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1. Introduction

Let A = (ajj) be an n x n nonnegative matrix. The spectral radius of A, denoted by p(A), is
the largest modulus of the eigenvalues of A. It is well known that p(A) is an eigenvalue of A
(see [1]). The spectral radius of a nonnegative matrix has been studied extensively, see, e.g.
[1-8]. In dynamical systems or graph theory, one would like to compute the spectral radius
of a nonnegative matrix. For example, the topological entropy, one of the main invariants
of a topological dynamical system which tells us how chaotic the system is, can often be
computed as a logarithm of the spectral radius of a certain nonnegative matrix.[9]

Forl < i < n, ri(A) = Z};l ajj is called the ith row sum of A, and M;(A) =
Z?:l ajjrj(A) is called the ith 2-row sum of A. For 1 < i < nwithr;(A) > 0, let m;(A) =
Mi(d) _ Xjm8inA)

D = A which is known as the ith average 2-row sum of A (see [7]), and let
n lM A n n i A
si(A) = 2 1‘1114 e _ 2 IZk laja]krk( ), which we call the ith average 3-row sum of A

(see [8]). Zhang and Li [8] gave sharp upper and lower bounds for the spectral radius of a
nonnegative matrix with positive row sums using maximum and minimum average 3-row
sums, respectively, see Lemma 2.3 below.

In this paper, we also consider the spectral radius of some nonnegative matrices
assoc1ated with a digraph (with no multlple_';lrcs or loops) or a simple graph.

Let G be a digraph with vertex set V(G) = {v1,...,v,}. For v;,v; € V(G), the arc
from v; to v; is denoie)d by (v, ), and v; is called the initial vertex of this arc. Let d:r be the

out-degree of v; in G, i.e. the number of arcs with initial vertex v;. The adjacency matrix

CONTACT Bo Zhou @ zhoubo@scnu.edu.cn
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LINEAR AND MULTILINEAR ALGEBRA 1555

off}) is the n x n matrix A(g) (aij), where a;; = 1 if there is an arc from v; to v; and 0
otherw1se_")1"he signless Laplacian matrix of 8 is the n x n matrix Q(E) D(g) +A(8)
where D( G) is the out-degree diagonal matrix d1ag(d+, ...»d;"). The spectral radius of
the adjacency matrix of a digraph has been studied extensively, see, e.g. [8,10-12]. The
spectral radius of the signless Laplacian matrix of a digraph has been studied in [13].

Let G be a graph with vertex set V(G) = {v1,.. ., vn} If we replace each edge v;v; of G by
two arcs (v;, vj) and (vJ, vi), then we obtain a digraph G. The adjacency matrix and signless
Laplacian matrix of G are called the adjacency matrix and signless Laplacian matrix of G,
respectively. The spectral radii of the adjacency matrix and the signless Laplacian matrix
of a graph have received much attention, see, e.g. [14-17].

In this paper, we give sharp upper and lower bounds for the spectral radius of a
nonnegative matrix with positive row sums using average 3-row sums, and characterize
the equality cases if the matrix is irreducible. We compare those bounds with the existing
bounds using the average 2-row sums by examples, and also apply those bounds to the
adjacency matrix and the signless Laplacian matrix of a digraph or a graph.

2. Bounds for the spectral radius of nonnegative matrices
We first give several lemmas that will be used.

Lemma 2.1 [5]: Let A be an n x n nonnegative matrix. Then

min 7;(A) < p(A) < max r;(A).
1<i<n 1<i<n

Moreover, if A is irreducible, then either equality holds if and only if ri(A) = - - - = r,(A).
For positive integers s and ¢, let 05, be the s x t zero matrix, and let 0 = 0.

Lemma 2.2 [8]: Let A be an n x n irreducible nonnegative matrix. Then A? is reducible if
and only if there exists a permutation matrix P such that

0, A
PAPT = [ ¢ )
<A2 On—s)

Moreover, AyA, and A1 A, are irreducible, and p(A1A,) = p(A?).

