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Μερικοί ορισμοί

Μια συνάρτηση f λέμε ότι καλύπτει μια 

συνάρτηση g, αν η f παίρνει την τιμή 1 

όταν το ίδιο συμβαίνει με την g.

Prime implicant p μιας συναρτήσεως f 

είναι ένας όρος γινομένου που καλύπτεται 

από την f και η απαλοιφή οποιουδήποτε 

παράγοντα από την p δημιουργεί μια 

συνάρτηση που δεν καλύπτεται από την f.
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Χάρτης Karnaugh τεσσάρων 

μεταβλητών
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Χάρτης Karnaugh τεσσάρων 

μεταβλητών
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Χάρτης Karnaugh τεσσάρων 

μεταβλητών
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Άρα το yz είναι

prime implicant 
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Χάρτης Karnaugh τεσσάρων 

μεταβλητών
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Χάρτης Karnaugh τεσσάρων 

μεταβλητών
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Χάρτης Karnaugh τεσσάρων 

μεταβλητών
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Χάρτης Karnaugh τεσσάρων 

μεταβλητών
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Άρα το wyz δεν είναι

prime implicant 
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z 

0 0 0 0 0

1 0 0 0 1

2 0 0 1 0

8 1 0 0 0

5 0 1 0 1

9 1 0 0 1

10 1 0 1 0

7 0 1 1 1

13 1 1 0 1

15 1 1 1 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z  

0 0 0 0 0 0,1 0 0 0 -  

1 0 0 0 1  

2 0 0 1 0  

8 1 0 0 0  

5 0 1 0 1

9 1 0 0 1

10 1 0 1 0

7 0 1 1 1

13 1 1 0 1

15 1 1 1 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z  

0 0 0 0 0 0,1 0 0 0 -  

1 0 0 0 1 0,2 0 0 - 0  

2 0 0 1 0  

8 1 0 0 0  

5 0 1 0 1

9 1 0 0 1

10 1 0 1 0

7 0 1 1 1

13 1 1 0 1

15 1 1 1 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z  

0 0 0 0 0 0,1 0 0 0 -  

1 0 0 0 1 0,2 0 0 - 0  

2 0 0 1 0 0,8 - 0 0 0  

8 1 0 0 0  

5 0 1 0 1

9 1 0 0 1

10 1 0 1 0

7 0 1 1 1

13 1 1 0 1

15 1 1 1 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z  

0 0 0 0 0 0,1 0 0 0 -  

1 0 0 0 1 0,2 0 0 - 0  

2 0 0 1 0 0,8 - 0 0 0  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1

9 1 0 0 1

10 1 0 1 0

7 0 1 1 1

13 1 1 0 1

15 1 1 1 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z  

0 0 0 0 0 0,1 0 0 0 -  

1 0 0 0 1 0,2 0 0 - 0  

2 0 0 1 0 0,8 - 0 0 0  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1

10 1 0 1 0

7 0 1 1 1

13 1 1 0 1

15 1 1 1 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z  

0 0 0 0 0 0,1 0 0 0 -  

1 0 0 0 1 0,2 0 0 - 0  

2 0 0 1 0 0,8 - 0 0 0  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0

7 0 1 1 1

13 1 1 0 1

15 1 1 1 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z  

0 0 0 0 0 0,1 0 0 0 -  

1 0 0 0 1 0,2 0 0 - 0  

2 0 0 1 0 0,8 - 0 0 0  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1

13 1 1 0 1

15 1 1 1 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z  

0 0 0 0 0 0,1 0 0 0 -  

1 0 0 0 1 0,2 0 0 - 0  

2 0 0 1 0 0,8 - 0 0 0  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1

15 1 1 1 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z  

0 0 0 0 0 0,1 0 0 0 -  

1 0 0 0 1 0,2 0 0 - 0  

2 0 0 1 0 0,8 - 0 0 0  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z  

0 0 0 0 0 0,1 0 0 0 -  

1 0 0 0 1 0,2 0 0 - 0  

2 0 0 1 0 0,8 - 0 0 0  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1 5,13 - 1 0 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z  

