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Abstract—Singular value decomposition (SVD) is a key step in
many algorithms in statistics, machine learning and numerical
linear algebra. While classical singular value decomposition
has been made efficient in terms of computational complexity,
classical algorithms are not able to fully utilise modern com-
puting environments. The goal of this work is to survey various
implementations and applications of randomized algorithms for
SVD. Algorithms are compared in terms of accuracy and time
of execution. On example of robust principal component analysis
(RPCA), it is shown that using randomized algorithms can yield a
significant speedup for image processing and similar applications.
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I. INTRODUCTION

The singular value decomposition (SVD) is a fundamental
matrix factorization used in many different algorithms. Even
though, best known applications are connected to machine
learning [1] [2], the SVD was applied to various disciplines
[3] [4]. With large volumes of data available, applications of
SVD became heavily data oriented. Matrices in question are
often tall and skinny proving to be challenging for classical
decompositions. Just as well, lack of out of core methods
for matrix decompositions means algorithms are limited to
central processing units (CPU). On the other hand, graphical
processing units (GPU) represent novel compute architectures
with limited memory size, high latency but immense arithmetic
capacity [5].

Recently, randomized algorithms were proposed in order
to bridge a gap between modern computer architectures and
classical algorithms in numerical linear algebra. Randomized
algorithms represent a class of algorithms based on random
matrix theory where basic idea is to form an approximate
subspace that captures action of a linear operator. Even though
randomized algorithms are in essence stochastic, one can show
strong upper bounds on variance of error [6].

From an applications perspective, randomized algorithms
prove to be a stable and fast tool for performing scalable
low-rank approximations or accurate and fast truncated SVD
decomposition. This paper will give an overview of imple-
mentation techniques for matrices that fit in the main memory
as well as out-of-core methods where matrices do not fully
fit in memory. Former will be accompanied with analysis of

memory consumption and our implementation that follows one
given in [6].

This paper is organized as follows. In Section II randomized
algorithms are introduced. Section III describes implementa-
tion. Just as well, tests on synthetic matrices are presented. In
Section IV the robust principal component analysis is defined
and results on data matrices coming from a video stream are
discussed.

II. RANDOMIZED ALGORITHMS

Randomized algorithms have been developed by Halko,
Martisson, and Tropp by relying on randomized linear al-
gebra and random matrix theory [6]. They are extremely
stable and probability for large oscillations in solution are
provably minuscule. Basic idea of randomized algorithms is
to approximate the range of linear operator and compute
factorization in the approximate lower dimensional basis. If
approximate range fully captures action of linear operator,
algorithm is exact. Approach is highly connected to low-rank
approximation problem where goal is to approximate input
matrix A with low-rank matrix B [7].

Let A ∈ Cm×n and k ≤ min(m,n), find matrix B such
that

min
rank(B)≤k

‖A−B‖. (1)

The SVD furnishes an optimal answer for the low-rank ap-
proximation problem given by (1). In order to solve low-rank
approximation problem with SVD, one should compute full
SVD and then truncate the result to the first k terms [8].

Randomized algorithms provide a framework for direct
truncation to the first k components without computing the
full factorization. The same can be accomplished with Krylov
methods which are better suited for sparse matrices since they
interact with linear operator A through matrix-vector multi-
plication [9]. These operations are often bandwidth limited
and not able to fully saturate the arithmetic unit. Randomized
methods instead interact with linear operator A through series
of matrix-matrix multiplications that are able to saturate the
arithmetic unit and achieve high performance. Moreover, these
operations are easily parallelizable.

Randomized algorithms solve low-rank approximation prob-
lem by finding an approximate subspace Q such that

min
Q∈Cm×l

‖A−QQ∗A‖. (2)
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Range of A is approximated by randomized projection onto
the lower dimensional subspace Y. Subspace Y is further
orthonormalized to produce a basis Q. If A is a rank-k linear
operator, subspace Y of dimension k will fully capture the
range of A. On the other hand, if rank of linear operator is
greater than k, lower singular values will shift the basis vectors
and span will not capture the best rank-k approximation.
However, projecting to a slightly larger, k + p dimensional
subspace, decreases error super-exponentially with respect to
oversampling parameter p. Complete upper bound is given by
(3).

