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Two new eigenvalue inclusion regions for matrices with a constant main diagonal
are given. We then apply these results to Toeplitz matrices, and obtain two regions
including all eigenvalues of Toeplitz matrices. Furthermore, it is proved that the
new regions are tighter than those in [Melman A. Ovals of Cassini for Toeplitz
matrices, Linear and Multilinear Algebra. 2012;60:189-199].
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1. Introduction

Eigenvalue localization has been a hot topic in matrix theory and its applications. Many
researchers have obtained lots of eigenvalue inclusion regions; for details, see [1-3]. One
of the most famous results is given by GerSgorin [6] as follows:

Tueorem 1.1 [6] Let A =a;j] € C"*" and o (A) be the spectrum of A. Then
o (A) S T(A) = T4,
ieN
where N = {1,2,...,n}and T;(A) ={z € C: |z —a;ji| <ri(A) = ) |air|}.
ki

We here call I'(A) the GerSgorin set of A. To capture all eigenvalues of matrices
more precisely than the GerSgorin set, Brauer [1] provided another well-known eigenvalue
inclusion region.

TueoreM 1.2 [1] Let A =la;j] € C"*", n > 2. Then

a(A) S K) = | Kija),
i,jen,
i#j

where ]Ci,j(A) ={z€ C:l|z—ajllz —ajj| <ri(A)r;(A)}.
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The set KC(A) is called the Brauer set of A. It is well known that XC(A) C TI'(A); see
[12,13]. Since A and its transpose AT have the same spectrum, we have that o (A) =
o(AT) c KAT) cTAl).

Recently, Melman gave some new eigenvalue inclusion regions for some special classes
of matrices by taking into account their structure.[8—11] In particular, for a matrix A = [a;;]
with a constant main diagonal entry a, i.e. @;; = a for alli € N, Melman pointed out that
the Gersgorin set I'(A) and the Brauer set K(A) each consist of a single disc, that is,

A = {z eC: |z—al < maxri(A)},
ieN

K(A)=13zeC:lz—al| < ’rrjlg\)]( Ji(Ari(A) ¢,

i#j
and gave a new region (see Theorem 1.3), which is contained in I'(A) and IC(A).

TueorEM 1.3 [9] Let A =la;j] € C"*" witha;; = aforalli € N, n > 2. Then

a(A) c Q) =),
ieN

where Ag = A —al, (A(z)),-j denotes the (i, j)-th entry ofA% and

T—a— v (A(z))ii

Furthermore, Q(A) C K(A) C T'(A).

Qi(A)z{zeC: z—a+,/(Af),;

< (a3)}.

Toeplitz matrices, as one class of structured matrices with a constant main diagonal
which is frequently encountered in numerical analysis and in digital signal and image
processing, are constant along all their NW-SE diagonals,[9] that is, a Toeplitz matrix
T € C"*" has the following form:

1o n [§) Ih—1

11 Io n Ih—2
T =

I—n - fo 151

—n 12 - 1o

Also in [9], Melman applied Theorem 1.3 to Toeplitz matrices, and got the following simple
form.

THEOREM 1.4 [9] Let T € C™"*" be a Toeplitz matrix with t|; =1, n > 2. Then
151
o(T)gsz(T)=U{zec: §vi(T02)},

i=1

z—1— (T()z)ii z—i+ (T()z)ii

where To =T — t1, v; (TO2) = max {ri (TOZ) s Fn—itl (TOZ)} and

{E—‘ | 5. if nis even,
21 #, ifnisodd.
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Furthermore, Q(T) C K(T) C I'(T).

In this paper, we continue to research the problem of eigenvalue localization for matrices
with a constant main diagonal. In Section 2, we give two new regions including eigenvalues
by establishing sufficient conditions for non-singular matrices, and then apply the results
to Toeplitz matrices, and obtain two eigenvalue inclusion regions for Toeplitz matrices in
Section 3. All new eigenvalue inclusion regions are proved to be tighter than those in [9].

2. Eigenvalue inclusion regions for matrices with a constant main diagonal

In this section, we give two new regions including all eigenvalues of matrices with a constant
main diagonal. Before that, two sufficient conditions for non-singular matrices are given.

Lemma 2.1 [12, Theorem 1.16] For any A = [a;j] € C™*", if there exists a € [0, 1]
such that for alli € N,

laii| > (ri (A))* (c;(A)' ™,

where ¢;(A) = r; (AT), then A is non-singular.