0 0 0 0 0 0,1 0 0 0 -  

1 0 0 0 1 0,2 0 0 - 0  

2 0 0 1 0 0,8 - 0 0 0  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1 5,13 - 1 0 1

9,13 1 - 0 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z  

0 0 0 0 0 0,1 0 0 0 -  

1 0 0 0 1 0,2 0 0 - 0  

2 0 0 1 0 0,8 - 0 0 0  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1 5,13 - 1 0 1

9,13 1 - 0 1

7,15 - 1 1 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z  

0 0 0 0 0 0,1 0 0 0 -  

1 0 0 0 1 0,2 0 0 - 0  

2 0 0 1 0 0,8 - 0 0 0  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1 5,13 - 1 0 1

9,13 1 - 0 1

7,15 - 1 1 1

13,15 1 1 - 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z w x y z

0 0 0 0 0 0,1 0 0 0 - 0,1,8,9 - 0 0 -  

1 0 0 0 1 0,2 0 0 - 0  

2 0 0 1 0 0,8 - 0 0 0  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1 5,13 - 1 0 1

9,13 1 - 0 1

7,15 - 1 1 1

13,15 1 1 - 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z w x y z

0 0 0 0 0 0,1 0 0 0 - 0,1,8,9 - 0 0 -  

1 0 0 0 1 0,2 0 0 - 0 0,2,8,10 - 0 – 0  

2 0 0 1 0 0,8 - 0 0 0  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1 5,13 - 1 0 1

9,13 1 - 0 1

7,15 - 1 1 1

13,15 1 1 - 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z w x y z

0 0 0 0 0 0,1 0 0 0 - 0,1,8,9 - 0 0 -  

1 0 0 0 1 0,2 0 0 - 0 0,2,8,10 - 0 – 0  

2 0 0 1 0 0,8 - 0 0 0  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1 5,13 - 1 0 1

9,13 1 - 0 1

7,15 - 1 1 1

13,15 1 1 - 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z w x y z

0 0 0 0 0 0,1 0 0 0 - 0,1,8,9 - 0 0 -  

1 0 0 0 1 0,2 0 0 - 0 0,2,8,10 - 0 – 0  

2 0 0 1 0 0,8 - 0 0 0  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1 5,13 - 1 0 1

9,13 1 - 0 1

7,15 - 1 1 1

13,15 1 1 - 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z w x y z

0 0 0 0 0 0,1 0 0 0 - 0,1,8,9 - 0 0 -  

1 0 0 0 1 0,2 0 0 - 0 0,2,8,10 - 0 – 0  

2 0 0 1 0 0,8 - 0 0 0 1,5,9,13 - - 0 1  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1 5,13 - 1 0 1

9,13 1 - 0 1

7,15 - 1 1 1

13,15 1 1 - 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z w x y z

0 0 0 0 0 0,1 0 0 0 - 0,1,8,9 - 0 0 -  

1 0 0 0 1 0,2 0 0 - 0 0,2,8,10 - 0 – 0  

2 0 0 1 0 0,8 - 0 0 0 1,5,9,13 - - 0 1  

8 1 0 0 0 1,5 0 - 0 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1 5,13 - 1 0 1

9,13 1 - 0 1

7,15 - 1 1 1

13,15 1 1 - 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z w x y z

0 0 0 0 0 0,1 0 0 0 - 0,1,8,9 - 0 0 -  

1 0 0 0 1 0,2 0 0 - 0 0,2,8,10 - 0 – 0  

2 0 0 1 0 0,8 - 0 0 0 1,5,9,13 - - 0 1  

8 1 0 0 0 1,5 0 - 0 1 5,7,13,15 - 1 – 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1 5,13 - 1 0 1

9,13 1 - 0 1

7,15 - 1 1 1

13,15 1 1 - 1

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓ ✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

