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1. Introduction

Let A be an n X n nonnegative matrix. The spectral radius (alias Perron root) of A,
denoted by p(A), is the largest modulus of eigenvalues of A. See [2,8,13,16,18,21,22] for
some known properties of the spectral radius of nonnegative matrices.

In this paper, we also consider the spectral radius of some nonnegative matrices as-
sociated with a graph. Let G be a simple undirected graph with vertex set V(G) =
{v1,...,v,} and edge set E(G).

The adjacency matrix of G is the n x n matrix A(G) = (a;;), where a;; = 1 if
v;v; € E(G) and 0 otherwise [5]. For 1 < i < n, let d; be the degree of vertex v;
in G. Let Deg(G) be the degree diagonal matrix diag(dy, ..., d,). The signless Laplacian
matrix of G is the n x n matrix Q(G) = Deg(G) + A(G) [7]. The spectral radius of the
adjacency matrix has been studied extensively (see, e.g., [6,8,12,15,19]), and the spectral
radius of the signless Laplacian matrix has also received much attention (see, e.g., [8,11,
20,23)).

Suppose that G is connected. The distance matrix of G is the n X n matrix
D(G) = (di;), where d;; is the distance between vertices v; and vj, i.e., the number
of edges of a shortest path connecting them, in G [9,14]. For 1 < ¢ < n, the transmis-
sion D; of vertex v; in G is the sum of distances between v; and (other) vertices of G.
Let Tr(G) be the transmission diagonal matrix diag(Ds, ..., D,). The distance signless
Laplacian matrix of G is the n x n matrix Q(G) = Tr(G) + D(G) [1]. The reciprocal dis-
tance matrix (alias Harary matrix) of G is the n xn matrix R(G) = (r;;), where r;; = %
for i # j, and ry; = 0 for 1 < i < n [14]. Some results have been obtained for the spectral
radius of these distance-based matrices of a connected graph (see, e.g., [8,24]).

Let A = (a;;) be an n x n nonnegative matrix. For 1 < i < n, the i-th row sum of A
is 7;(A) = >°7_, a;j. Duan and Zhou [8] found upper and lower bounds for the spectral
radius of a nonnegative matrix using its row sums, and characterized the equality cases
if the matrix is irreducible. They also applied those bounds to the nonnegative matrices
associated with a graph as mentioned above.

For 1 < ¢ < n and an n X n nonnegative matrix A = (a;;) with r;(A) > 0, the
i-th average 2-row sum of A is defined as m;(4) = W. For a graph G on n

ZuivjEE(G’) dj
d;

vertices with d; > 0, m;(A(G)) =
of vertex v; in G [3,17]. Huang and Weng [10] gave an upper bound for the spectral

, which is known as the average 2-degree

radius of the adjacency matrix of a connected graph with at least two vertices using its
average 2-degrees (cf. Chen et al. [4]).

In this paper, we give sharp upper and lower bounds for the spectral radius of a
nonnegative matrix with all row sums positive using the average 2-row sums, and char-
acterize the equality cases if the matrix is irreducible. Then we compare these bounds
with those using the row sums presented in [8] by examples. We also apply these results
to various matrices associated with a graph as mentioned above. Some known results are
generalized and improved.
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2. Bounds for the spectral radius of nonnegative matrices

The following lemma, is well known.
Lemma 2.1. (See [18, p. 24].) If A is an n X n nonnegative matriz, then

i ; < < i .
Jin ri(A) < p(4) < max ri(A)

Moreover, if A is irreducible, then either equality holds if and only if r1(A) = -+ = r,(A).

Let A = (a;5) be an n X n nonnegative matrix with all row sums positive. Let U =

diag(r1(A),...,m(A)) and B = (b;) = U~YAU. Obviously, b; = “42E for 1 <
i,j <n. Thus r;(B) = >} _, b, = W =m;(A) for 1 <i < n. By Lemma 2.1,

we have the following lemma.

Lemma 2.2. (See [18, pp. 27-28].) Let A be an n X n nonnegative matriz with all row
sums positive. Then

i ; < < i .
min mi(A) < p(4) < max mi(A)

Moreover, if A is irreducible, then either equality holds if and only if mi(A) = ---
= my(4).

