1 = eax cos bx = e1·x cos 1 · x = ex cosx,

y2 = eax sin bx = e1·x sin 1 · x = ex sinx

kai h genik  lÔsh thc omogenoÔc D.E. (182) lìgw thc (174) eÐnai

y0 = c1e
x cosx+ c2e

x sinx.

Gia thn eÔresh thc merik c lÔshc thc mh omogenoÔc D.E.(175) efarmìzoume

th mèjodo Aprosdiìristwn suntelest¸n. Oi D.E. tÔpou (175) lÔnontai kai me

th Mèjodo metabol c twn stajer¸n suntelest¸n (Lagrange) .

8.1.1. MEJODOS APROSDIORISTWN SUNTELESTWN.

An�loga me th morf  thc f(x) sthn D.E. (175) y�qnoume th merik  lÔsh

thc: yµ apì ton parak�tw PÐnaka (183) kai met� k�noume thn antikat�stash

thc yµ kai twn parag¸gwn thc sthn (175) gia na broÔme touc aprosdiìristouc

suntelestèc sta polu¸numa P̃m(x) = A0x
m +A1x

m−1 + ...+Am−1x+Am.
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PÐnakac (183)

f(x) RÐzec thc q.e. λ = λ1, λ = λ2 yµ Merikèc lÔseic

1. Pm(x) O arijmìc 0 den eÐnai rÐza thc q.e., ( λ 6= 0 ) P̃m(x)

O arijmìc 0 eÐnai rÐza thc q.e. pollaplìthtac k, (λ = 0 ) xkP̃m(x)

2. Pm(x)eαx O arijmìc α den eÐnai rÐza thc q.e., ( λ 6= α ) P̃m(x)eαx

α ∈ R O arijmìc α eÐnai rÐza thc q.e. pollaplìthtac k, (λ = α ) xkP̃m(x)eαx

3. Pm(x) cosβx O arijmìc ±iβ den eÐnai rÐza thc q.e., ( λ 6= ±iβ ) P̃l(x) cosβx

+Qn(x) sinβx +Q̃l(x) sinβx

β ∈ R O arijmìc ±iβ eÐnai rÐza thc q.e., (λ = ±iβ) x[P̃l(x) cosβx

+Q̃l(x) sinβx]

4. [Pm(x) cosβx O arijmìc α± iβ den eÐnai rÐza thc q.e., (λ 6= α± iβ) [P̃l(x) cosβx

+Qn(x) sinβx]eαx +Q̃l(x) sinβx]eαx

O arijmìc α± iβ eÐnai rÐza thc q.e., (λ = α± iβ) x[P̃l(x) cosβx

α, β ∈ R +Q̃l(x) sinβx]eαx

ìpou k = 1, 2, Pm(x), Qn(x), eÐnai polu¸numa bajmoÔ m,n antÐstoiqa, l =

max(m,n). H perispwmènh p�nw apì to polu¸numo deÐqnei pwc to polu¸nu-

mo autì eÐnai tou Ðdioiu bajmoÔ all� me aprosdiìristouc suntelestèc p.q. an

Pm(x) = x2 − 3x+ 5   Pm(x) = x2, tìte P̃m(x) = Ax2 +Bx+ C,

an Pm(x) = 3x− 2   Pm(x) = x, tìte P̃m(x) = Ax+B.

Par�deigma 1. 'Estw λ1 = 1, λ2 = 3, f(x) = x ⇒
Pm(x) = x, P̃m(x) = Ax+B, λ 6= 0,

yµ = Ax+B.

Par�deigma 2. 'Estw λ1 = 1, λ2 = 3, f(x) = 2x2 − 1 ⇒
Pm(x) = 2x2 − 1, P̃m(x) = Ax2 +Bx+ C, λ 6= 0,

yµ = Ax2 +Bx+ C.

Par�deigma 3. 'Estw λ1 = 0, λ2 = 3, f(x) = x ⇒
Pm(x) = x, P̃m(x) = Ax+B, λ = 0, k = 1,

yµ = x(Ax+B) = Ax2 +Bx.

Par�deigma 4. 'Estw λ1 = 0, λ2 = 3, f(x) = ex ⇒
a = 1, Pm(x) = 1x0 = 1, m = 0, P̃m(x) = Ax0 = A, λ 6= 1,

yµ = Aex.
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Par�deigma 5. 'Estw λ1 = 4, λ2 = 3, f(x) = e4x ⇒
a = 4, Pm(x) = 1, m = 0, P̃m(x) = A, λ = 4, k = 1,

yµ = Axe4x.

Par�deigma 6. 'Estw λ1 = λ2 = 1, f(x) = 1 · ex ⇒
a = 1, Pm(x) = 1, m = 0, P̃m(x) = A, λ = 1, k = 2,

yµ = Ax2ex.

Par�deigma 7. 'Estw λ1 = 1, λ2 = 3, f(x) = 1·cos 2x+x sin 2x ⇒
β = 2, Pm(x) = 1, Qn(x) = x, m = 0, n = 1,

l = max(0, 1) = 1, P̃l(x) = Ax+B, Q̃l(x) = Cx+D, λ 6= ±iβ = ±2i,

yµ = (Ax+B) cos 2x+ (Cx+D) sin 2x.

ASKHSH 1. Na brejeÐ h genik  lÔsh thc D.E.

y′′ + 4y′ − 5y = x. (184)

LÔsh: H f(x) = x kai h antÐstoiqh omogen c eÐnai h D.E.

y′′ + 4y′ − 5y = 0, (185)

H qarakthristik  exÐswsh (q.e.) thc (185) eÐnai

λ2 + 4λ− 5 = 0 ⇒ λ1 = −5, λ2 = 1.

'Eqoume thn pr¸th perÐptwsh tou PÐnaka (178). 'Ara

y1 = eλ1x = e−5x, y2 = eλ2x = ex.

Tìte h genik  lÔsh thc omogenoÔc D.E. (185) lìgw thc (174) eÐnai

y0 = c1y1 + c2y2 = c1e
−5x + c2e

x.

T¸ra ja broÔme th merik  lÔsh thc (184). Epeid  f(x) = Pm(x) = x kai o

arijmìc 0 den eÐnai rÐza thc q.e. λ 6= 0, èqoume thn pr¸th perÐptwsh tou PÐnaka

(183). 'Ara

yµ = P̃1(x) = Ax+B ⇒ y′µ = (Ax+B)′ = A, y′′µ = (A)′ = 0.

Antikajist¸ntac tic timèc autèc sthn (184), ja èqoume

4A− 5(Ax+B) = x⇒ −5Ax+ (4A− 5B) = 1 · x+ 0.
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Exis¸noume touc suntelestèc twn omoiob�jmiwn ìrwn:

x : −5A = 1 kai 4A− 5B = 0 ⇒ A = −1/5, B = −4/(25).

Tìte

yµ = Ax+B = −1

5
x− 4

25

kai h genik  lÔsh yγ thc (184) lìgw thc (173) eÐnai

yγ = y0 + yµ = c1e
−5x + c2e

x − 1

5
x− 4

25
.