1 1

10

yz

wx
00 01

00

01

0 1

01

11 10

0 1

11

1 0

10

11

10



4-31

f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z w x y z

0 0 0 0 0 0,1 0 0 0 - 0,1,8,9 - 0 0 -  

1 0 0 0 1 0,2 0 0 - 0 0,2,8,10 - 0 – 0  

2 0 0 1 0 0,8 - 0 0 0 1,5,9,13 - - 0 1  

8 1 0 0 0 1,5 0 - 0 1 5,7,13,15 - 1 – 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1 5,13 - 1 0 1

9,13 1 - 0 1

7,15 - 1 1 1

13,15 1 1 - 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z w x y z

0 0 0 0 0 0,1 0 0 0 - 0,1,8,9 - 0 0 -  

1 0 0 0 1 0,2 0 0 - 0 0,2,8,10 - 0 – 0  

2 0 0 1 0 0,8 - 0 0 0 1,5,9,13 - - 0 1  

8 1 0 0 0 1,5 0 - 0 1 5,7,13,15 - 1 – 1  

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1 5,13 - 1 0 1

9,13 1 - 0 1

7,15 - 1 1 1

13,15 1 1 - 1
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f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z w x y z

0 0 0 0 0 0,1 0 0 0 - 0,1,8,9 - 0 0 - A = x’y’

1 0 0 0 1 0,2 0 0 - 0 0,2,8,10 - 0 - 0 B = x’z’

2 0 0 1 0 0,8 - 0 0 0 1,5,9,13 - - 0 1 C = y’z

8 1 0 0 0 1,5 0 - 0 1 5,7,13,15 - 1 - 1 D = xz

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1 5,13 - 1 0 1

9,13 1 - 0 1

7,15 - 1 1 1

13,15 1 1 - 1

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓ ✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-34

f(w,x,y,z) = Σ(0,1,2,5,7,8,9,10,13,15)
w x y z w x y z w x y z

0 0 0 0 0 0,1 0 0 0 - 0,1,8,9 - 0 0 - A = x’y’

1 0 0 0 1 0,2 0 0 - 0 0,2,8,10 - 0 - 0 B = x’z’

2 0 0 1 0 0,8 - 0 0 0 1,5,9,13 - - 0 1 C = y’z

8 1 0 0 0 1,5 0 - 0 1 5,7,13,15 - 1 - 1 D = xz

5 0 1 0 1 1,9 - 0 0 1

9 1 0 0 1 2,10 - 0 1 0

10 1 0 1 0 8,9 1 0 0 -

7 0 1 1 1 8,10 1 0 - 0

13 1 1 0 1 5,7 0 1 - 1

15 1 1 1 1 5,13 - 1 0 1

9,13 1 - 0 1

7,15 - 1 1 1

13,15 1 1 - 1

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓ ✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

1 1

10

yz

wx
00 01

00

01

0 1

01

11 10

0 1

11

1 0

10

11

10



4-35

Επιλογή prime implicants

  0 1 2 5 7 8 9 10 13 15 

 A X X    X X    

 B X  X   X  X   

 C  X  X   X  X  

 D    X X    X X 

            
 

Essential (ουσιώδεις)



4-36

Επιλογή prime implicants

  0 1 2 5 7 8 9 10 13 15 

 A X X    X X    

* B X  X   X  X   

 C  X  X   X  X  

* D    X X    X X 

  X  X   X  X   
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Επιλογή prime implicants

  0 1 2 5 7 8 9 10 13 15 

 A X X    X X    

* B X  X   X  X   

 C  X  X   X  X  

* D    X X    X X 

  X  X X X X  X X X 
 



4-38

Επιλογή prime implicants

  0 1 2 5 7 8 9 10 13 15 
 A X X    X X    

* B X  X   X  X   

 C  X  X   X  X  

* D    X X    X X 

  X X X X X X X X X X 
 



4-39

Επιλογή prime implicants

  0 1 2 5 7 8 9 10 13 15 
 A X X    X X    

* B X  X   X  X   

 C  X  X   X  X  

* D    X X    X X 

  X X X X X X X X X X 
 

F = xz + x’z’ + x’y’
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Επιλογή prime implicants