Theorem 2.1. Let A = (a;;) be an n X n nonnegative matriz with all row sums positive
and with average 2-row sums my = --- = my. Let M be the largest diagonal element,
and N the largest off-diagonal element of A. Suppose that N > 0. Let b = max{ T”(ﬁg
1<i4,j<n}. For1 <l<n, let

my+ M — Nb+ \/(ml — M + Nb)? +4NbZé;i(mi —my)
1= 5 .
Then p(A) < ¢ for 1 <1< n. Moreover, if A is irreducible, then p(A) = ¢; for some |
I, A

with 1 <1< nif and only if my = -+ = my,, or for some t with 2 <t <[, A satisfies
the following conditions:

(i) ai; =M for1 <i<t—1,
(n)azkaand:’;((j)fbforl i<n, 1<k<t—1and k #1,
(#ii) my =+ = my,.

Proof. Let r; = r;(A) for 1 < i < n. Since m; > ay; for 1 < i < n, we have m; > M.
If I =1, then ¢; = ml+M*Nb+2‘m17M+Nb| = m, and thus the result follows immedi-

ately from Lemma 2.2.
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Suppose in the following that 2 <1 < n.

Let U = diag(ri21,...,7-1%1-1,71,...,Tn), Where x; > 1 is a variable to be deter-
mined later for 1 < i <[ — 1. Let B = U'AU. Obviously, A and B have the same
eigenvalues

For 1 <i<1l—1,since a;; < M, and a;; < N, ’;—’“ < b for k #£ i, we have

n ,r/
(zam—mzamr—j)
=
1 Tk " Tk
— | @iz — 1 ik — (@ — 1 ik
Y (YRR DT IS Sy

ri(B)

2 K2

1<k<I—1 k=1
i
1
<—<M(mi—1)+Nb E (mk—l)—i-mi)
Li 1<k<i—1
ki

with equality if and only if (a) and (b) hold: (a) z; = 1 or ay; = M, (b) zx = 1, or
aikzNandr—’“:b where 1 <k <I!—1and k # 1.
For | <i < n, since m; < my, and a;; < N, :—’f <bforl1 <k<Il—1, we have

I
-

z(B) = azk_zk +Zaﬂ¢k

N a
Il
L

Il
M

azk_ x — 1) +Zazk—

~
Il
==

Tk
aig—(zr — 1) +m;
Ty

=
—

-1
< NbZ(xk 1) +my
k=1

with equality if and only if (c) and (d) hold: (¢) #x = 1, or a;x = N and 7= = b, where
1<k<l—1,(d) m; =my. '

From the definition of ¢; with 1 <1 < n, we have ¢7 — (m;+M —Nb)¢;+my (M —Nb) —
szk I(m;.C —my) = 0, ie, szk 1(m;C —m) = (¢ — m)(¢ — M + Nb).
Note that Nb > 0. If S07Y (my, — my) > 0, then ¢ > MM NbHmiZMEND

"”+M_Nb_2(ml_M+Nb) = M — Nb, and if m; = --- = my, then since m; > M, we have
& = m1+M7Nb+\m17M+Nb| S m1+Mbe7(m17M+Nb) — M—Nb. Thus ¢,— M+Nb > 0.
For1<i<l— 1 let x;, =1+ m ObV10usly, z; 2> 1and

— Nb
Nb S (a—1) = ¢sz }\yfm D -
=1
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Thus, for 1 <i <1 -1,

ri(B) x(Nbszl (M — Nb)(z 1)+mz>

(¢l my) + (M — Nb) - 2258 +m;

m;—m
1+ ¢1,7M+JZVb

= ¢,
and for [ <7 < n,
-1
ri(B) S NbY (ar — 1) +my = (¢ — mu) +my = ¢,
k=1

By Lemma 2.1, p(A) = p(B) < maxigi<n 7i(B) < ¢
Suppose that A is irreducible. Then B is also irreducible.
Suppose that p(A) = ¢; for some [ with 2 < I < n. Then p(B) = maxicicn 7i(B) = ¢1.

