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1 Introduction

Let G = (V,E) be a graph with vertex set V(G) = {v1,...,v,} and edge set E(G). Let
N ={1,...,n}, for i € N. We assume that d; is the degree of vertex v;. Let D(G) =
diag(di, dy, ..., d,) be the degree diagonal matrix of the graph G and A(G) = (a;) be the ad-
jacency matrix of the graph G. Then the matrix Q(G) = D(G) + A(G) is called the signless
Laplacian matrix of the graph G. The largest modulus of eigenvalues of Q(G) is denoted
by p(G), which is also called the signless Laplacian spectral radius of G.

Let 8 = (V,E) be a digraph with vertex set V(_G)) ={v,...,v,} and arc set E(_G>). Let
d; be the out-degree of vertex v;, D(_G>) = diag(d{,d;,...,d;) be the out-degree diagonal
matrix of the digraph _G), andA(E) = (a;j) be the adjacency matrix of the digraph _G) Then
the matrix Q(E‘)) = D(_G)) +A(_G>) is called the signless Laplacian matrix of the digraph _G)
The largest modulus of eigenvalues of Q(_G)) is denoted by p(g), which is also called the
signless Laplacian spectral radius of G.

In recent decades, there are many bounds on the signless Laplacian spectral radius of a

graph (digraph) [1-3]. Let m; = Z"d;i"d" be the average degree of the neighbours of v; in G

St —
% be the average out-degree of the out-neighbours of v; in G . In this paper,

we assume that the graph (digraph) is simple and connected (strong connected).
In 2013, Maden, Das, and Cevik [4] obtained the following bounds for the signless Lapla-

i~
and m} = =

cian spectral radius of a graph:

1)

p(G) < max

i~j

{dj+2dj—1+\/(dl'—Zdj+1)2+4di}
) .
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In 2016, Xi and Wang [5] obtained the following bounds for the signless Laplacian spec-
tral radius of a digraph:
N di*+2d].*—1+\/(dj ~2d} +1)* + 4d;
p(G)§max{ 5 } (2)
i~j

In this paper, we improve the bounds for the signless Laplacian spectral radius of a graph
(digraph) that are given in (1) and (2).

2 Main result
In this section, some upper and lower bounds for the spectral radius of a nonnegative
irreducible matrix are given. We need the following lemma.

Lemma 2.1 ([6]) Let A be a nonnegative matrix with the spectral radius p(A) and the
TOW SUM T1,Ty,...,Ty. Then minj<;<, r;i < p(A) < maxj<;<y, r;. Moreover, if the matrix A is
irreducible, then the equalities hold if and only if

r=ry=---=1y.
Theorem 2.1 Let A = (a;) be an irreducible and nonnegative matrix with a; = 0 for all

i € N and the row sum ri,ry,...,ry. Let B=A + M, where M = diag(ty, t,...,t,) witht; > 0
foranyieN,s; = Z;’Zl atj, Sij = s; — a;irj. Let p(B) be the spectral radius of B and let

ti+t+ L \/(t—t+ T+ 2%y

f(l’}) = 2 ’
foranyi,je N. Then
< o(B) < .
min lrglg{f(z Jhag 70} < p(B) < max min {f(i.)),a; #0} 3)
J# j#i

Moreover, either of the equalities in (3) holds if and only if t; + i—i =ti+ i—j for any distinct
i,jeN.

Proof Let R = diag(ry,7,...,ry,). Since the matrix A is nonnegative irreducible, the matrix
R7'BR is also nonnegative and irreducible. By the famous Perron-Frobenius theorem [6],
there is a positive eigenvector x = (x,%5,...,%,) corresponding to the spectral radius of
R™'BR.

Upper bounds: Let x,, > 0 be an arbitrary component of x, x, = max{x,1 < k < n}. Ob-
viously, p # g, apq # 0. By R'BRx = p(B)x, we have

ApkT Xk XgS
ApkTkXk aSp
p(B)x, = tyx, + Z Sty + — Zapkrk < tpxp + o (4)
k=1,ksp "p o 4
Similarly, we have
L AT, Sy — gyl ag,t
kVkXk -
p(B)xg = tyxg + Z = < (tq y 1P p)xq + £ pxp. (5)
kelksg 4 Tq Tq
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By (4), (5), and p(B) —t, > 0, p(B) — t; > 0, we have

(,O(B) - tp) (,O(B) —ty- Sq _r“qprp) < Spﬂqp'
q

Tq

Therefore,

Sqp _ ¢ _Sapy2, Ypagp
tP+tq+rq +\/(tp ty rq)+

Tq
2

p(B) <

This must be true for every p # q. Then

Sgj Sgj 4sjagi
b+t +ﬂ+\/t'—t -2y L2
p(B) < min ] 7" rg (/ q rq) Tq
T 2

This must be true for any g € N. Then

0(B) < max min
1<i<n j#i

2

{t+t+ \/(t—t+ )+%

(6)

,alﬁzo}. ®)

Lower bounds: Let x, > 0 be an arbitrary component of x, x, = min{x,1 < k < n}. Ob-

viously, p # g, ap, # 0. By R'BRx = p(B)x, we have

Apk Tk Xk

n
p(B)x, = tyx, + Z
k=Lk#p ¥ P =1

Similarly, we have

n
X X,8
q 45p
> Xy + - E ApkTk = bpXy + ——. 9)