ASKHSH 2. Na brejeÐ h genik  lÔsh thc D.E.

y′′ − 3y′ = 6x+ 1. (186)

LÔsh: H f(x) = 6x+ 1 kai h antÐstoiqh omogen c eÐnai h D.E.

y′′ − 3y′ = 0. (187)

H qarakthristik  exÐswsh (q.e.) thc (187) eÐnai

λ2 − 3λ = 0 ⇒ λ(λ− 3) = 0⇒ λ1 = 0, λ2 = 3.

'Eqoume thn pr¸th perÐptwsh tou PÐnaka (178). 'Ara

y1 = eλ1x = e0 = 1, y2 = eλ2x = e3x.

Tìte h genik  lÔsh thc omogenoÔc D.E. (187) lìgw thc (174) eÐnai

y0 = c1 + c2e
3x.

Epeid  f(x) = 6x+ 1 = P1(x) kai o arijmìc λ = 0 eÐnai rÐza thc q.e. pollaplì-

thtac k = 1, èqoume thn pr¸th perÐptwsh tou PÐnaka (183). 'Ara

yµ = x P̃1(x) = x(Ax+B) = Ax2 +Bx ⇒ y′µ = 2Ax+B, y′′µ = 2A.

Antikajist¸ntac tic timèc autèc sthn (186), ja èqoume

2A− 3(2Ax+B) = 6x+ 1 ⇒ −6Ax+ (2A− 3B) = 6x+ 1.

Exis¸noume touc suntelestèc twn omoiob�jmiwn ìrwn:

−6A = 6 kai 2A− 3B = 1 ⇒ A = −1, B = −1.

Tìte

yµ = Ax2 +Bx = −x2 − x
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kai h genik  lÔsh yγ thc (186) lìgw thc (173) eÐnai

yγ = y0 + yµ = c1 + c2e
3x − x2 − x.

ASKHSH 3. Na brejeÐ h genik  lÔsh thc D.E.

y′′ + 2y′ − 3y = 4ex. (188)

LÔsh: H f(x) = 4ex kai h antÐstoiqh omogen c eÐnai h D.E.

y′′ + 2y′ − 3y = 0. (189)

H qarakthristik  exÐswsh (q.e.) thc (189) eÐnai

λ2 + 2λ− 3 = 0 ⇒ ∆ = 22 − 4 · 1(−3) = 4 + 12 = 16 ⇒

λ1,2 =
−2±

√
16

2
=
−2± 4

2
⇒

λ1 =
−2 + 4

2
= 1, λ2 =

−2− 4

2
= −3.

'Eqoume thn pr¸th perÐptwsh tou PÐnaka (178). 'Ara

y1 = eλ1x = ex, y2 = eλ2x = e−3x.

Tìte h genik  lÔsh thc omogenoÔc D.E. (189) lìgw thc (174) eÐnai

y0 = c1e
x + c2e

−3x.

Epeid  f(x) = 4ex = Pm(x)eax, tìte Pm(x) = 4x0, m = 0, a = 1 kai

o arijmìc λ = a = 1 eÐnai rÐza thc q.e. pollaplìthtac k = 1, èqoume thn

deÔterh perÐptwsh tou PÐnaka (183), ìpou P̃0(x) = Ax0 = A. 'Ara yµ =

xP̃0(x)ex ⇒
yµ = Axex ⇒

y′µ = (Axex)
′

= (Ax)′ex +Ax(ex)′ = Aex +Axex = (Ax+A)ex ⇒

y′′µ = ((Ax+A)ex)
′

= (Ax+A)′ex+(Ax+A)(ex)′ = (A+0)ex+(Ax+A)ex = (Ax+A+A)ex ⇒

y′′µ = (Ax+ 2A)ex.

Antikajist¸ntac tic timèc autèc sthn (188), ja èqoume

(Ax+ 2A)ex + 2(Ax+A)ex − 3Axex = 4ex.
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DiairoÔme ta duo mèrh thc exÐswshc me ex:

Ax+ 2A+ 2(Ax+A)− 3Ax = 4 ⇒

(A+ 2A− 3A)x+ 2A+ 2A = 4 ⇒

4A = 4 ⇒ A = 1.

Tìte

yµ = Axex = xex

kai h genik  lÔsh yγ thc (186) lìgw thc (173) eÐnai

yγ = y0 + yµ = c1 + c2e
3x + xex.

ASKHSH 4. Na brejeÐ h genik  lÔsh thc D.E.

y′′ + 2y′ − 3y = cos 3x. (190)

LÔsh: H f(x) = cos 3x kai h antÐstoiqh omogen c eÐnai h D.E.

y′′ + 2y′ − 3y = 0, (191)

pou eÐnai ìpwc sthn prohgoÔmenh 'Askhsh 3. 'Ara oi rÐzec thc q.e. kai h G.L.

thc (191) eÐnai

λ1 = 1, λ2 = −3,

y0 = c1e
x + c2e

−3x.

Epeid 

f(x) = cos 3x = 1 · cos 3x+ 0 · sin 3x = Pm(x) cos bx+Qn(x) sin bx ⇒

Pm(x) = x0 = 1, Qn(x) = 0x0, m = n = l = 0, b = 3,

tìte èqoume thn trÐth perÐptwsh tou PÐnaka (183), ìpou m = n = l = 0,

P̃0(x) = Ax0 = A, Q̃0(x) = Bx0 = B.

ParathroÔme ìti o arijmìc ib = 3i den eÐnai rÐza thc q.e. ⇒

yµ = A cos bx+B sin bx = A cos 3x+B sin 3x ⇒

y′µ = (A cos 3x+B sin 3x)′ = −3A sin 3x+ 3B cos 3x,

y′′µ = (−3A sin 3x+ 3B cos 3x)′ = −9A cos 3x− 9B sin 3x.
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AntikajustoÔme tic parap�nw timèc twn yµ, y
′
µ, y
′′
µ sthn (188) kai èqoume

−9A cos 3x−9B sin 3x+2(−3A sin 3x+3B cos 3x)−3(A cos 3x+B sin 3x) = cos 3x ⇒

(−9A+ 6B − 3A) cos 3x+ (−9B − 6A− 3B) sin 3x = cos 3x+ 0 sin 3x.

Exis¸noume touc suntelestèc twn cos 3x kai sin 3x apì arister� kai apì

dexi� kai lamb�noume

cos 3x : −12A+ 6B = 1,

sin 3x : −6A− 12B = 0 ⇒ 6A = −12B, A = −2B.

AntikajustoÔme thn A = −2B sthn exÐswsh −12A+ 6B = 1 kai èqoume

−12(−2B) + 6B = 1 ⇒ 24B + 6B = 1 ⇒ 30B = 1 ⇒ B = 1/30.

Tìte

A = −2B = −2 · 1

30
= − 2

30
= − 1

15
,

kai

yµ = A cos 3x+B sin 3x = − 1

15
cos 3x+

1

30
sin 3x,

y(x) = y0 + yµ = c1e
x + c2e

−3x +

(
− 1

15
cos 3x+

1

30
sin 3x

)
⇒

y(x) = c1e
x + c2e

−3x − 1

15
cos 3x+

1

30
sin 3x

eÐnai h G.L. thc (188).