By Lemma 2.1, r1(B) = - -+ = r,(B) = ¢y, and thus from the above arguments, (a) and
(b) hold for 1 < i<l — 17 and (c) and (d) hold for I < ¢ < n. If my = my, then we have
from (d) that m; = --- = m,,. Suppose that m1 > m,;. Let t be the smallest integer such

that m; = m;, where 2 <t <I[. For 1 <i <t — 1, since m; > my;, we have x; > 1. Now
(i) and ( i) follow from (a), (b) for 1 <i < l— 1 and (c) for I < ¢ < n. From (d), we have
my=---=1my = = my,, and thus (iii) holds.
Conversely, if my =--- = my, then ¢; = m; and by Lemma 2.2, p(A) = my, and thus
p(A) = ¢;. If (1)—(iii) hold for some ! and ¢ With 2 <t <1< n,then (a) and (b) hold for
i <1—1, and (c) and (d) hold for I < i < n, 1mply1ng that r;(B) = ¢; for 1 < i < n,
and thus by Lemma 2.1, p(A) = p(B) = (Z)l. O

Let I, and J,, be the n x n identity matrix and the n x n all-one matrix, respectively.
Under the notatlons and conditions of Theorem 2.1, for 1 < ¢ < n, since a; < M,

and a;; < N, :jé < b for j # i, we have

n

Zmz_Z(a” Z aij j)éZ(MJrNb(n1))—n(an+MNb)

i=1 1<j<n i=1
J#£i
with equality if and only if a;; = M for 1 < ¢ < n,and a;; = N, 7(A) =bfor1<i,j<
and i # j, or equivalently, A = M1, + (N M) J,, 1mply1ng that ¢1 = - = dn. f

A# MI,+ (N —M)J,, then >_1 , m; < n(Nbn+ M — Nb).

Proposition 2.1. Under the notations and conditions of Theorem 2.1 with A #+ MI, +
(N — M)J,, let
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k
l:min{k: Zmi < k(Nbk+ M — Nb), 1< kén}.

i=1

Then min{¢;: 1< i< n}=¢.

Proof. Note that m; > M. We have 2 <

[ <n.
From the expression of ¢ with 1 <k < n

, we have ¢ > ¢p41 if and only if

k—1
(mi — mis1) | (mp — M + Nb)2 +ANb >~ (m; — my)
=1

> (mk — mk+1)(2ka + M — Nb— mk).

Note that

k—1
(mk — M + Nb)2+4Nb Y (m; —my) > 2Nbk + M — Nb — my,

=1

if and only if Y- | m; > k(Nbk+ M — Nb). Thus, if S5 m; > k(Nbk+ M — Nb), then
Ok = brr1, and if 0 m; < k(Nbk + M — Nb), then ¢p, < ¢pp1-

For 1 < k <[ —1, by the choice of I, we have 3% m; > k(Nbk + M — Nb), and thus
¢1 = - = ¢. For l < k < n, we are to show that Zle m; < k(Nbk+M — Nb) by induc-
tion on k. The case k = [ has been done from the choice of [. Suppose that Zle m; <
k(Nbk + M — Nb) for some k with | < k < n — 1. Then my < Nbk + M — Nb, which,
together with the fact that mgy1 < myg, implies that Zf;l m; < k(Nbk + M — Nb) +
(Nbk + M — Nb) < (k + 1)(Nb(k + 1) + M — Nb). Thus 3> m; < k(Nbk + M — Nb)
for I < k < n, and then ¢; < -+ < ¢y,. Thus min{¢;: 1 <i<n}=¢;. O

Under the notations and conditions of Theorem 2.1, if A is symmetric, then conditions
(i)—(iii) hold if and only if conditions (i’) and (ii’) hold:

(i) a11 = M and the off-diagonal elements of A in the first row and column are equal

to N,
(ii") ro(A) = -+ =r,(A).
This is because if ¢ = 2, then since (i’) and (ii’) imply that ms = --- = m,,, conditions
(i)—(iii) are equivalent to conditions (i) and (ii’), and if ¢ > 3, then since (i) and (ii)
imply that r1(A)=---=r_1(A) =M+ N(n—-1)and b= % =1, we have r(A) =

.-+ =rp(A), and thus conditions (i)—(iii) are equivalent to A = M I,, + (N —M)J,,, which
also satisfies conditions (') and (ii’).
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In [8], the following upper bound for the spectral radius was given.