‖A−QQ∗A‖2 ≤ ‖Σ2‖2 + ‖Σ2Ω2Ω
†
1‖2 (3)

Former part of the error bound (3) is defined by Eckart-
Young theorem [8], and the latter depends on oversampling
parameter p. Matrix Ω1 is a k×k+p Gaussian random matrix.
Fig. 1 demonstrates norm of pseudoinverse with respect to the
change of parameter p. It can be seen that expectation and
variance are greatly reduced [6]. This is the fact that makes
randomized algorithms usable in practice.
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Figure 1. Norm of pseudoinverse k × k + p matrix with respect to the
oversampling parameter p.

Finally, A is restricted to k + p dimensional subspace with
basis QT and the factorization is computed on a matrix
with dimensions k + p × m. Complete step is shown in
Algorithm 1. Complete algorithm computes truncated SVD
in O(mnk).

Algorithm 1 RSVD-Factorization

1: B← Q∗A
2: ÛΣV∗ ← SVD(B)
3: U = QÛ

A. Power method

The error in Algorithm 2 depends on how quickly the singu-
lar values decay. If singular spectrum is slowly decreasing, the
shift of basis vectors will be more pronounced. Power method
is able to mitigate these effects by computing

A(q) = (AA∗)qA = UΣ2q+1V∗ (4)

Power method will attenuate lower singular values, making
the singular spectrum suitable for randomized algorithms.
However, high number of power method iterations will in-
troduce subtle numerical errors due to rounding of lower
singular values. Fortunately, this issue can be remedied by
orthonormalizing the subspace after each iteration of power
method and it is not encountered for q ≤ 4 in double precision.
In case lower precision is needed to reduce transfer costs or
running time, mixed precision approach could be beneficial.

III. IMPLEMENTATION

General implementation given in this paper assumes that
matrices fit in the main memory of either GPU or CPU.
Finding a range of matrix A is given in Algorithm 2.

Algorithm 2 RSVD-Range finder

1: G ∼ N (0, 1)n×k+p

2: Y ← 0m×k+p

3: for i← 1, q do
4: Y ← AG
5: G← A∗Y
6: end for
7: Y ← AG
8: Q, _ = QR(Y,inplace)

Computational complexity of randomized range finder is
O(mnk). More importantly, memory footprint of the algo-
rithm are matrices Y and Q, where only Y is a temporary
matrix that is not needed in the factorization step. Second step
is shown in Algorithm 1. Memory footprint of this algorithm
are resulting matrices from the SVD. Matrix G in Algorithm
2 can be reclaimed as matrix B, and memory for matrix Y can
be used for storing resulting U.

A. Execution time and accuracy

Randomized algorithms for SVD with and without reg-
ularization of power method are compared with Lanczos
SVD which are mathematically similar to the randomized
algorithms. Accuracy and time of execution are given on
Fig. 2, 3, 4. Execution time rises with rank k and accuracy
decreases. Input matrices in all tests were random Gaussian
matrices with dimensions 3072×512. Experiments are ran on
Intel Xeon Gold 5220S CPU. For every experiment involving
randomized algorithms, p = 10 will be used.

Several effects can be noticed from the measurements:
1) regularization is shown to be costly without noticeable

accuracy benefits,
2) RSVD without regularization is as fast as full SVD,
3) Lanczos methods are slow but very accurate.
First point is easily explained with the fact that regulariza-

tion computes QR decomposition 2q+1 times instead of one
time. Since the factorization is done in double precision, loss
of precision does not justify increase in time of execution. The
fact that RSVD without regularization is as fast as full SVD is
just a proof that majority of time is spent in algorithm 1. For
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Figure 2. Randomized SVD without regularization of power method.
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Figure 3. Randomized SVD with regularization of power method.

matrices that are tall and skinny, such as 10240×512, majority
of time is spent in QR decomposition since Householder QR
does not scale well. This could be fixed by using Tall Skinny
QR (TSQR) algorithm instead of Householder QR for matrices
where TSQR is better suited [10].