ASKHSEIS.

Na brejoÔn oi genikèc lÔseic twn D.E. me th Mèjodo Aprosdiìristwn

suntelest¸n.

1. y′′ + 2y′ − 3y = 1

2. 3y′′ − 4y′ + y = 5

3. y′′ + 2y′ + y = x

4. y′′ − 2y′ + y = 3x+ 4

5. y′′ − 4y′ + 4y = 4x2 + 4x+ 2

6. y′′ − 9y = 12x e3x

7. y′′ + 10y′ + 25y = −e−5x
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8. y′′ + 4y = 8 sin 2x

9. y′′ + y = sinx+ cosx

10. y′′ + 36y = 2 sin 6x

11. y′′ + 4y = cos 2x, y(0) = y(π/4) = 0.

Oi exis¸seic tÔpou (171) lÔnontai me th mèjodo Lagrange.
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8.2 MEJODOS METABOLHS TWN STAJERWN SUNTELESTWN

( Lagrange)

Gia th mh omogen  exÐswsh

y′′ + p(x)y′ + g(x)y = f(x) (192)

h antÐstoiqh omogen c eÐnai

y′′ + p(x)y′ + g(x)y = 0 (193)

'Estw ìti y1(x), y2(x) eÐnai duo merikèc grammik� anex�rthtec lÔseic thc (193).

Tìte

y0 = c1y1(x) + c2y2(x)

eÐnai h genik  lÔsh thc omogenoÔc D.E. (193).

Th genik  lÔsh thc (192) y�qnoume se morf :

yγ(x) = C1(x)y1(x) + C2(x)y2(x), (194)

ìpou

C1(x) = −
∫

y2(x)f(x)

W [y1(x), y2(x)]
dx+ C̃1, (195)

C2(x) =

∫
y1(x)f(x)

W [y1(x), y2(x)]
dx+ C̃2, (196)

ìpou W [y1(x), y2(x)] orÐzousa Wronsky kai C̃1, C̃2 eÐnai aujaÐretec stajerèc.

ASKHSH 1. Na brejeÐ h genik  lÔsh thc D.E.

y′′ − 2y′ + y = ex/x5 (197)

LÔsh: H f(x) = ex/x5 kai h antÐstoiqh omogen c eÐnai h D.E.

y′′ − 2y′ + y = 0, (198)

H qarakthristik  exÐswsh (q.e.) thc (198) eÐnai

λ2 − 2λ+ 1 = 0 ⇒ (λ− 1)2 = 0⇒ λ1 = λ2 = 1.

'Ara λ = 1 eÐnai rÐza pollaplìthtac k = 2. 'Eqoume th deÔterh perÐptwsh tou

PÐnaka (178). Tìte

y1 = eλ1x = ex, y2 = xeλ1x = xex
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kai h genik  lÔsh thc omogenoÔc D.E. (193) lìgw thc (174) eÐnai

y0 = c1e
x + c2xe

x.

H orÐzousa Wronsky eÐnai

W [y1(x), y2(x)] =

∣∣∣∣∣y1(x) y2(x)

y′1(x) y′2(x)

∣∣∣∣∣ =

∣∣∣∣∣ex xex

ex (x+ 1)ex

∣∣∣∣∣ = (x+ 1)e2x − xe2x = e2x.

Apì thn (195) brÐskoume

C1(x) = −
∫
xexex

x5e2x
dx+ C̃1 = −

∫
dx

x4
+ C̃1 ⇒ C1(x) =

x−3

3
+ C̃1

Apì thn (196) brÐskoume

C2(x) =

∫
exex

x5e2x
dx+ C̃2 =

∫
dx

x5
+ C̃2 ⇒ C2(x) = −x

−4

4
+ C̃2.

Tìte h genik  lÔsh thc (197) lìgw thc (194) eÐnai

yγ(x) = C1(x)y1(x) + C2(x)y2(x) =
[x−3

3
+ C̃1

]
ex +

[
− x−4

4
+ C̃2

]
xex ⇒

yγ(x) =
(
C̃1 + C̃2 x+

x−3

12

)
ex

ASKHSH 2. Na brejeÐ h genik  lÔsh thc D.E.

9y′′ + y =
1

cos(x/3)
(199)

LÔsh: Apì thn (199) ⇒

y′′ +
1

9
y =

1

9 cos(x/3)
(200)

Tìte f(x) = 1
9 cos(x/3) kai h antÐstoiqh omogen c eÐnai h D.E.

y′′ +
1

9
y = 0. (201)

H q.e. eÐnai

λ2 +
1

9
= 0 ⇒ λ2 = −1

9
⇒ λ = ±

√
−1

9
= ±

√(
1

3

)2

(−1) ⇒

λ = ±1

3

√
−1 = ±1

3
i = 0± 1

3
i ⇒
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α = 0, β =
1

3
⇒

y1 = eαx cosβx = e0x cos
x

3
= cos

x

3
,

y2 = eαx sinβx = e0x sin
x

3
= sin

x

3
⇒

H genik  lÔsh thc omogenoÔc D.E. (201) èinai

y0 = c1y1 + c2y2 = c1 cos
x

3
+ c2 sin

x

3
⇒

H genik  lÔsh thc mh omogenoÔc D.E. (200)   (199) èinai

yγ = C1(x) cos
x

3
+ C2(x) sin

x

3
.

H orÐzousa Wronsky eÐnai

W [y1(x), y2(x)] =

∣∣∣∣∣y1(x) y2(x)

y′1(x) y′2(x)

∣∣∣∣∣ =

∣∣∣∣∣ cos x3 sin x
3(

cos x3
)′ (

sin x
3

)′
∣∣∣∣∣

=

∣∣∣∣∣ cos x3 sin x
3

−
(
x
3

)′
sin x

3

(
x
3

)′
cos x3

∣∣∣∣∣ =

∣∣∣∣∣ cos x3 sin x
3

− 1
3 sin x

3
1
3 cos x3

∣∣∣∣∣
=

1

3
cos2 x

3
−
(
−1

3

)
sin2 x

3
=

1

3

(
cos2 x

3
+ sin2 x

3

)
=

1

3

Apì thn (195) epeid 

d cos
(x

3

)
= −

(x
3

)′
sin

x

3
dx = −1

3
sin

x

3
dx,

brÐskoume

C1(x) = −
∫ sin x

3 ·
1

9 cos(x/3)

1
3

dx+ C̃1 =

∫ − 1
3 sin x

3dx

cos(x/3)
+ C̃1

=

∫
d cos

(
x
3

)
cos(x/3)

+ C̃1 = ln | cos(x/3)|+ C̃1.

⇒ C1(x) = ln | cos(x/3)|+ C̃1.

Apì thn (196) brÐskoume

C2(x) =

∫ cos x3 ·
1

9 cos(x/3)

1
3

dx+ C̃2 =

∫
3

9
dx+ C̃2 =

1

3
x+ C̃2 ⇒

⇒ C2(x) =
x

3
+ C̃2.