Theorem 2.2. (See [8].) Let A be an n X n nonnegative matriz with row sums ry > -
> ryp. Let M be the largest diagonal element, and N the largest off-diagonal element
of A. Suppose that N > 0. For 1 <1< n, let

ri+ M = N/ = M+ N)? 44N S (s — 1)

P = .
Then p(A) < &y for 1 <1< n.
Consider
01 1 1
1 2 2
A = 0

1 2 0 2
1 2 2 0

In notations of Theorem 2.1, my = 5, mo = mg = my = %, M=0, N=2and b= %,
implying that ¢1 = 5, ¢2 = ¢3 = ¢4 = 4.7647, and thus p(A4;) < 4.7647. Obviously,
Aj is permutation similar to

A =

_= NN O
=N O N
— O NN
O = = =

and thus p(A;) = p(A4)). In notations of Theorem 2.2, for A}, we have r; = ro = r3 =5,
ry =3, M =0 and N = 2, implying that ¢; = &3 = &3 = 5, &, = 4.7720, and thus
p(A1) < 4.7720. The upper bound in Theorem 2.1 is smaller than that in Theorem 2.2
for A;.

Now consider

Ay =

= o O O
= o O O
= o O O
O = = =

In notations of Theorem 2.1, my =mg =m3 =3, my =1, M =0, N =1and b = 3,
implying that ¢1 = ¢2 = ¢35 = 3, ¢4 = 3.6904, and thus p(Az) < 3. Obviously, Ay is

permutation similar to

o O O =
S O O
S O O
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and thus p(A4s) = p(A4%). In notations of Theorem 2.2, for A}, we have r| = 3, ry =
rg =14 =1, M = 0 and N = 1, implying that & = 3, &3 = 1.7321, &3 = 2.2361,
&4 = 2.6458, and thus p(As) < 1.732. The upper bound in Theorem 2.1 is greater than
that in Theorem 2.2 for As.

Theorem 2.3. Let A = (a;;) be an n X n nonnegative matriz with all row sums positive
and with average 2-row sums mi = --- = my. Let S be the smallest diagonal element,
and T the smallest off-diagonal element of A. Let ¢ = min{ T’fﬁ;: 1<4,j<n}. Let

T4

my + S — TC + \/(mn - S + TC)2 + 4TCZ?;ll(mi - mn)
5 .

n =

Then p(A) = 1,. Moreover, if A is irreducible, then p(A) = v, if and only if my = ---
=my, or T >0 and for some t with 2 <t < n, A satisfies the following conditions:

(i) aj; =S for 1 <i<t—1,
(ii) aik:Tand:’?((ﬁ))chorléién,1<k<t—1 and k # 1,
(iii) my=--- = my,.

Proof. Let r; = r;(A) for 1 <i < n. Note that m,, > an, = S.
If T =0, then ¢,, = m,, and thus the result follows immediately from Lemma 2.2.
Suppose in the following that T > 0.
Let U = diag(riz1,...,"n—1Zn—-1,"n), where z; > 1 is a variable to be determined
later for 1 <i < n—1. Let B = U~'AU. Obviously, A and B have the same eigenvalues.
For1<i<n-—1,since a;; = S, and a; > T, 77,—’: > c for k # i, we have

1 Tk - L
1
i 1<k<n—1

ki

with equality if and only if (a) and (b) hold: (a) x; =1 ora; =S, (b) xp =1, 0ora; =T
and%‘:c,wherelgkén—landk;&i.

Similarly,
n—1 r n r n—1
k k
rn(B) = g ankr—(xk—l)+ E Ank— >Tc E (xx — 1) +my,
k=1 " k=1 " k=1

with equality if and only if (c) holds: (c) zx = 1, or apy = T and ;& = ¢, where
1<k<n—1.
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From the definition of v, we have T'c Zz;ll (mg—my) = (Y, —my) (Y, —S+Tc). Note
that T¢ > 0 and m,, > S. If szll (mg —my) > 0, then 1, > m”+S_TC+2‘m"_S+TC| >

MntS-Te— (m"_S+TC =S —Te, and ifm, =---=my, then ¢, =m,, > 9 >85 —Te.
Thus ¢, — S +Tc>0.For 1< -1, letz; =1+ m Obviously, z; > 1 and
c T —1) = =Py — My,

Pt v, —S+Tc

Thus, for 1 <i<n—1,

n—1
B) > ;(Tc Z(xk -4+ (S—Tc)(z; — 1)+ mz>
¢ k=1

_ (o —mn) + (S = Tc) - glz +my
L+ Un 7S+Tc
= 1/}na
and
n—1
rn(B) 2 TCZ('Tk - 1) +mp = (wn - mn) + My = Y.
k=1

By Lemma 2.1, p(A) = p(B) > minigi<n 7i(B) = ¥n.