TABLE I. TIME DISTRIBUTION FOR RSVD WITHOUT REGULARIZA-
TION AND MATRICES WITH DIMENSIONS 10240× 512.

q=0 q=1 q=2

GEMM 9.13 % 18.95 % 29.23 %
QR 65.58 % 49.54 % 49.94 %
SVD 25.14 % 31.51 % 20.83 %

Finally, as it was noted, Lanczos methods belong to the
class of Krylov methods which interact with input matrix
via series of matrix-vector operations. These operations are
comparatively slow but on the other hand, these methods are
much more precise than randomized algorithms.

B. Out of core implementation

Out-of-core is a divide and conquer technique for processing
matrices that are bigger than the main memory. This approach
was proposed in the context of GPU accelerated implemen-
tation [11]. Main advantage of this method is that at any
given time, main memory stores just the fraction of original
input matrix. Furthermore, as can be seen on (5), randomized
projection holds no data dependencies and each block can
compute resulting Yi without communication.
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Figure 4. Lanczos method for SVD.

Y1

Y2

Y3

 =

A1

A2

A3

 ·G (5)

Block decomposition for power method shown with (6)
is fairly similar to the scheme (5) for randomized sampling
with one caveat. In order to compute G ← A∗Y, extensive
communication is needed since i-th processing unit is holding
Gi and sum reduction is needed.Y1

Y2

Y3

 =

A1

A2

A3

 · [AT
1 AT

2 AT
3

] Y1

Y2

Y3

 . (6)

Algorithm is well-suited for execution with multiple nodes
or multiple GPUs. However, some care should be taken in
order to efficiently compute sum reduction for power method.

IV. NUMERICAL EXPERIMENTS

The most popular application of randomized SVD is the
robust principal components analysis (RPCA). Main reason for
that fact is that it is possible to predict ranks and accurately
truncate computation of SVD. When time of execution is
compared to the classical SVD, significant speedup can be
observed.

A. RPCA

Robust principal component analysis is a statistical method
for decomposing data matrix M on a sum of low-rank matrix
L and sparse matrix S [12]. Method finds a solution to the
convex optimization problem

min
L,S

‖L‖∗ + λ‖S‖1

subject to L + S = M (7)

where ‖·‖∗ and and ‖·‖1 denote the nuclear norm and `1 norm
of a matrix. Problem can be solved with various solvers, in
continuation Inexact Augmented Lagrange Multiplier (IALM)
is used. IALM is a fast and stable method that first computes
optimal L with an assumption of constant S and then vice
versa [13] [12]. Solving RPCA with IALM is well suited
for randomized SVD since it is observed that rank of L is
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monotonically rising with each iteration making it easy to
predict rank and accurately truncate SVD.

One of canonical applications for RPCA is the removal of
static background in surveillance videos [13]. Static back-
ground is a low rank matrix L and dynamic content in a
scene is sparse matrix S. Data matrix is assembled by vertical
stacking of flattened 1280×720 frames. Implementation using
randomized SVD showed significant speedup on large data
matrices where SVD truncation is able to cut down execution
of SVD. Running time for randomized and classical SVD is
shown in table II.
TABLE II. RPCA RUNNING TIME WITH RESPECT TO THE SVD
ALGORITHM

Matrix size 921600× 141 921600× 211 921600× 281

RSVD 227 s 323 s 431 s
SVD 560 s 876 s 1206 s

Removal of static background is demonstrated on Fig. 5
from VIRAT dataset [14]. On Fig. 6 and 7 low-rank static
background and dynamic sparse content is shown.
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Figure 5. Original frame from VIRAT database.
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Figure 6. Low-rank matrix L.

V. FUTURE WORK

Future work includes optimizing the QR factorization with
call to TSQR factorization and robust GPU out-of-core imple-
mentation. We would also be interested in a fast preprocessing
step that could predict optimal parameter q depending on the
singular spectrum and matrix dimensions.
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Figure 7. Sparse matrix S.
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