Lemma 2.3 [8]: Let A be an n x n nonnegative matrix with positive row sums. Then

mlg Vsi(A) < p(A) < max Vsi(A).

1<i

Moreover, if A is irreducible, then either equality holds if and only if my(A) = --- =
mu(A) when A? is irreducible, and there is a permutation matrix P such that PAPT =

0 A
(A; 0 ' ) me1)(A) = -+ = Mg (A), and mgr41)(A) = -+ = M) (A) when
n—r
A? is reducible, where o is a permutation on the set {1,...,n} which corresponds to the

permutation matrix P.

Next we give a sharp upper bound for the spectral radius of a nonnegative matrix.
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1556 H. LIN AND B. ZHOU

Theorem 2.1: Let A = (aij) be an n x n nonnegative matrix with positive row sums
l>...,y and with average 3-row sums sy > --- > s,. Let M be the largest diagonal
element, and N the largest off-diagonal element of A. Let b = max{ 1 <ij< n} and
0 = M?>+ N?(n—1) —2MNb — (n — 2)N?b. Suppose that N > Oand51 >0ifb=1,and
s1>0ifb>1.Forl <I<mn,let

40+ /(51— 0) +4CQMN + (n—2N)b 1! (5 — )
= 2 .

Then p(A) < /®@;. Moreover, if A is irreducible, then p(A) = /®; for some 1 <1 < n if
and only if one of the following conditions holds:

(i) ifl = 1, then my(A) = --- = my,(A) when A? is irreducible, and PAPT =
0 Ay
<Ar 0 ) for some permutation matrix P with ms1)(A) = -+ = My (A)
2 n—r
and Mg r41y(A) = -+ = Mg ) (A) when A? is reducible, where o is a permutation
on the set {1,...,n} which corresponds to the permutation matrix P;
(i) f2<l<mn,thensy=---=sy,.

Proof: If | = 1, then &; = w = 51, and thus the result follows immediately from
Lemma 2.3.

Suppose that2 <[ < n.

If b =1, thenr, = --- = ry, and thus by definition, we have s; = --- = s,. Since
s1 > 0, wehave ) = &, = w = s1. By Lemma 2.1, p(A) = 1 = /51 = /P,

Suppose that b > 1.

Let U = diag(x171, . . .»>X1—171—1,7]> - . . » 'n), where x; > 1 is a variable to be determined
later for 1 <i <[ —1.Let B= U !A?U. Obviously, A% and B have the same eigenvalues.
Then p(A) = /p(A?) = /p(B).

For1l <i <[ —1,since a;; §M,% <bforl <k< l—1andk7éi,andaij < N for
1 <j <mnandj # i, we have

ri(B) = r(UTAU)

1 -1 n 1 n n

= — E TkXk E ajjdjk + — E Tk E aijdjk
riXi 7 — riXi 7 —
k=1 j=1 k=l j=1

I-1 n n
1
- ZZ“UaJk (xk -D+ - Z Zaijajkrk
' \k=1 j=1 P k=1 j=1
1
R Z Z“’J“Jk (xk -+ Za,]aﬂ(x, D+ - Zﬂy Za]krk
Xi 1=k=I-1 j=1 ] 1 =1
k#i
1
= = Z AiiQik + Aik Ak + Z aijajk —(xk -1
i 1<k<I-1 1<j<n
L kA ik
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LINEAR AND MULTILINEAR ALGEBRA 1557

+ | aiiai; + Z ajjaji | (xi — 1) +s;

IA
I

1<j<n

Jj#i

> (2MN + (n—2)N?) b(xx — 1) + (M* + (n — DN?)(x; — 1) + 5;

1<k<I-1
k#i

I-1

_ ! ((2MN +(n=2N*) b (xx—1)

k=1

+(M? + (n — 1)N? — 2MNb — (n — 2)N?b)(x; — 1) + s,->

with equality when x; > 1 for 1 < k <[ — 1 only if (a) holds: (a) agx = M, a;; = N for
1 <j<nwithj#i.