Tìte h genik  lÔsh thc (197) lìgw thc (194) eÐnai

yγ(x) =
(

ln | cos(x/3)|+ C̃1

)
cos

x

3
+
(x

3
+ C̃2

)
sin

x

3
.
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ASKHSEIS.

Na brejoÔn oi Genikèc LÔseic (G.L.) twn parak�tw D.E. me

th mèjodo Lagrange.

1. y′′ − y′ − 2y = e3x

2. y′′ − 2y′ + y = ex

x

3. y′′ + y = 1
cos x

4. y′′ + 4y = tan 2x

5. y′′ + 36y = 4 cos 6x

6. 16y′′ + y = 1
sin(x/4)

7. y′′ + 25y = 2 tan 5x

8. y′′ + y = cotx

9. y′′ − 2y′ + 2y = ex sinx

9 GRAMMIKES DIAFORIKES EXISWSEIS

ANWTERHS TAXHS ME STAJEROUS

SUNTELESTES.

Grammikèc mh omogeneÐc diaforikèc exis¸seic an¸terhc t�xhc me staje-

roÔc suntelestèc lègontai oi exis¸seic tÔpou

a0y
(n) + a1y

(n−1) + ...+ an−1y
′ + any = f(x) (202)

ìpou a0, a1, a2, ..., an eÐnai stajerèc. 'Otan f(x) = 0 h exÐswsh

a0y
(n) + a1y

(n−1) + ...+ an−1y
′ + any = 0 (203)

onom�zetai omogen c grammik  D.E. an¸terhc t�xhc.

'Estw ìti c1, c2, ..., cn eÐnai n aujaÐretec stajerèc, tìte mia sun�rthsh

y = ϕ(x, c1, c2, ..., cn)
(
antist. ψ(x, y, c1, c2, ..., cn) = 0

)
pou epalhjeÔei th D.E.

(202) lègetai Genik  lÔsh G.L. ( antist. Genikì Olokl rwma G.O.)

aut c thc D.E. Wc sun jwc orÐzetai h merik  lÔsh .
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An y1(x), y2(x), ..., yn(x) eÐnai n grammik� anex�rthtec merikèc lÔseic thc omo-

genoÔc D.E. (203), tìte genik  lÔsh thc omogenoÔc D.E. eÐnai

y0 = c1y1(x) + c2y2(x) + ...+ cnyn(x), (204)

ìpou c1, c2, ..., cn eÐnai n aujaÐretec stajerèc.

An y0 eÐnai h genik  lÔsh thc omogenoÔc exÐswshc (203) kai yµ mia merik  lÔsh

thc (202) tìte h genik  lÔsh yγ thc (202) eÐnai:

yγ = y0 + yµ. (205)

H orÐzousa

W (x) = W [y1(x), y2(x), ..., yn(x)] =

∣∣∣∣∣∣∣∣∣
y1(x) y2(x) ...yn(x)

y′1(x) y′2(x) ...y′n(x)

...... ...... .........

y
(n−1)
1 (x) y

(n−1)
2 (x) ...y

(n−1)
n (x)

∣∣∣∣∣∣∣∣∣
lègetai orÐzousa Wronsky twn sunart sewn y1(x), y2(x), ..., yn(x).

n lÔseic y1(x), y2(x), ..., yn(x) thc (203) lègontai grammik� anex�rthtec

kai apoteloÔn jemeli¸dec sÔsthma lÔsewn ìtan W [y1(x), y2(x), ..., yn(x)] 6= 0.

H qarakthristik  exÐswsh (q.e.) thc (203) eÐnai

a0λ
n + a1λ

n−1 + ...an−1λ+ an = 0

H exÐswsh aut  èqei sunolik� n pragmatikèc kai migadikèc rÐzec: λ1, λ2, ..., λn.

Oi grammik� anex�rthtec merikèc lÔseic y1, y2, ..., yn thc omogenoÔc D.E. (203)

exart¸ntai apì tic rÐzec thc q.e. kai brÐskontai apì ton parak�tw PÐnaka:

PÐnakac (206)

RÐzec thc q.e. Merikèc grammik� anex�rthtec lÔseic thc (203)

1. λ ∈ R kai eÐnai apl  rÐza y = eλx

2. λ ∈ R, eÐnai rÐza pollaplìthtac s y1 = eλx, y2 = xeλx, ..., ys = xs−1eλx

3. λ1, λ2 ∈ C, α, β ∈ R, λ1,2 = α± iβ, y1 = eαx cosβx, y2 = xeαx cosβx, ..., ys = xs−1eαx cosβx

λ1,2 eÐnai rÐza pollaplìthtac s ys+1 = eαx sinβx, ys+2 = xeαx sinβx, ..., y2s = xs−1eαx sinβx

ASKHSH 1. Na brejeÐ h genik  lÔsh thc D.E.

y′′′ − 8y = 0 (207)

LÔsh: H qarakthristik  exÐswsh (q.e.) thc (207) eÐnai

λ3 − 8 = 0 ⇒ (λ− 2)(λ2 + 2λ+ 4) = 0 ⇒ λ = 2,
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λ2 + 2λ+ 4 = 0 ⇒ ∆ = 22 − 4 · 4 = 4− 16 = −12 ⇒
√

∆ =
√
−12 =

√
22 · 3(−1) = 2

√
3(−1) = 2

√
3
√
−1 = 2

√
3i,

λ1,2 =
−2±

√
∆

2
=
−2± 2

√
3i

2
= −1±

√
3i ⇒ α = −1, β =

√
3,

y1 = e−x cos
√

3x, y2 = e−x sin
√

3x, y3 = e2x

y0 = c1e
−x cos

√
3x+ c2e

−x sin
√

3x+ c3e
2x.

Gia thn eÔresh thc merik c lÔshc thc mh omogenoÔc D.E.(202) efarmìzoume

th mèjodo Aprosdiìristwn suntelest¸n ìpwc perigr�fjhke parap�nw ston PÐ-

naka (183) gia D.E. 2-ac t�xhc ìpou h pollaplìthta thc rÐzac s ≤ n.

a3 − b3 = (a− b)(a2 + ab+ b2)

ASKHSH 2. textit Na brejeÐ h genik  lÔsh thc D.E.

y′′′ − y′′ + y′ − y = 2x+ 3, (208)

LÔsh: H f(x) = 2x+ 3 kai h antÐstoiqh omogen c eÐnai h D.E.

y′′′ − y′′ + y′ − y = 0, (209)

H qarakthristik  exÐswsh (q.e.) thc (209) eÐnai

λ3 − λ2 + λ− 1 = 0 ⇒

λ2(λ− 1) + λ− 1 = 0 ⇒

(λ−1)(λ2 +1) = 0 ⇒ λ1 = 1   λ2 = −1 ⇒ λ2,3 = ±i = 0±1i. 'Eqoume

thn pr¸th kai thn trÐth perÐptwsh tou PÐnaka (206) ìpou α = 0, β = 1. 'Ara

y1 = eλ1x = ex, y2 = eαx cosβx = cosx, y3 = eαx sinβx = sinx.