Suppose that A is irreducible. Then B is also irreducible.

Suppose that p(A) = ,,. Then p(B) = mini ;< 7:(B) = ¢, By Lemma 2.17 r1(B) =

- = rp(B) = ¥y, and thus from the arguments above, (a) and (b) for 1 <i<n—1
and (c) hold. If m; > my,,, then for 1 < i < ¢t — 1 where ¢ is the smallest 1nteger with
m¢ = My, we have m; > m,,, implying that x; > 1, and thus (i)—(iii) follow from (a), (b)
for1<i<n—1and (¢).

Conversely, if m; = --- = m,,, then by Lemma 2 2, p(A) = m,, = v, If (1)—(iii) hold
for some ¢t with 2 < ¢ < n, then (a), (b) for 1 < ¢ < n —1 and (c) hold, implying that
ri(B) = ¢, for 1 <i < n, and thus by Lemma 2.1, p(A) p(B)=1,. O

Under the notations and conditions of Theorem 2.3, if A is symmetric, then conditions
(i)—(iii) hold if and only if conditions (i’) and (ii’) hold:

(") @11 = S and the off-diagonal elements of A in the first row and column are equal
to T,

(ii") ro(A) = =r,(A).

In [8], the following lower bound for the spectral radius was given.
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Theorem 2.4. (See [8].) Let A be an n x n nonnegative matriz with row sums ry > ---
> ryp. Let S be the smallest diagonal element, and T the smallest off-diagonal element
of A. Let

T'n+S_T+ \/(rn _S+T)2 +4TZ?:_11(TZ _TTL)

Then p(A) = @,.

For A; as earlier, in notations of Theorem 2.3, m1 = 5, mg = m3 = my = %, S =0,
T=1and c= %, implying that ¢, = 4.6458, and thus p(A;) > 4.6458. For A/, in
notations of Theorem 2.4, ry =19 =r3 =5,y = 3,5 =0 and T = 1, implying that
¥, = 4.1623, and thus p(A;) > 4.1623. Thus the lower bound in Theorem 2.3 is greater
than that in Theorem 2.4 for Aj.

Now consider

0 19 19 19
Ay — 2 0 2 2
2 2 0 2
4 2 2 0

In notations of Theorem 2.3, we have m; = %, Mo = M3 = %, my = 5.85, 5 = 0,

T = 1.9 and ¢ = 0.7125, implying that ¢4, = 6.2506, and thus p(As) > 6.2506. Obviously,
Aj is permutation similar to

0 2 2 4

2 0 2 2
Al = ,

2 2 0 2

19 19 19 0

and thus p(A43) = p(A%). In notations of Theorem 2.4, for A%, we have ry = 8, 9 = 5 = 6,
ry =57,5=0and T = 1.9, implying that ¥, = 6.3665, and thus p(As) > 6.3665. Thus
the lower bound in Theorem 2.3 is smaller than that in Theorem 2.4 for As.

3. Spectral radius of adjacency and signless Laplacian matrices

Let G be an n-vertex graph without isolated vertices, where V(G) = {vy,...,v,}.
iU dj
For 1 <4 < m, recall that m;(A(G)) = @

: Zviv-EE(G) d;
in G, and note that m;(Q(G)) = d; + e

average 2-degree of vertex v; in G. Let A and § be respectively the maximal and minimal

is the average 2-degree of vertex v;

, which we call the signless Laplacian

degrees of G.
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The following result has been given by Huang and Weng [10] for a connected graph.

Theorem 3.1. Let G be a graph on n wvertices without isolated vertices with average
2-degrees m1 = +-- = my,. Then for 1 <1< n,

D(AG)) < m; — % + \/(mz + %)2—1—4% Ei:(ml _ml)'

Moreover, if G is connected, then equality holds if and only if my = -+ = m,,.

Proof. We apply Theorem 2.1 to A(G). Since M =0, N =1 and b = %, we have the
desired upper bound for p(A(G)). Suppose that G is connected. Then A(G) is irreducible
and symmetric. Thus the upper bound is attained if and only if either m; = -+ = m,,
or (if mq > my, then) A(G) satisfies the following conditions (a) and (b):

(a) the off-diagonal elements of A(G) in the first row and column are equal to 1,

(b) m2(A(G)) = -+ =1 (A(G)).