  0 1 2 5 7 8 9 10 13 15 

 A X X    X X    

* B X  X   X  X   
 C  X  X   X  X  

* D    X X    X X 

  X X X X X X X X X X 
 

F = xz + x’z’ + y’z
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Επιλογή prime implicants

F = xz + x’z’ + x’y’

F = xz + x’z’ + y’z



4-42

Επιλογή prime implicants

F = xz + x’z’ + x’y’

F = xz + x’z’ + y’z

F = Σ(0,1,2,5,7,8,9,10,13,15)



4-43

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)



4-44

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1

2

12

17

18

20

24

13

19

21

25

15

23

27

29

31



4-45

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2

12

17

18

20

24

13

19

21

25

15

23

27

29

31

✓

✓



4-46

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2 2,18 (16)

12

17

18

20

24

13

19

21

25

15

23

27

29

31

✓

✓

✓

✓



4-47

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2 2,18 (16)

12 12,13 (1)

17

18

20

24

13

19

21

25

15

23

27

29

31

✓

✓

✓

✓

✓

✓



4-48

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2 2,18 (16)

12 12,13 (1)

17 17,19 (2)

18

20

24

13

19

21

25

15

23

27

29

31

✓

✓

✓

✓

✓

✓

✓



4-49

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2 2,18 (16)

12 12,13 (1)

17 17,19 (2)

18 17,21 (4)

20

24

13

19

21

25

15

23

27

29

31

✓

✓

✓

✓

✓

✓

✓

✓



4-50

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2 2,18 (16)

12 12,13 (1)

17 17,19 (2)

18 17,21 (4)

20 17,25 (8)

24

13

19

21

25

15

23

27

29

31

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-51

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2 2,18 (16)

12 12,13 (1)

17 17,19 (2)

18 17,21 (4)

20 17,25 (8)

24 18,19 (1)

13

19

21

25

15

23

27

29

31

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-52

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2 2,18 (16)

12 12,13 (1)

17 17,19 (2)

18 17,21 (4)

20 17,25 (8)

24 18,19 (1)

13 20,21 (1)

19

21

25

15

23

27

29

31

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-53

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2 2,18 (16)

12 12,13 (1)

17 17,19 (2)

18 17,21 (4)

20 17,25 (8)

24 18,19 (1)

13 20,21 (1)

19 24,25 (1)

21

25

15

23

27

29

31

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-54

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2 2,18 (16)

12 12,13 (1)

17 17,19 (2)

18 17,21 (4)

20 17,25 (8)

24 18,19 (1)

13 20,21 (1)

19 24,25 (1)

21 13,15 (2)

25

15

23

27

29

31

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-55

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2 2,18 (16)

12 12,13 (1)

17 17,19 (2)

18 17,21 (4)

20 17,25 (8)

24 18,19 (1)

13 20,21 (1)

19 24,25 (1)

21 13,15 (2)

25 13,29 (16)

15

23

27

29

31

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-56

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2 2,18 (16)

12 12,13 (1)

17 17,19 (2)

18 17,21 (4)

20 17,25 (8)

24 18,19 (1)

13 20,21 (1)

19 24,25 (1)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23

27

29

31

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-57

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2 2,18 (16)

12 12,13 (1)

17 17,19 (2)

18 17,21 (4)

20 17,25 (8)

24 18,19 (1)

13 20,21 (1)

19 24,25 (1)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27

29

31

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-58

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2 2,18 (16)

12 12,13 (1)

17 17,19 (2)

18 17,21 (4)

20 17,25 (8)

24 18,19 (1)

13 20,21 (1)

19 24,25 (1)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29

31

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-59

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2 2,18 (16)

12 12,13 (1)

17 17,19 (2)

18 17,21 (4)

20 17,25 (8)

24 18,19 (1)

13 20,21 (1)

19 24,25 (1)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-60

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16)

2 2,18 (16)

12 12,13 (1)

17 17,19 (2)