Tìte h genik  lÔsh thc omogenoÔc D.E. (209) lìgw thc (204) eÐnai

y0 = c1e
x + c2 cosx+ c3 sinx.

T¸ra ja broÔme th merik  lÔsh thc (208). Epeid  f(x) = 2x + 3 kai o arijmìc

0 den eÐnai rÐza thc q.e., èqoume thn pr¸th perÐptwsh tou PÐnaka (183). 'Ara

yµ = Ax+B ⇒ y′µ = A, y′′µ = y′′′µ = 0.
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Antikajist¸ntac tic timèc autèc sthn (208), ja èqoume

A− (Ax+B) = 2x+ 3 ⇒ −Ax+ (A−B) = 2x+ 3.

Exis¸noume touc suntelestèc twn omoiob�jmiwn ìrwn:

x : −A = 2, A−B = 3 ⇒ A = −2, B = −5.

Tìte yµ = −2x− 5 kai h genik  lÔsh yγ thc (208) lìgw thc (205) eÐnai

yγ = y0 + yµ = c1e
x + c2 cosx+ c3 sinx− 2x− 5.

Na brejoÔn oi genikèc lÔseic twn parak�tw D.E..

1. y′′′ − 2y′′ − y′ + 2y = 4x+ 2

2. y′′′ − 3y′′ + 2y′ = e2x

3. y′′′ − y′ = cosx

4. y(4) − y = 5

5. y′′′ − 8y = 7ex

6. y′′′ − 3y′′ + 3y′ − y = 8

10 UPOBIBASMOS TAXHS D.E.

D.E. thc morf c

y(n) = f(x) (210)

gia k�je n ∈ N èqei th genik  lÔsh (G.L.):

y =
1

(n− 1)!

∫ x

0

(x− t)n−1f(t)dt+ c1x
n−1 + c2x

n−2 + ...+ cn−1x+ cn (211)

ìpou c1, c2, ..., cn eÐnai aujaÐretec stajerèc.

'ASKHSH 1. BreÐte th G.L. thc D.E.

y ′′ = x

LÔsh: 'Eqoume n = 2, f(x) = x ⇒ f(t) = t. Apì ton tÔpo (211) brÐskoume th

G.L.

y =
1

(2− 1)!

∫ x

0

(x− t)tdt+ c1x+ c2 =

∫ x

0

(xt− t2)dt+ c1x+ c2

= x

∫ x

0

tdt−
∫ x

0

t2dt+ c1x+ c2 =
[
x
t2

2
− t3

3

]x
0

+ c1x+ c2

= x · x
2

2
− x3

3
− (x · 0− 0) + c1x+ c2 =

x3

2
− x3

3
+ c1x+ c2 =

x3

6
+ c1x+ c2
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'Ara y = x3

6 + c1x+ c2 eÐnai h G.L. thc dedomènhc D.E.

D.E. thc morf c

F
(
x, y(k), y(k+1), ..., y(n)

)
= 0. (212)

LÔsh: Jètoume y(k) = z ⇒ y(k+1) = z′ ⇒ y(k+2) = z′′ ⇒ ... y(n) = z(n−k).

AntikajistoÔme sthn (212) tic timèc autèc kai èqoume D.E. (n−k) t�xhc dhlad :

F
(
x, z, z′, , ..., z(n−k)

)
= 0. (213)

'Estw ìti to G.O. thc (213) eÐnai

Φ(x, z, c1, c2, ..., cn−k) = 0.

Tìte lìgw thc y(k) = z to G.O. thc (212) brÐsketai apì th D.E. k-hc t�xhc:

Φ
(
x, y(k), c1, c2, ..., cn−k

)
= 0.

'ASKHSH 2. BreÐte th G.L. thc D.E.

y ′′′ − 1

x
y ′′ = 0 (214)

LÔsh: Jètoume y ′′ = z ⇒ y ′′′ = z′. AntikajistoÔme sthn (214) tic timèc autèc

kai èqoume

z′ − 1

x
z = 0 ⇒ dz

dx
=
z

x
⇒ dz

z
=
dx

x
⇒
∫
dz

z
=

∫
dx

x
⇒

ln |z| = ln |x|+ ln c̃1 ⇒ ln |z| = ln |x|c̃1 ⇒ |z| = |x|c̃1 ⇒ z = c1x,

ìpou c1 = ±c̃1. Tìte lìgw thc y ′′ = z ⇒

y ′′ = c1x ⇒
∫
y ′′(x)dx = c1

∫
xdx ⇒ y ′(x) = c1

x2

2
+ c2 ⇒∫

y ′(x)dx =

∫ (
c1
x2

2
+ c2

)
dx ⇒ y(x) = c1 ·

1

2

x3

3
+ c2x+ c3 ⇒

y(x) = c1
x3

6
+ c2x+ c3.

Jètontac c̄1 = c1
6 lamb�noume:

y = c̄1x
3 + c2x+ c3.

pou eÐnai h G.L. thc (214).
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'ASKHSH 3. Na lujeÐ to P.A.T.

y ′′ + 2x(y ′)2 = 0, y(0) = 1, y ′(0) = 1. (215)

LÔsh: Jètoume y′ = z(x) ⇒ y′′ = z′. AntikajistoÔme sthn (215) tic timèc

autèc kai èqoume:

z′ = −2xz2 ⇒ dz

dx
= −2xz2 ⇒ dz

z2
= −2xdx ⇒

∫
dz

z2
= −2

∫
xdx ⇒

z−2+1

−2 + 1
= −2 · x

2

2
+ c1 ⇒ −z−1 = −x2 + c1 ⇒

1

z
= x2 − c1 ⇒

z =
1

x2 − c1
⇒ z(0) = y′(0) =

1

02 − c1
= 1 ⇒ − 1

c1
= 1 ⇒ c1 = −1 ⇒

z =
1

x2 + 1
⇒ y′(x) =

1

x2 + 1
⇒
∫
y′(x)dx =

∫
1

x2 + 1
dx ⇒

y(x) = arctanx+ c2 ⇒ y(0) = arctan 0 + c2 = 1 ⇒ c2 = 1 ⇒

y(x) = arctanx+ 1

eÐnai h merik  lÔsh tou P.A.T. (215).

D.E. thc morf c

F
(
y, y′, y′′, ..., y′′′

)
= 0. (216)

LÔsh: Jètoume

y′ = y′(x) = p = p(y) = p(y(x)) ⇒

y′′(x) = p′(y)y′(x) = p′(y)p = p′p,

ìpou p′ = dp
dy = p′(y) ⇒

y′′′(x) =
(
p′(y)p

)′
x

= (p′(y))
′
x p+ p′(y) (p(y))

′
x

= p′′yyy
′(x)p+ p′(y)p′(y)y′(x) = p′′p2 + (p′)2p.