Tp

Agk VX Sg — Agpl’
AqkTkXk q = %gpTp
P(B)xg = tyx, + E > (tq + " )xq +
q

Y,
k=Lk#q q

By (9), (10), and p(B) — ¢, > 0, p(B) — t; > 0, we have

(p(B) )(p(B)—tq Sq—%ﬂﬁ) > Sp“qp.
Tq Tq

Therefore,

4.
tp + tq r \/(tp _ tq qu )2 Sp“qp

p(B) > 5

This must be true for every p # q. Then

Sgj Sgj 4sjag;
L+t +ﬂ+\/t-—t ) L
p(B)>max ] 1" rq (1 q rq) rq
] 2

This must be true for all g € N. Then

Agpl
PLx,. (10)
Tq

(11)

12)

©0(B) > min max
1<i<n j#i

2

tivtj+ L +\/(ti—q+%)2+4s+7”
{ ,dij?'o} (14)
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From (4), (5), and x, > 0 as an arbitrary component of x, we get x; = x, = x, for all k.
Then we see easily that the right equality holds in (8) for ¢; + Sr—i =t+ Sr—j for any distinct
i,j € N. The proof of the left equality in (3) is similar to the proof of the right equality, and
we omit it here.

Thus, we complete the proof. d

3 Signless Laplacian spectral radius of a graph
In this section, we will apply Theorem 2.1 to obtain some new results on the signless Lapla-
cian spectral radius p(G) of a graph.

Theorem 3.1 Let G = (V,E) be a simple connected graph on n vertices. Then

{di+2d]‘—1+\/(di—2dj+1)2+4'dl‘}

min max
1<i<n i~j 2
d; +2d; — 1+ \/(d; — 2d; + 1)* + 4d;
< p(G) < max min{ d ! \/( d j+1) d } (15)
1<i<n i~j 2

Moreover, one of the equalities in (15) holds if and only if G is a regular graph.

Proof We apply Theorem 2.1 to Q(G). Let t; = 0 for any i € N. Then f(i,j) =
) - 9. 2 .
di+2d; 1+W . Thus (15) holds.

And the equality holds in (15) for regular graphs if and only if G is a regular graph. [

Remark 3.1 Obviously, we have

) {d,-+2dj—1+\/(di—2d,-+1)2+4di}
max min
1<i<n i~j 2
§max{di+2dj_1+‘/(L:_Zdj+l)2+4di}.
i~j

That is to say, our upper bound in Theorem 3.1 is always better than the upper bound (1)
in [4].

Theorem 3.2 Let G = (V, E) be a simple connected graph on n vertices. Then

p(G) > lmin max{ dl‘ + d]‘ + mj— d,’/dj + \/(6211 - dj —m; + dl/d]) + 4di } (16)
<i<n i~j
and
p(G) < lrnax mm{ dl' + d] + mj — dj/dj + \/((;, - d] — mi; + dl/d]) + 4d,’ } (17)
<i<mn i~j

Moreover, one of the equalities in (16), (17) holds if and only if G is a regular graph or a
bipartite semi-regular graph.

Proof We apply Theorem 2.1 to Q(G). Let t; = d;, s; = Z;‘zl ayry = dim; forany 1 <i <n.

Then f(i, ) = 240G MmGmm B o (16), (17) hold.
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And the equality holds if and only if G is a regular graph or a bipartite semi-regular
graph. g

4 Signless Laplacian spectral radius of a digraph
In this section, we will apply Theorem 2.1 to obtain some new results on the signless Lapla-

ﬁ
cian spectral radius p( G) of a digraph.

—
Theorem 4.1 Let G = (V,E) be a strong connected digraph on n vertices. Then

min max
1<i<n i~j

{d;+2dj+_1+\/(d;—zd;+1)2+4d;}
2

{di*+2d].+—1+\/(d;—zdj*+1)2+4d;}

5 (18)

% .
< p(G) < max min
1<i<n i~j

Moreover, one of the equalities in (18) holds if and only if 8 is a regular digraph.

9
Proof We apply Theorem 2.1 to Q(G). Let t; = 0 for any 1 < i < n. Then f(i,)) =

dt +2d;r -1+ /(df 72(,11;r +1)2+4d}
5 . Then the inequality (18) holds.

—>
And the equality holds in (18) if and only if G is a regular digraph. O

Remark 4.1 Obviously, we have

d +2d7 —1+ \/(d; ~2d} + 1) + 4d]
max min
1<i<n i~j { 2 }
dy +2df —1+ \/(d; ~2d; + 1) + 4d]
< max .
i~j { 2 }

That is to say, our upper bound in Theorem 4.1 is always better than the upper bound (2)
in [5].

—
Theorem 4.2 Let G = (V,E) be a strong connected digraph on n vertices. Then

N dlf+dj++m]f'—d;/dj++\/(d;'—d;—m}'+d;'/d;)+4dj
p(G)= lrgigr?glx{ 5 } 19)
and
N d;+d;+m;—d;/d;+\/(dj—d;—m;+di*/d/*)+4di*
0(G) < max min . (20)
1<i<n i~j 2

Moreover, one of the equalities in (19), (20) holds if and only lfg is a regular digraph or a
bipartite semi-regular digraph.
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—
Proof We apply Theorem 2.1to Q(G). Let¢; =d},s; = 27:1 ayrj=dim] foranyl <i<n.

df vdjvm} ~df1d}+ [(df ~d -m] +df 1df)vad]
5 . Thus (19), (20) hold.

Then f(i,j) =

—
One sees easily that the equality holds if and only if G is a regular digraph or a bipartite
semi-regular digraph. O

5 Conclusion

In this paper, we give some new sharp upper and lower bounds for the spectral radius of a
nonnegative irreducible matrix. Using these bounds, we obtain some new and improved
bounds for the signless Laplacian spectral radius of a graph or a digraph which are better
than the bounds in [4, 5].
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