18 17,21 (4)

20 17,25 (8)

24 18,19 (1)

13 20,21 (1)

19 24,25 (1)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-61

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16)

12 12,13 (1)

17 17,19 (2)

18 17,21 (4)

20 17,25 (8)

24 18,19 (1)

13 20,21 (1)

19 24,25 (1)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-62

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1)

17 17,19 (2)

18 17,21 (4)

20 17,25 (8)

24 18,19 (1)

13 20,21 (1)

19 24,25 (1)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-63

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2)

18 17,21 (4)

20 17,25 (8)

24 18,19 (1)

13 20,21 (1)

19 24,25 (1)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-64

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4)

20 17,25 (8)

24 18,19 (1)

13 20,21 (1)

19 24,25 (1)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-65

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1)

13 20,21 (1)

19 24,25 (1)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-66

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1)

19 24,25 (1)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-67

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-68

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-69

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-70

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-71

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-72

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-73

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-74

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-75

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-76

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-77

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8) 25,27,29,31 (2,4)

27 21,23 (2)

29 21,29 (8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-78

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8) 25,27,29,31 (2,4)

27 21,23 (2)

29 21,29 (8) 17,19,21,23,25,27,29,31 (2,4,8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-79

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8) 25,27,29,31 (2,4)

27 21,23 (2)

29 21,29 (8) 17,19,21,23,25,27,29,31 (2,4,8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-80

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8) 25,27,29,31 (2,4)

27 21,23 (2)

29 21,29 (8) 17,19,21,23,25,27,29,31 (2,4,8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓



4-81

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8) 25,27,29,31 (2,4)

27 21,23 (2)

29 21,29 (8) 17,19,21,23,25,27,29,31 (2,4,8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

Α

Β

C

D

E

F

G

H

uwxyz

10001 (17)

10011 (19)

10101 (21)

10111 (23)

11001 (25)

11011 (27)

11101 (29)

11111 (31)



4-82

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8) 25,27,29,31 (2,4)

27 21,23 (2)

29 21,29 (8) 17,19,21,23,25,27,29,31 (2,4,8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

Α

Β

C

D

E

F

G

H

uwxyz

10001 (17)

10011 (19)

10101 (21)

10111 (23)

11001 (25)

11011 (27)

11101 (29)

11111 (31)



4-83

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8) 25,27,29,31 (2,4)

27 21,23 (2)

29 21,29 (8) 17,19,21,23,25,27,29,31 (2,4,8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

Α

Β

C

D

E

F

G

H

uwxyz

10001 (17)

10011 (19)

10101 (21)

10111 (23)

11001 (25)

11011 (27)

11101 (29)

11111 (31)

A=uz



4-84

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8) 25,27,29,31 (2,4)

27 21,23 (2)

29 21,29 (8) 17,19,21,23,25,27,29,31 (2,4,8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

Α

Β

C

D

E

F

G

H

uwxyz

01101 (13)

01111 (15)

11101 (29)

11111 (31)

A=uz

B=wxz



4-85

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8) 25,27,29,31 (2,4)

27 21,23 (2)

29 21,29 (8) 17,19,21,23,25,27,29,31 (2,4,8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

Α

Β

C

D

E

F

G

H

uwxyz

11000 (24)

11001 (25)

A=uz

B=wxz

C=uwx’y’



4-86

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8) 25,27,29,31 (2,4)

27 21,23 (2)

29 21,29 (8) 17,19,21,23,25,27,29,31 (2,4,8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

Α

Β

C

D

E

F

G

H

uwxyz

10100 (20)

10101 (21)

A=uz

B=wxz

C=uwx’y’

D=uw’xy’



4-87

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8) 25,27,29,31 (2,4)

27 21,23 (2)

29 21,29 (8) 17,19,21,23,25,27,29,31 (2,4,8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

Α

Β

C

D

E

F

G

H

uwxyz

10010 (18)

10011 (19)

A=uz

B=wxz

C=uwx’y’

D=uw’xy’