Forl <i < m,sinces; < s;, a;; < M’% <bforl <k <1-1,and a; < N for
1 <j <mandj # i, we have

ri(B)

IA

r,(U’lAzU)
— Z Z aijajkTeXe + — Z Z AijAjk Tk
P k= 1 j=1 P k= I j=1
ZZ%% (= 1) + > Z”Wk
l
k=1 j=1 j=1
-1
Z aiiaik + Aikakk + Z Aijjk _(xk —D+si
k=1 1<j<n
j#ik

1

1
(2MN + (n — 2)N*) b(xx — 1) + 5
1

»
II

-1
(2MN + (n—=2N*) b)Y " (x — 1) + 51
k=1

with equality when x; > 1 for 1 < k <1 — 1 only if (b) and (c) hold: (b) a;; = ax = M,
ajj=Nforl <j<mnandj#i(c)si =s.
For 1 < < n, from the expression of ®;, we have

oF —

and thus

I-1

®;(s; +6) + 510 — 2MN + (n — 2)N?)b Z (sx—s) =0,

k=1

-1

@MN + (n = 2NHb Y (sk — 51) = (P — 5) (D — 0).

k=1



1558 H. LIN AND B. ZHOU

If Y ) (s — s1) > 0, then @) > SHHI=O > 940-6=0) _ § 414 otherwise, s; = - - - =
q)1=51+0+51 0] _ =5 >0.Forl1 <i<l—1,let

s;, and since s1 — 6 >0, we have &; =
xi =143 S’ . Obviously, x; > 1 and

-1
(2MN + (n — 2)N*)b Z x—1) =
k=1

QMN + (n — 2NH)b Y i) (5 — 1)
o, -0

= (D[—Sl.
Thusforl <i<[-—1,

d; —s; 4+ (M? 4+ (n — 1)N? — 2MNb — (n—2)N2[9) si— Sl+sl
1+ S, Sl

ri(B)
= @,

andforl <i <n,
ri(B) = ®1—sp+ 51 = Py,

Now by Lemma 2.1, p(A) = /p(B) < \/max)<j<, ri(B) < +/®,.

Suppose that A is irreducible. Suppose that p(A) = /®; for some [ with2 < | < n.
Then p(B) = max;<j<, ri(B) = ®

If A? is irreducible, then so is B. By Lemma 2.1, r1(B) = -+ = r,(B) = ®j, and thus
from the above arguments, (a) holds for 1 <i <[ — 1, and (b) and (¢) hold for l <i < n.
Suppose that s; > s;. Let t be the smallest integer such that s, = s;, where 2 < t < [. For

1 <k <t—1,since sy > s;, we have x; > 1. From (a) and (b), we have a;; = M and
ajj = Nforl <i,j<nwithj# i,andthusr; = --- = r, = M + (n — 1)N, implying
that b = 1, a contradiction. Then s; = s;, and thus we have from (c) thats; = --- = s,,.

Suppose that A2 is reducible. Then by Lemma 2.2, there is a permutation matrix P
A
such that PAPT = <25 0 ! >, where A,A; and A1 A; are irreducible, and p(A,A;) =
2 n—s

p(A1A;) = p(A?).Let W = PUP'. Obviously, W is a diagonal matrix. We partition W as
w=( W 0x=9) 1oty - wola, 4, Wy and Ya = W' Ay4, W), Obviously,

O(n—s)xs W»
Y, and Y, are irreducible. Then

pBP"T = PU'PT ( A 05””‘”) puP" = ( N OSX“‘S)) :
O(n—s)xs ArAy O(n—s)xs Y,

By Lemma 2.1,

p (Y1) < max rj(Y]) < max r,-(PBPT) = max r{(B) = ¥,
1<i<s 1<i<n 1<i<n

Note that p(Y1) = p(A1A2) = p(A2) = p(B) = ®;. Thus p(Y1) = max;<i<sri(Y1) =

®;. Since Y] isirreducible, r; (Y7) = - - - = r5(Y1) = ;. Similarly, wehaver; (Y2) = --- =
n_s(Y2) = ®;. Thus r(PBP") = ... = r,(PBP") = &}, ie.r1(B) = - -- = 1,(B) = ®
By above argument, we have s; = - - - = s,,.