THEOREM 2.2 Forany A = [a;j] € C"" with a;; = a for alli € N, if there exists

o € [0, 1] such that foralli € N,
- () e ()

=~ (4),
i

where Ay = A — al, then A is non-singular.

Proof  Suppose on the contrary that A is singular. Then there is a vector x with x # 0
such that Ax = 0. Note that Ag = A — al, we have

Agx = —ax,

which leads to

A(z)x = dzx,

equivalently, (A3 — a*I) x = 0, which implies that A3 — a1 is singular. Let B = [b;;] =
Aj — @I, where bjj = (Af),; — a* fori € N, and byj = (A7),; fori # j. Then B is
singular. Furthermore, from Equation (1), we have

|biz| > (ri(B))*(ci(B))' ™,

which, by Lemma 2.1, implies that B is non-singular. This is a contradiction. Thus
Aiswv. O

From Theorem 2.2 and the generalized arithmetic—geometric mean inequality:
aa+ (1 —a)b > a*b' ™

where a, b > 0and 0 < o < 1, we easily get another sufficient condition for non-singular
matrices.
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TuEOREM 2.3 Forany A = [a;j] € C"" with a;; = a for all i € N, if there exists
o € [0, 1] such that foralli € N,

‘512 — (A%)ii > ar; (A%) + (1 —a)c; (A%) ,

where Ay = A — al, then A is non-singular.

As is well known, a sufficient condition for non-singular matrices leads to an eigenvalue
inclusion region, and vice versa.[3] From Theorems 2.2 and 2.3, we can obtain new
eigenvalue inclusion regions for matrices with a constant main diagonal.

TueorREM 2.4  Let A = [a;j] € C"*" witha;; = a foralli € N, n > 2. Then

sy ce'w= N Ja“w.

0<a<lieN

where
Ql*(A) =

{ZEC:

z—a-— (A(Z))n'

z—a+ (A%)ii

< ar; (Ag) + (1 —a)e (Ag)} .

Proof  Suppose that A € o (A), then AI — A is singular. If A ¢ Q'(A), then there exists
o € [0, 1] such that for any i € N, A ¢ Q}“(A), which implies that for any i € N,
i

i) [p-a+ ),

> ar; (A(z)) + (I —a)c (A%) ;
that is,
h—a)’ - ( (A%)ii>2 = ‘O‘ —a) - (A(%)n

From Equation (2) and Theorem 2.3, we have that A/ — A is non-singular. This is a
contradiction to that A1 — A is singular. Hence, A € Q'(A). O

> ar; (A%) + (1 —a)c; (A%) . 2

Similar to the proof of Theorem 2.4, we can easily prove the following Theorem by
Theorem 2.2.

TueorEM 2.5 Let A =|a;j] € C"" witha;; = aforalli € N, n > 2. Then
c(A) @M= [ oW,
0<a<lieN

where
Q¥ (A) =

- 2
i—a-— (AO)ii

{ZGC: z—a+./(A}),;

= o () (o () )

We now establish Next, the comparison between Q' (A) with Q%(A).
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THEOREM 2.6 Let A =|[a;j] € C"" witha;; = aforalli € N, n > 2. Then
Q%(A) c Q'(A).

Proof Letzg ¢ 2'(A). Thenthereexistsa € [0, 1]suchthatforanyi € N,zo ¢ Q1% (A),
that is,

20 —a— (A%)u

20 —a+ (A<2))u

> or; (A%) + (1 —a)c; (A%) .

Furthermore, note that

v
T~
3
Yoy
>
(=18
~——
—
S
—/
D
aun
S
(=48
~——
—
|
S

ar; (A%) + (1 —a)c; (A%)
Hence, forany i € N,
o 11—«
= (1 (45)) (e (45)

which implies that zg ¢ Q2(A). The conclusion follows by the fact that if zg ¢ Q!(A), then
20 ¢ Q%(A). O

z0—a — (A(z))

12

20 —a+ (A%)ii

Next, the comparisons between QlA), Q2 (A), Q(A), T'(A) and IC(A) are given.
TueorEM 2.7 Let A =[a;j] € C"" witha;; = a foralli € N, n > 2. Then
Q*(4) C Q'(4) C @) [ € (K@) (K@) < @@ (rEh).