'Etsi èqoume:

y′ = p, y′′ = p′p, y′′′ = p′′p2 + (p′)2p. (217)

AntikajistoÔme sthn (216) tic timèc autèc kai èqoume D.E. 2-ac t�xhc dhlad :

F1(y, p, p′, p′′) = 0. (218)

ìpou y eÐnai anex�rthth metablht  kai p exarthmènh. 'Estw ìti to G.O. thc (218)

eÐnai

Φ(y, p, c1, c2) = 0.
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Tìte lìgw thc y′ = p to G.O. thc (216) brÐsketai apì th D.E. 1-hc t�xhc:

Φ(y, y′, c1, c2) = 0.

'ASKHSH 4. BreÐte th G.L.   to G.O. thc D.E.

y ′′(2y + 3)− 2(y ′)2 = 0 (219)

LÔsh: Jètoume y′ = p = p(y) ⇒ y′′ = p′(y)y′ = p′p. AntikajistoÔme sthn

(219) tic timèc autèc kai èqoume:

p′p(2y + 3)− 2p2 = 0 ⇒ p[p′(2y + 3)− 2p] = 0 ⇒

a. p = 0 ⇒ y′ = 0 ⇒ y = c eÐnai mia lÔsh thc (219).

b. p′(2y + 3)− 2p = 0 ⇒ (2y + 3) dpdy = 2p ⇒

dp

p
=

2

2y + 3
dy ⇒

∫
dp

p
=

∫
2

2y + 3
dy ⇒

∫
dp

p
=

∫
(2y + 3)′

2y + 3
dy ⇒

ln |p| = ln |2y + 3|+ ln ĉ1 ⇒ ln |p| = ln |2y + 3|ĉ1 ⇒ |p| = |2y + 3|ĉ1 ⇒

p = c1(2y + 3) ⇒ dy

dx
= c1(2y + 3) ⇒ dy

2y + 3
= c1dx ⇒∫

dy

2y + 3
=

∫
c1dx ⇒

1

2

∫
2dy

2y + 3
= c1x+ c2 ⇒

1

2

∫
(2y + 3)′

2y + 3
dy = c1x+ c2,

ìpou c1 = ±ĉ1. 'Ara to G.O. thc (219) eÐnai

1

2
ln |2y + 3| = c1x+ c2.

Ask seic.

Na brejoÔn oi genikèc lÔseic (G.L.)   ta Genik� Oloklhr¸mata

(G.O.) twn parak�tw diaforik¸n exis¸sewn:

1. y ′′ + 2
xy
′ = 1

x

2. yy ′′ − (y ′)2 = y ′

3. yy ′′ + (y ′)2 = y ′

4. yy ′′ − (y ′)2 − (y ′)3 = 0,

Na lujoÔn ta P.A.T.

5. yy ′′ − (y ′)2 = 0, y(0) = 1, y ′(0) = 2

6. (y − y ′)y ′′ + (y ′)2 = 0, y(0) = 1
2 , y ′(0) = 1

7. y ′′ + yy ′ = 0, y(0) = 1, y ′(0) = − 1
2

8. yy ′′ + 2(y ′)2 = 0, y(0) = 1, y ′(0) = 1
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11 PLHREIS (AKRIBEIS) DIAFORIKES

EXISWSEIS

H diaforik  exÐswsh tÔpou

P (x, y)dx+Q(x, y)dy = 0 (220)

onom�zetai pl rhc (akrib c), an kai mìno an isqÔei h tautìthta

∂P (x, y)

∂y
=
∂Q(x, y)

∂x
  P ′y = Q′x (221)

kai to genikì olokl rwma thc (220) brÐsketai apo ton tÔpo∫
P (x, y0)dx+

∫ y

y0

Q(x, y)dy = c (222)

  apì ton tÔpo ∫ x

x
0

P (x, y)dx+

∫
Q(x0, y)dy = c (223)

ìpou c eÐnai mia aujaÐreth stajer� kai tic timèc x0, y0 dialègoume ètsi ¸ste na

up�rqoun ta oloklhr¸mata stouc tÔpouc (222),(223), pou sth genik  perÐptwsh

eÐnai genikeumèna oloklhr¸mata.

PARATHRHSH: Sto olokl rwma
∫ y
y0
Q(x, y)dy jewroÔme ìti h x- eÐnai sta-

jer  kai sto olokl rwma
∫ x
x
0
P (x, y)dx thn y- jewroÔme stajer .

'Askhsh 1. Na brejeÐ h genik  lÔsh   to genikì olokl rwma thc D.E.:

(x2 − y2)dx+ (y3 − 2yx)dy = 0 (224)

LÔsh: Apì thn (220) kai (224) ⇒

P (x, y) = x2 − y2, Q(x, y) = y3 − 2yx (225)

Tìte P ′y = (x2 − y2)′y = 0− 2y = −2y, Q′x = (y3 − 2yx)′x = 0− 2y = −2y.

Ara h (224) eÐnai pl rhc. Apì thn (225) ⇒ P (x, y0) = x2−y2
0 . Jètoume
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y0 = 0. Tìte P (x, y0) = x2 kai apì ton tÔpo (222) ⇒∫
x2dx+

∫ y

0

(y3 − 2yx)dy = c,

x3

3
+

∫ y

0

y3dy − 2x

∫ y

0

ydy = c,

x3

3
+
[y4

4

]y
0
− 2x

[y2

2

]y
0

= c,

x3

3
+

1

4
(y4 − 04)− x(y2 − 02) = c,

x3

3
+
y4

4
− xy2 = c

pou eÐnai to genikì olokl rwma thc (224).

'Askhsh 2. Na brejeÐ h genik  lÔsh   to genikì olokl rwma thc D.E.:

y′ =
2x+ yexy

4y − xexy
(226)

LÔsh: Apì thn (226) ⇒
dy

dx
=

2x+ yexy

4y − xexy
⇒

(4y − xexy)dy − (2x+ yexy)dx = 0.

Tìte

P (x, y) = −(2x+ yexy), Q(x, y) = (4y − xexy) (227)

kai

P ′y =
(
− (2x+ yexy)

)′
y

= (−2x)′y − (yexy)′y

= 0− [(y)′ye
xy + y (exy)

′
y] = −[1exy + y(xy)′ye

xy] = −(1 + yx)exy,

Q′x = (4y − xexy)′x = (4y)′x − (xexy)′x = 0− [(x)′xe
xy + x (exy)

′
x] =

= −[1exy + x(xy)′xe
xy] = −[1 + xy(x)′x]exy = −(1 + xy)exy.

Ara h (226) eÐnai pl rhc. Apì thn (227) ⇒ P (x, y0) = −(2x + y0e
xy0).

Jètoume y0 = 0. Tìte P (x, y0) = −(2x + 0e0) = −2x kai apì ton tÔpo

100



(222) ⇒ ∫
(−2x)dx+

∫ y

0

(4y − xexy)dy = c,

− 2
x2

2
+ 4

∫ y

0

ydy −
∫ y

0

exyxdy = c,

− x2 + 4
[y2

2

]y
0
−
∫ y

0

exyd(xy) = c,

− x2 + 2
[
y2
]y

0
−
[
exy
]y

0
= c,

− x2 + 2(y2 − 02)− (exy − ex0) = c,

− x2 + 2y2 − exy + 1 = c.

pou eÐnai to genikì olokl rwma thc (226).