Conversely, if s; = - -+ = s, then ®; = s; for 1 <[ < nand by Lemma 2.1, p(B) = s1,

and thus p(A) = /p(B) = J/®;. O
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In [7], the following upper bound for the spectral radius was given.
Theorem 2.2: Let A = (ajj) be an n x n nonnegative matrix with positive row sums
1>..., 1y and with average 2-row sums my > --- > my,. Let M be the largest diagonal
element, and N the largest off-diagonal element of A. Let b = max{ 11 <i,j< n}
Suppose that N > 0. For 1 <[ < n, Let

m+ M —Nb—i—\/(ml — M + Nb)2 4 4Nb Y1, (my — my)
: .

l =

Then p(A) < ;. Moreover,if A is irreducible, then p(A) = V; for some l with1 <1 < n
ifand only if my = --- = my, or for some t with2 <t <ma; =Mforl <i<t—1,
aikzNand%zbforl <i<nforl <k<t—1withk#i,andm; =---=m,.

Consider

—_ = W
—_— = W =
—_— N = N
NN ==

In notation of Theorem 2.1, s = £2- ~ 38.1429, s, = 36,53 = T R 34.6667, 54 = ﬁ =
346,M =3,N=2,b= 5,and0 = —7, implying that /®; ~ 6.176, /&, ~ 6. 1117
V@3 ~ 6. 13846 and /@4 &~ 6.1429, and thus p(A;) < 6.1117. In notation of Theorem
22m1_ X 6.2857,my = 6, m3 = 2 ~ 5833, my = %2 =58 M=3,N=2,and
b= 5, 1mp1y1ng that W ~ 6.2857, ¥, ~ 6 1348, W3 ~ 6.1258 and W4 ~ 6.139, and thus
p(A1) < 6.1258. The upper bound in Theorem 2.1 is smaller than the one in Theorem 2.2.
Consider

A =

L O
W W W W
W W W W
W W W W

In notation of Theorem 21,51 = 178,5) = 83 = s4 = 2?25 177.3077, M = 5, N = 4,

b= };1 and 0 = _E’ implying that \/®; &~ 13.3417, /®, = /P3 = /P4 =~ 13.3268,

and thus p(A;) < 13.3268. In notation of Theorem 2.2, m1 = % ~ 13. 3571 my; =

m3 = my = 173 ~ 133077, M = 5N = 4and b = 13, implying that W; = %,
U, = Y¥; = \IJ4 = 7 + /40, and thus p(A) <7+ /40. Note that a;; = 5, a;; = 4 and
% = % for2 < i < 4,and my = m3 = my. Thus p(Ay) = ¥, = 7 + /40 ~ 13.3246.
The upper bound in Theorem 2.2 is smaller than (but very close to) the one in Theorem
2.1.

The above examples show that in general the upper bounds in Theorems 2.1 and 2.2 are
incomparable.

Next we give a sharp lower bound for the spectral radius of a nonnegative matrix.

Theorem 2.3: Let A = (ajj) be an n x n nonnegative matrix with positive row sums
l>...,y and with average 3-row sums sy > --- > s,. Let S be the smallest diagonal
element, and T the smallest off-diagonal element of A. Let c = min { 11<i,j< nfand

Yy =82+ (n—1)T?*—28Tc — (n — 2)T?c. Suppose that s, > y. Let
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Su 7+ G5n = )2+ 4QST + (1 — DT Y4=! (s — )
n = .
2

Then p(A) > /dn. Moreover, if A is irreducible, then p(A) = /¢, if and only if one of the
following conditions holds:

(i) if T = 0, then m(A) = --- = mu(A) when A?% is irreducible, and PAPT =
0 A
(Ar 0 ! >for some permutation matrix P with mg(1)(A) = - -+ = Mg (A) and
2 n—r
Mo (r4+1)(A) = -+ = Mg(n)(A) when A? is reducible, where o is a permutation on
the set {1, ..., n} which corresponds to the permutation matrix P;
(i) ifT>0, thensy =--- =sp.