Proof  FromTheorems 1.3 and 2.6, we need only to prove that Q' (4) € (Q(A) N QATy).
In fact, when ¢ = 1, Q}”‘(A) = ;(A), consequently, Ql(4) = Q(A). And when
a =0, Q/%(A) = @;(AT), consequently, @' (A) = Q(AT). Hence, Q'(4)  (Q(A) N
QATY). O

Remark I The sets 2'(A) and Q2(A) are of interest theoretically because it provides a
tighter set containing all the eigenvalues of a matrix with a constant main diagonal. However,
they are not of much practical use because of the restriction of «. To give more convenient
forms of 2'(A) and Q2(A), we use the method provided in [4,7], and obtain easily the
following equivalent forms of QL(A) and Q2(A), namely,

Q') =qmJew), 3)
where Q(A) = |J Q;(A), and
ieN
Qi(A) = {z €Cilz—a— /(A7) ||z —a+/(A]);| = min {ri (A%) G (A%>]} ’
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Q) ={ee i fo—a— s =a+ )| (e (43) =1 (4)
e ) e 88, (5 () e (40)
< (a3) s (43) i (43)ry (43) i e R. jec)s

Q*(4) = Q) | Q), )
where 2(A) = |J €i;(A), and
3 e—a— ()| e —a+ | (43),
Qii(A) = c
e o (4}
2) / 2) o (49) 3
- ( ci (A
‘z—a— (A JJH A JJ‘ /(Ao) (45)
cj (Aﬁ)

<1,ieR\{l:c(A]) =0}, j € C\{k : rk(A]) = 0}} )

Here,
R = {i €N :ri(AY) > c,-(A(Z))}, and C = {i €N :ci(A) > r,-(Ag)}.

Example 2.8 Consider the following matrix A (A4 in [9]),

2 i =3 —i
0 2 1 -5i

A=141 2 2
i -1 1 2

The Gerigorin set I'(A4) (I'(AT)), the Brauer set JC(A) (JC(AT)) and the set Q(A), (Q(AT))
are shown in Figure 1 (Figure 2, respectively), where I'(A) (I'(AT)) is represented by the
outside boundary, IC(T) (JC(AT)) by the inner and Q(T) (Q(AT)) is filled. Q!(A) and
Q2(A) are shown in Figures 3 and 4, respectively. The exact eigenvalues are plotted with
asterisks. It is easy to see that

Q*(4) c @'(A) c @U)[@h) c (K@) (k| c @@ (rah).

This example shows that the two new eigenvalue inclusion regions in Theorems 2.4 and 2.5
are smaller than the intersection of the sets Q(A) and Q(A”) obtained in [9], consequently,
smaller than the intersection of the well-known Ger§gorin and Brauer sets of a matrix with
a constant main diagonal entry and its transpose.
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-8 -6 -4 2 0 2 4 6 8 10

Figure 2. Q(AT) c K(AT) c r(AT).

3. Eigenvalue inclusion regions for Toeplitz matrices

In this section, we apply Theorems 2.4 and 2.5 to Toeplitz matrices, and obtain a much
simpler form of the eigenvalue inclusion theorem for Toeplitz matrices by considering its
structure. Firstly, we recall some results on Toeplitz matrices introduced in [9]. A Toeplitz
matrix is persymmetric. Here, we call A persymmetric if A is symmetric with respect to
the main anti-diagonal.[9] The square of a Toeplitz matrix 7" is not necessary Toeplitz, but
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g £ ¢ @ % § i 7 i
-8 -6 -4 -2 0 2 4 6 8 10

Figure 3. Ql(A).

10_....... e e e e e s e e s R A e e

I S B I S B
- 6 4 2 0 2 4 6 8 10

Figure 4. QZ(A).

it is persymmetric. Hence, the main diagonal of 72 has at most [51 distinct values, and

ri(T?) = cp—i+1(T?). Obviously, when n is odd, then [51 =n—T[51+ 1, consequently,
11 (T?) = ¢p_a111(T?)