'Askhsh 3. Na brejeÐ h genik  lÔsh   to genikì olokl rwma thc D.E.:

[sin y + (5− y) cosx]dx+ [(4 + x) cos y − sinx]dy = 0. (228)

LÔsh: Apì thn (228) ⇒

P (x, y) = sin y + (5− y) cosx, Q(x, y) = (4 + x) cos y − sinx (229)

kai P ′y =
(

sin y + (5− y) cosx
)′
y

= cos y + cosx(5− y)′y = cos y − cosx,

Q ′x =
(

(4 + x) cos y − sinx
)′
x

= (4 + x)′x cos y − cosx = cos y − cosx.

Ara h (228) eÐnai pl rhc. Apì thn (229) ⇒ Q(x0, y) = (4+x0) cos y− sinx0.

Jètoume x0 = 0. Tìte Q(x0, y) = 4 cos y kai apì ton tÔpo (223) ⇒∫ x

0

[sin y + (5− y) cosx]dx+

∫
4 cos ydy = c,∫ x

0

sin ydx+

∫ x

0

(5− y) cosxdx+ 4

∫
cos ydy = c,

sin y

∫ x

0

dx+ (5− y)

∫ x

0

cosxdx+ 4 sin y = c,

sin y
[
x
]x

0
+ (5− y)

[
sinx

]x
0

+ 4 sin y = c,

(x− 0) sin y + (5− y)(sinx− sin 0) + 4 sin y = c,

x sin y + (5− y) sinx+ 4 sin y = c

pou eÐnai to genikì olokl rwma thc (228).
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'Askhsh 4. Na brejeÐ h genik  lÔsh   to genikì olokl rwma thc D.E.:

2x(x+ ey)dx+ ey(y + x2)dy = 0. (230)

LÔsh: Apì thn (230) ⇒

P (x, y) = 2x(x+ ey), Q(x, y) = ey(y + x2) (231)

kai P ′y = 2xey, Q′x = 2xey. Ara h (230) eÐnai pl rhc. Apì thn (231)

⇒ Q(x0, y) = ey(y + x2
0). Jètoume x0 = 0. Tìte Q(x0, y) = eyy kai

apì ton tÔpo (223) ⇒∫ x

0

2x(x+ ey)dx+

∫
eyydy = c,

2

∫ x

0

x2dx+ 2ey
∫ x

0

xdx+

∫
y
(
ey
)′
dy = c,

2
[x3

3

]x
0

+ 2ey
[x2

2

]x
0

+ yey −
∫
eydy = c,

2

3
x3 + eyx2 + yey − ey = c

eÐnai to genikì olokl rwma thc (230).

'Askhsh 5. Na brejeÐ h genik  lÔsh   to genikì olokl rwma thc D.E.:(
x− y

x2

)
dx+

(
y +

1

x

)
dy = 0. (232)

LÔsh: Apì thn (232) ⇒

P (x, y) = x− y

x2
, Q(x, y) = y +

1

x
(233)

kai P ′y = − 1
x2 , Q′x = − 1

x2 . Ara h (232) eÐnai pl rhc. Apì thn (233) ⇒
P (x, y0) = x− y0

x2 . Jètoume y0 = 0. Tìte P (x, y0) = x kai apì ton tÔpo

(222) ⇒ ∫
xdx+

∫ y

0

(
y +

1

x

)
dy = c,

x2

2
+
[y2

2

]y
0

+
1

x

[
y
]y

0
= c,

x2

2
+
y2

2
+
y

x
= c

eÐnai to genikì olokl rwma thc (232).
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'Askhsh 6. Na brejeÐ h genik  lÔsh   to genikì olokl rwma thc D.E.:

y′ =
2 + yexy

2y − xexy
. (234)

LÔsh: Apì thn (234) ⇒(
2 + yexy

)
dx+ (−2y + xexy)dy = 0.

Tìte

P (x, y) = 2 + yexy, Q(x, y) = −2y + xexy (235)

kai

P ′y = exy + xyexy, Q′x = exy + xyexy.

Ara h (234) eÐnai pl rhc. Apì thn (235)⇒ Q(x0, y) = −2y+x0e
x0y. Jètoume

x0 = 0. Tìte Q(x0, y) = −2y + 0e0 = −2y kai apì ton tÔpo (223) ⇒∫ x

0

(
2 + yexy

)
dx+

∫
(−2y)dy = c,∫ x

0

2dx+

∫ x

0

exyd(xy)− 2
y2

2
= c,[

2x
]x

0
+
[
exy
]x

0
− y2 = c,

2x+ exy − e0 − y2 = c ⇒ 2x+ exy − 1− y2 = c

eÐnai to genikì olokl rwma thc (234).

ASKHSEIS.

Na brejoÔn oi genikèc lÔseic (G.L.)   ta genik�

oloklhr¸mata (G.O.) twn D.E.

1. ydx+ (x− y2)dy = 0

2. (x+ 2y)dx+ 2xdy = 0

3. (2xy + y2)dx+ (x2 + 2xy − y)dy = 0

4. (2xey + ex)dx+ (x2 + 1)eydy = 0
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5. (x+
√
y2 + 1)dx−

(
y − xy√

y2+1

)
dy = 0

6.
(
ex + ln y + y

x

)
dx+

(
x
y + lnx+ sin y

)
dy = 0

7. (3x2y + y3)dx+ (x3 + 3xy2)dy = 0

8.
(

xy√
1+x2

+ 2xy − y
x

)
dx+ (

√
1 + x2 + x2 − lnx)dy = 0

9.
√
y

x dx+ ln x
2
√
y dy = 0

Na lujeÐ to prìblhma arqik¸n tim¸n (P.A.T.):

10.
(

2xyex
2

+ ln y
)
dx+

(
ex

2

+ x
y

)
dy = 0, y(0) = 1

11. (x2 + y2 + y)dx+ (2xy + x+ ey)dy = 0, y(0) = 0

12 SUSTHMATA GRAMMIKWND.E. PRW-

THS TAXHSME STAJEROUS SUNTE-

LESTES.

'Estw ìti f(t), g(t) eÐnai suneq¸c paragwgÐsimec, x = x(t), y = y(t) eÐnai duo

forèc suneq¸c paragwgÐsimec sunart seic kai a, b, c, d ∈ R.
LÔnoume to epìmeno sÔsthma me th mèjodo Apaloif c:x′ = ax+ by + f(t) (1)

y′ = cx+ dy + g(t) (2)

LÔsh: apì thn (1) ⇒

y =
1

b
[x′ − ax− f(t)] (3) ⇒

y′ =
1

b
[x′′ − ax′ − f ′(t)] (4)

Apì thn (2) lìgw twn (4) kai (3) ⇒

1

b
[x′′ − ax′ − f ′(t)] = cx+ d · 1

b
[x′ − ax− f(t)] + g(t).

104



Met� thn aplopoÐhsh ja l�boume D.E. wc proc metablht  x 2-ac t�xhc me

stajeroÔc suntelestèc:

kx′′ + lx′ +mx = h(t).