From (a), we have d; = n — 1, and from (b) and by noting that my; > m,, we have
do =---=d, <n—11If (a) and (b) hold, then for 2 < i < n, m; = m_l)ﬁﬂ =
d; + %:d" > d; = m1, a contradiction. 0O

From Theorem 3.1, we have the following corollary.

Corollary 3.1. Let G be a graph on n vertices without isolated vertices with average
2-degrees m1 = +-- = my,. Then for 1 <1< n,

p(A(@)) < m— %+ \/(mz + %)224— 451 —1)(m1 — ml).

Moreover, if G is connected, then equality holds if and only if my = -+ = m,,.

Setting [ = 2 in the previous corollary, we have the following result, which has been
given by Chen et al. [4] for a connected graph.

Corollary 3.2. Let G be a graph on n wvertices without isolated vertices with average
2-degrees my = - -+ = my,. Then

mg—%+\/(m2—%)2+4m1%
5 :

p(A(G)) <

Moreover, if G is connected, then equality holds if and only if my = -+ = m,,.
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Theorem 3.2. Let G be a graph on n wvertices without isolated vertices with signless
Laplacian average 2-degrees mq = - -+ = my,. Then for 1 <1< n,

mz—&-A—%—&-\/(mz—A—i-%)Q—&-él%Zﬁ;i(mi—mz)

p(Q(G)) < 5
Moreover, if G is connected, then equality holds if and only if m1 = --- =m, ord; =
n—1>de=---=d,.

Proof. We apply Theorem 2.1 to Q(G). Since M = A; N =1 and b = %, we have
the desired upper bound for p(Q(G)). Suppose that G is connected. Then Q(G) is
irreducible and symmetric. Thus the upper bound is attained if and only if either
my =---=my or (if m; > m,, then) Q(G) = (¢;;) satisfies the following conditions (a)

and (b):

(a) ¢11 = A and the off-diagonal elements of Q(G) in the first row and column are equal
to 1,

(b) r2(Q(G)) = -+ =m(Q(G)),
or equivalently, either m; = --- = m,, or (if my > my,, then) dy =n—-1>dy = ---
=d,. O

We give an example showing that the second condition of the equality case in The-
orem 3.2 may occur. Let G be the graph obtained by adding two nonadjacent edges to
the 5-vertex star. Then

4111 1
12100
Q@ =|112 0 0
100 21
100 1 2

By direct computation, p(Q(G)) = 5.5616. In notations of Theorem 3.2, m; = 6, mg =
m3 = mg = ms =5, A =4 and § = 2. Let ¢ be the upper bound for p(Q(G)) in
Theorem 3.2, where 1 <[ < 5. Then ¢; = 6 and ¢ = ¢3 = ¢4 = ¢5 = 5.5616, implying
that p(Q(G)) = g2 = -+ = ¢5.

Let G be a graph such that its line graph Lg has no isolated vertices. By upper
bounds for p(A(L¢g)) using the average 2-degrees of Lg and the fact that p(Q(G)) =
2+ p(A(L¢g)), we may also have upper bounds for p(Q(G)) using the average 2-degrees
of Lg (cf. [4]).
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4. Spectral radius of distance-based matrices

Let G be an n-vertex connected graph, where V(G) = {v1,...,v,}.

For 1 < i < n, m(D(G)) = M, which we call the average 2-transmission of
vertex v; in G, and m;(Q(G)) = D; + M, which we call the signless Laplacian

average 2-transmission of vertex v; in G.
Let D be the diameter, which is the maximal distance between any two vertices, of G.
Let 2 and w be respectively the maximal and minimal transmissions of G.

Theorem 4.1. Let G be a connected graph on n > 2 vertices with average 2-transmissions
my = 2=2my. For 1 <l <n,

my — DL + \/(ml +D2)2 44D S (my — my)
2

p(D(G)) <
with equality if and only if my = --- = m,.