”Fg] CanjHl :
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Tueorem 3.1 Let T = [t;;] € C™*" be a Toeplitz matrix with tyy = t, n > 2. Then

n

smce'm=|Jan|Ul U @u?m U(UﬁmT)),
i=1 ieR,jeC, icR
j#En—i+1

where T =T —t1, Qi (T), ﬁij(T) are defined as (3), and

Z_’__\/ (T()z)ii

Proof  Since T is Toeplitz and Ty = T — I, we have that Ty is also Toeplitz, and To2 is
persymmetric. Thus,

—
N1
—

Q1(T) = {zec:

_ I + (1)) }
- 2

ri(Tg) = en—iv1(T5), (5)
and
(T)ii = (T)n—it1n—it1- (6)
By Theorem 2.4 and (3) , we get that forany A € o(T), A € QlT) = Q1) U Q(T). For
Q(T), we easily obtain from Equations (5) and (6) that

r41
= Uﬁi(T). @)
i=1

Moreover, if ig € R, thenn — iy + 1 € C from the fact that TO2 is persymmetric. Hence, the
following inequality

o7 S| |2 =74 ST | o () =i (1)

+ ‘Z —i- \/ T2 n—ip+1,n— zo+l‘ ‘Z ] +\/ 02 n— i0+1,n—i0+1‘ (riO (T02) — Cig (TOZ))
< Cnig1 (T5) rig (T57) = ig (T5) rn—ig+1 (T5)

T (13) - () =72 (1) - . (5).
7):

which, from ig € R, i.e. ryy (T3) > ciy (T3), leads to
2 2
- 2 - 2 rio (T5) + cio (75)
‘Z —I= (TO )ioio -1+ (TO )ioio = 2 :
Combining the definition of Q(T) with Inequality (8), we have

an=| J wm U(Uﬁ,«m), ©)

ieR,jeC, i€R
Jj#En—i+1

z—1— (T}

is equivalent to

2‘z—t_— (73).

ioio

®)

where

Q.1(T) = {z eC:

_ T+ c,(T2> }



Downloaded by [Y unnan University], [chaogian |i] at 19:58 12 March 2013

10 C. Liand Y. Li

The conclusion follows by (3), (7) and (9). ]

Similar to the proof of Theorem 3.1, we can obtain the following eigenvalue inclusion
region for Toeplitz matrices, and omit its proof.

TueoreMm 3.2 Let T = [t;;] € C"*" be a Toeplitz matrix with ty1 =t, n > 2. Then

n

s cm=(Jam|U| U @@ U(U fzizm),
i=1 t,i%ffl ieER

where T =T — 1, Qi (T), ﬁij(T) are defined as (4), and

= @) e =7+ /(1)) = T%(Tz)}

From Theorems 1.4, 2.7, 3.1 and 3.2, and the fact that for a Toeplitz matrix 7', ['(T) =
(T, K(T) = K(TT), Q(T) = Q(TT), we have the comparison results as follows.

—
[N
—

Eziz(T)z{zeC: z—

CoroLLARY 3.3 Let T = [t;;] € C"*" be a Toeplitz matrix with t;y =t, n > 2. Then
QX(T) € Q'(T) € Q(T) € K(T) < T(D).

Example 3.4 Consider the following Toeplitz matrix 7' (the matrix Q in [9])
6 1 -1 -2

0 6 1 -1
T=1_10 6 1
4 -1 0 6

In Figure 5, the sets Q(7T'), K(T), and ['(T") are shown, where I'(T') is represented by
the outside boundary, KC(7T') by the inner and Q2 (7') is filled. The sets QUT) and Q*(T) are
shown in Figures 6 and 7, respectively. The exact eigenvalues are plotted with asterisks. As
we can see,

QA(T) c QUT) c QT) c K(T) Cc I(T).

This example shows that the two new eigenvalue inclusion regions in Theorems 3.1 and 3.2
are smaller than the set obtained in [9], the GerSgorin set and the Brauer set for a Toeplitz
matrix.

Example 3.5 Consider the following Toeplitz matrices

2 i i 0 --- 0 0 —i
—2i 2 i i .0 0 O
0O —2i 2 i .0 0 0
T = : P . : e C"
0 0O 0 O 2 i i
0O 0 O -2 2 i
! o o0 o0 --- 0 =2i 2 |




Downloaded by [Y unnan University], [chaogian |i] at 19:58 12 March 2013

Linear and Multilinear Algebra 11

Figure 5. Q(T) € K(T) < I'(T).

Figure 6. Q(T).

where n > 5. From Theorem 3.2 (Theorem 3.1), we get that QX(T) (QU(T)) is constant
as n grows. Note that o(T") changes when n changes. However, QX(T) (QY(T)) always
contains all eigenvalues of 7. This is shown by Figure 8 for the cases n = 20, 50, 200.
Hence, the new regions Q!(7T) and Q?(T) capture effectively all eigenvalues of Toeplitz
matrices with a higher order.
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Figure 8. Q%(T) for n =20, 50, 200.
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