'Estw ìti h genik  lÔsh thc eÐnai h x = x(t, c1, c2) ìpou c1, c2 eÐnai aujaÐretec

stajerèc, tìte x′ = x′(t, c1, c2) kai apì thn (3) brÐskoume

y =
1

b
[x′(t, c1, c2)− ax(t, c1, c2)− f(t)].

To zeÔgoc

x = x(t, c1, c2), y =
1

b
[x′(t, c1, c2)− ax(t, c1, c2)− f(t)]

eÐnai h genik  lÔsh tou sust matoc (1),(2).

'Askhsh 1. Na brejeÐ h genik  lÔsh tou sust matoc:x′ = 2x+ y, (1.1)

y′ = x+ 2y. (1.2)

LÔsh: apì thn (1.1) ⇒

y = x′ − 2x (1.3) ⇒

y′ = x′′ − 2x′ (1.4)

Apì thn (1.2) lìgw twn (1.4) kai (1.3) ⇒

x′′ − 2x′ = x+ 2(x′ − 2x) ⇒

x′′ − 4x′ + 3x = 0 (1.5).

H qarakthristik  exÐswsh (q.e.) thc (1.5) eÐnai

λ2 − 4λ+ 3 = 0 ⇒ λ1 = 1, λ2 = 3.

Tìte h (1.5) èqei duo grammik� anex�rthtec merikèc lÔseic

x1 = eλ1t = et, x2 = eλ2t = e3t

kai th genik  lÔsh:

x = c1x1 + c2x2 = c1e
t + c2e

3t (1.6)
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Apì thn (1.6) ⇒
x′ = c1e

t + 3c2e
3t (1.7)

Apì thn (1.3) lìgw twn (1.6), (1.7) ⇒

y = c1e
t + 3c2e

3t − 2(c1e
t + c2e

3t) = −c1et + c2e
3t.

Tìte to zeÔgoc

x = c1e
t + c2e

3t, y = −c1et + c2e
3t

eÐnai h genik  lÔsh tou sust matoc (1.1), (1.2).

'Askhsh 2. Na brejeÐ h genik  lÔsh tou sust matoc:x′ = x+ y, (2.1)

y′ = x− y. (2.2)

LÔsh: apì thn (2.1) ⇒
y = x′ − x (2.3) ⇒

y′ = x′′ − x′ (2.4)

Apì thn (2.2) lìgw twn (2.4) kai (2.3) ⇒

x′′ − x′ = x− (x′ − x) ⇒ x′′ − x′ = x− x′ + x ⇒

x′′ − 2x = 0 (2.5).

H qarakthristik  exÐswsh (q.e.) thc (2.5) eÐnai

λ2 − 2 = 0 ⇒ λ1,2 = ±
√

2 ⇒ λ1 =
√

2, λ2 = −
√

2.

Tìte h (2.5) èqei duo grammik� anex�rthtec merikèc lÔseic x1 = e
√

2t, x2 = e−
√

2t

kai th genik  lÔsh:

x = c1e
√

2t + c2e
−
√

2t (2.6)

Apì thn (2.6) ⇒

x′ = c1
√

2e
√

2t − c2
√

2e−
√

2t (2.7)

Apì thn (2.3) lìgw twn (2.6), (2.7) ⇒

y = c1
√

2e
√

2t − c2
√

2e−
√

2t −
(
c1e
√

2t + c2e
−
√

2t
)

= c1
√

2e
√

2t − c1e
√

2t − c2
√

2e−
√

2t − c2e−
√

2t
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=
(√

2− 1
)
c1e
√

2t −
(√

2 + 1
)
c2e
−
√

2t

Tìte to zeÔgoc

x = c1e
√

2t + c2e
−
√

2t,

y =
(√

2− 1
)
c1e
√

2t −
(√

2 + 1
)
c2e
−
√

2t

eÐnai h genik  lÔsh tou sust matoc (2.1), (2.2).

'Askhsh 3. Na lujeÐ to prìblhma arqik¸n tim¸n (P.A.T.):x′ = 2y, (3.1)

y′ = 2x, x(0) = 2, y(0) = 2. (3.2)

LÔsh: apì thn (3.1) ⇒

y =
1

2
x′, (3.3) ⇒

y′ =
1

2
x′′. (3.4)

Apì thn (3.2) lìgw thc (3.4) ⇒

1

2
x′′ = 2x ⇒ x′′ = 4x ⇒

x′′ − 4x = 0. (3.5)

H qarakthristik  exÐswsh (q.e.) thc (3.5) eÐnai

λ2 − 4 = 0 ⇒ λ1,2 = ±
√

4 ⇒ λ1 = 2, λ2 = −2.

Tìte h (3.5) èqei duo grammik� anex�rthtec merikèc lÔseic x1 = e2t, x2 = e−2t

kai th genik  lÔsh:

x(t) = c1e
2t + c2e

−2t. (3.6)

Apì thn (3.6) ⇒

x′(t) = 2c1e
2t − 2c2e

−2t. (3.7)

Apì thn (3.3) lìgw thc (3.7) ⇒

y =
1

2

(
2c1e

2t − 2c2e
−2t
)

= c1e
2t − c2e−2t.

Tìte, lìgw thc (3.6), to zeÔgoc

x(t) = c1e
2t + c2e

−2t, (3.8)
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y(t) = c1e
2t − c2e−2t (3.9)

eÐnai h genik  lÔsh tou sust matoc (3.1), (3.2). Apì (3.8), (3.9) lìgw thc (3.2)

⇒

x(0) = c1e
0 + c2e

0 = 2 ⇒ c1 + c2 = 2,

y(0) = c1e
0 − c2e0 = 2 ⇒ c1 − c2 = 2.

Apì thn prìsjesh autwn twn duo exis¸sewn ⇒

2c1 = 4 ⇒ c1 = 2.

Tìte apì thn pr¸th exÐswsh tou parap�nw sust matoc ⇒ c2 = 0. Anti-

kajust¸ntac tic timèc c1 = 2, c2 = 0 stic exis¸seic (3.8), (3.9), lamb�noume

th monadik  lÔsh tou P.A.T (3.1), (3.2)

x(t) = 2e2t, y(t) = 2e2t.

ASKHSEIS.

BreÐte tic genikèc lÔseic twn parak�tw susthm�twn:

1.

x′ = x− 4y,

y′ = x+ y.

2.

x′ = 12x− 5y,

y′ = 5x+ 12y.

3.

x′ = −x+ 8y,

y′ = x+ y.

4.

x′ = x− 2y,

y′ = x− y.

5.

x′ = x− 2y + sin t,

y′ = x− y + cos t.

6.

x′ = x− 4y,

4y′ = −25x+ 4y.
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7.

x′ = y + cos t,

y′ = −x.

Na lujeÐ to prìblhma arqik¸n tim¸n (P.A.T.):

8.

x′ = y + t

y′ = x+ et, x(0) = 1, y(0) = 0.

9.

x′ = x+ 3y

y′ = x− y, x(0) = 0, y(0) = 1.

10.

x′ = y

y′ = x, x(0) = 1, y(0) = 1.
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