E=uw’x’y



4-88

f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8) 25,27,29,31 (2,4)

27 21,23 (2)

29 21,29 (8) 17,19,21,23,25,27,29,31 (2,4,8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

Α

Β

C

D

E

F

G

H

uwxyz

01100 (12)

01101 (13)

A=uz

B=wxz

C=uwx’y’

D=uw’xy’

E=uw’x’y

F=u’wxy’
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f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8) 25,27,29,31 (2,4)

27 21,23 (2)

29 21,29 (8) 17,19,21,23,25,27,29,31 (2,4,8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

Α

Β

C

D

E

F

G

H

uwxyz

00010 (2)

10010 (18)

A=uz

B=wxz

C=uwx’y’

D=uw’xy’

E=uw’x’y

F=u’wxy’

G=w’x’yz’
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f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8) 25,27,29,31 (2,4)

27 21,23 (2)

29 21,29 (8) 17,19,21,23,25,27,29,31 (2,4,8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

Α

Β

C

D

E

F

G

H

uwxyz

00001 (1)

10001 (17)

A=uz

B=wxz

C=uwx’y’

D=uw’xy’

E=uw’x’y

F=u’wxy’

G=w’x’yz’

H=w’x’y’z
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f(u,w,x,y,z) = Σ(13,15,17,18,19,20,21,23,25,27,29,31) + Σφ(1,2,12,24)

1 1,17 (16) 25,29 (4)

2 2,18 (16) 15,31 (16)

12 12,13 (1) 23,31 (8)

17 17,19 (2) 27,31 (4)

18 17,21 (4) 29,31 (2)

20 17,25 (8)

24 18,19 (1) 17,19,21,23 (2,4)

13 20,21 (1) 17,19,25,27 (2,8)

19 24,25 (1) 17,21,25,29 (4,8)

21 13,15 (2) 13,15,29,31 (2,16)

25 13,29 (16) 19,23,27,31 (4,8)

15 19,23 (4) 21,23,29,31 (2,8)

23 19,27 (8) 25,27,29,31 (2,4)

27 21,23 (2)

29 21,29 (8) 17,19,21,23,25,27,29,31 (2,4,8)

31 25,27 (2)

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

✓

Α

Β

C

D

E

F

G

H A=uz

B=wxz

C=uwx’y’

D=uw’xy’

E=uw’x’y

F=u’wxy’

G=w’x’yz’

H=w’x’y’z
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Επιλογή prime implicants

  13 15 17 18 19 20 21 23 25 27 29 31 

* A   X  X  X X X X X X 

* B X X         X X 

 C         X    

* D      X X      

 E    X X        

 F X            

 G    X         

 H   X          

  X X X X X X X X X X X X 
 

essential
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Επιλογή prime implicants

  13 15 17 18 19 20 21 23 25 27 29 31 

* A   X  X  X X X X X X 

* B X X         X X 

 C         X    

* D      X X      

 E    X X        

 F X            

 G    X         

 H   X          

  X X X X X X X X X X X X 
 

essential

F = uz + wxz + uw’xy’ + uw’x’y
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Binary Decision Diagrams

Σαν binary decision diagram ορίζουμε 

κατευθυντικό ακυκλικό γράφο με μια αρχή 

(rooted, directed acyclic graph) ο οποίος 

έχει έναν ή δύο τερματικούς κόμβους που 

αντιστοιχούν στο λογικό 0 και στο λογικό 1 

και ένα σύνολο από μη τερματικούς 

κόμβους από τους οποίους ξεκινούν δύο 

ακμές.
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Binary Decision Diagrams

Στις δύο αυτές ακμές αντιστοιχούν δυο 

συναρτήσεις Fx και Fx’ από το θεώρημα 

του Shannon

F(x1,x2,...,xi,...,xn) = 

xi F(x1,x2,...,1,...,xn) + xi’ F(x1,x2,...,0,...,xn)

Σε κάθε κόμβο αντιστοιχεί μια μεταβλητή
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Binary Decision Diagrams