Proof. We apply Theorem 2.1 to D(G). Since M =0, N =D and b = %7 the desired

upper bound for p(D(G)) follows, and it is attained if and only if either m; = --- =m,,
or (if my > my,, then) D(G) satisfies the following conditions (a) and (b):

(a) the off-diagonal elements of D(G) in the first row and column are equal to D,

(b) r2(D(G)) = -+ = ra(D(G)).

Since there is at least an element 1 in each row of D(G), (a) implies that D = 1, and
thus G is the n-vertex complete graph, for which my > m,, is impossible. O

Theorem 4.2. Let G be a connected graph on n > 2 vertices with average 2-transmissions
mi == my,. Then

w w w n—1
— 5+ \ima+ $)? 45 T (mi — m)
2

My
p(D(G)) >
with equality if and only if my =---=my, or Dy =n—1< Dy =---=D,.
Proof. We apply Theorem 2.3 to D(G). Since S = 0, T' = 1 and ¢ = &, we have the
desired lower bound for p(D(G)), which is attained if and only if either m; = --- =m,,

or (if my > my,, then) D(G) satisfies the following conditions (a) and (b):

(a) the off-diagonal elements of D(G) in the first row and column are equal to 1,

(b) 72(D(G)) = -+ = ra(D(G)),
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or equivalently, either my = --- = m,, or (if m;y > my,, then) Dy = n—1 < Dy =
wo=D,. O

Let G be the 4-vertex star. Obviously, D(G) = A; (as earlier in Section 2). By a direct
calculation, p(D(G)) is equal to the lower bound given in Theorem 4.2. This shows that
the second condition of the equality case in Theorem 4.2 may occur.

By similar arguments as for the distance matrix above, we have

Theorem 4.3. Let G be a connected graph on n > 2 wvertices with signless Laplacian
average 2-transmissions my = -+ = my,. Then for 1 <1< n,

m;+ 02— D2 \/(ml — 2+ D22 1 4D2 Y (my —my)

p(Q6)) < 5

with equality if and only if my = -+ = my,.

Theorem 4.4. Let G be a connected graph on n > 2 wvertices with signless Laplacian
average 2-transmissions mi = «-- = my,. Then

n—1

mn+w—%+\/(mn—w+%)2—l—4%2i:1 (m; —my)

p(Q(Q)) = 5

with equality if and only if my = -+ = my,.

Proof. We apply Theorem 2.3 to Q(G). Since S = w, T'= 1 and ¢ = &, we have the
desired lower bound for p(Q(G)), which is attained if and only if either my = --- = m,,

or (if mi > my,, then) Q(G) = (0;;) satisfies the following conditions (a) and (b):

(a) 011 = w and the off-diagonal elements of Q(G) in the first row and column are equal
to 1,
(b) 72(Q(G)) = - = r(Q(G))-

From (a), we have D1 = n — 1, and from (b) and by noting that m; > m,, we have
Dy=---=D, >n—1.1f (a) and (b) hold, then for 2 < i <n, my =n—1+ D, and
mi:Di—l—% =2D; + 2=5"L% ‘and thus my —m; =n—1—D; — L1 =

(n—1-D;)(1 - D%) < 0, a contradiction. O

1
Yigign @ B

3

For 1 < i < n, mi(R(G)) = —2Z5——— where R, = r;(R(G)) = Yi<jen 2

which we call the reciprocal average 2-transmission of vertex v; in G.
Let R=max{R;: 1 <i<n}andr=min{R;: 1<i<n}.
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Theorem 4.5. Let G be a connected graph on n > 2 wvertices with reciprocal average
2-transmissions my = - -+ = my,. For 1 <1l < n,

my— & 4 \/(ml + Y2 g RSN gy — )
P(R(G)) < 5

with equality if and only if my = -+ = m,,.

Proof. We apply Theorem 2.1 to R(G). Since M =0, N =1 and b = %, we have the
desired upper bound for p(R(G)), which is attained if and only if either my = --- = m,,
or (if my > my,, then) R(G) satisfies the following conditions (a) and (b):

(a) the off-diagonal elements of R(G) in the first row and column are equal to 1,
(b) r2(R(G)) = -+ = ru(R(G)).

From (a), we have Ry = n — 1, and from (b) and by noting that m; > m,, we have

Ry =---=R, <n—1.1If (a) and (b) hold, then for 2 < i < n, m; = —("_1)+R5(Ri_1) =
R; + %:Ri > R; = my, a contradiction. 0O
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