Ένα BDD λέγεται διατεταγμένο αν σε όλες τις 

διαδρομές μέσα στο γράφο οι μεταβλητές 

εμφανίζονται πάντα με την ίδια σειρά (x1 < x2 < 

... < xi < ... < xn)

Ένα BDD λέγεται ελαχιστοποιημένο αν:

➢ δεν υπάρχουν δύο κόμβοι που να αντιστοιχούν 

στην ίδια μεταβλητή και να έχουν τους ίδιους 

υπογράφους

➢ κανένας κόμβος δεν έχει δύο ίδιους υπογράφους 
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Binary Decision Diagrams

x

y

10

F = xy1

1
0

0
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Binary Decision Diagrams

x

y

10

F = x+y

1

1

0

0
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Binary Decision Diagrams

A 0 0 1 1

B 0 1 0 1

F 0 0 0 1

A

B

10

1

1

0

0

B

0 0

01
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Binary Decision Diagrams

A 0 0 1 1

B 0 1 0 1

F 0 0 0 1

A

B

10

1

1

0

0
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Διαδικασία απλοποίησης

❖ Ενώνουμε τους ίδιους κόμβους

❖ Αν και οι δύο ακμές που φεύγουν από ένα 

κόμβο Χ δείχνουν τον ίδιο κόμβο Υ, τότε 

αφαιρούμε τον κόμβο Χ και ενώνουμε 

κατευθείαν τον κόμβο ανώτερης βαθμίδας με 

τον Υ.

❖ Επαναλαμβάνουμε μέχρι να μην μπορούμε 

να ενώσουμε ή να αφαιρέσουμε άλλους 

κόμβους.
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Διαδικασία απλοποίησης

A

B

10

1

1

0

0

B

0 0

01
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Διαδικασία απλοποίησης

A

B

10

1

1

0

0

B

0

01
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Διαδικασία απλοποίησης

A

B

10

1

1

0

0

B

0

01
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Διαδικασία απλοποίησης

A

B

10

1

1

0

0

0
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Διαδικασία απλοποίησης

A

B

10

1

1

0

0

0
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Διαδικασία απλοποίησης

A

B

10

1

1

0

0
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Παράδειγμα

F = AB + CD

A<B<C<D
A
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Παράδειγμα

F = AB + CD

A<B<C<D
A

1

0

B + CD

CD
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Παράδειγμα

F = AB + CD

A<B<C<D
A

1

0

B + CD

CD
B
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Παράδειγμα

F = AB + CD

A<B<C<D
A

1

0

B + CD

CD
B

C

0

1

1
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Παράδειγμα

F = AB + CD

A<B<C<D
A

1

0

B + CD

CD
B

C

0

1

1

0

0 D

1
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Παράδειγμα

F = AB + CD

A<B<C<D
A

1

0

B + CD

CD
B

C

0

1

1

0

0 D

1

0 1
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Άλλο ένα παράδειγμα

F = AB + CD

A<C<B<D
A
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Άλλο ένα παράδειγμα

F = AB + CD

A<C<B<D
A

CC

10

CD B + CD
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Άλλο ένα παράδειγμα

F = AB + CD

A<C<B<D
A

CC

10

CD B + CD

0

0

D

1



4-117

Άλλο ένα παράδειγμα

F = AB + CD

A<C<B<D
A

CC

10

CD
B + CD

0

0

D

1
B

0

B

B + D
1
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Άλλο ένα παράδειγμα

F = AB + CD

A<C<B<D
A

CC

10

CD
B + CD

0

0

D

1
B

0

B

B + D
1

1

0

1
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Άλλο ένα παράδειγμα

F = AB + CD

A<C<B<D
A

CC

10

CD
B + CD

0

0

D

1
B

0

B

B + D
1

1

0

1

0

1
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Άλλο ένα παράδειγμα

F = AB + CD

A<C<B<D
A

CC

10

CD
B + CD

0

0

D

1
B

0

B

B + D
1

1

0

1

0

1

0 1
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