Proof: If T = 0, then ¢, = s,, and thus the result follows immediately from Lemma 2.3.

Suppose in the following that T > 0.

Let U = diag(x171,...,Xn—17u—1, ), where x; > 1 is a variable to be determined later
for1 <i < n—1 Let B= U 'A2U. Obviously, A> and B have the same eigenvalues.
Then p(4) = /p(A?) = V/p(B).

Forl <i <n—1,since a;; > S,%f >cforl <k <n-—1landk # i,and a; > T for
1 <j<mnandj# i, we have

1 Tk
nB) = —| > |auex+aram+ Y agag | o — 1)
Xi l<k<n—1 1<j<n i
L k#i jFEik

+ | aiiai; + Z ajjaji | (xi —1) +s;

1<j<n
j#i
1 2 2 2)(x: .
> — D (@ST+ (=T el — D+ (S + (n— DT — 1) +5
i <k<n—
17’]((;1' 1
1 n—1
= —[@ST+m—=2T*)c)y (x—1)
i o

+(SP+(n—1DT?=28Tc — (n—2)T?0)(xi — 1) + si>

with equality when x; > 1 for 1 < k < n — 1 only if (a) holds: (a) axx = S, ajx = T for
1 <j<nwithj# k.
Similarly, we have
n—1
ra(B) > Z (28T + (n = 2)T?) c(xx — 1) + s
k=1
n—1
= (2ST+(n—2)T*)cY (i — 1) +sn
k=1
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with equality xx > 1 for 1 < k < n — 1 onlyif (b) holds: (b) an, = agx = Sand ay; =T
forl <j<n-—1.

From the expression of ¢,,, we have ¢,, >
xi=14+ ﬁ Obviously, x; > 1 and

W=sn>y.For1§i§n—l,let

! A N Y e
QST+ (=T Y (g —1) = (ST + (n —2)T*)c 332, (sk — Sn)
k=1 $n—v
= ¢n—Sn

Thusforl <i<mn-—1,

$n = sn+ (S + (n = DT? = 28Tc — (n = 2)T?0) - =2 +5;

i

ri(B)

%

= (Pna

and
tn(B) = ¢un — sn + sn = ¢y

Hence, by Lemma 2.1, p(A) > +/p(B) > /minj<;<, ri(B) > /¢y,
Suppose that A is irreducible. If p(A) = /¢, then p(B) = minj<;<, ri(B) = ¢, and
thus by similar arguments as in the proof of Theorem 2.1, we have s; = - - - = s,,.
Conversely, if s; = --- = sy, then ¢, = s, and by Lemma 2.1, p(B) = s, = ¢y, and

thus p(A) = /o (B) = /n. O

In [7], the following lower bound for the spectral radius was given.

Theorem 2.4: Let A = (ajj) be an n x n nonnegative matrix with positive row sums

l>...,tn and with average 2-row sums my > --- > my. Let S be the smallest diagonal
element, and T the smallest off-diagonal element of A. Let ¢ = min {:—’ 11 <i,j< n}. Let

i

Mo+ S — Te + \/(my — S+ T0)? +4Te Y5 ! (mg — my)

Wn: 2

Then p(A) > Yr,. Moreover, if A is irreducible, then p(A) = Yy, ifand only if m; = - - =
My, or T > 0 and for some t with2 <t <m,a; =Sforl <i<t—1 a5 = Tandrr—”? =c

forl <i<mnforl <k<t—1withk #iandm; =--- =my,.
Consider
4 2 1 1
2 1 3 3
=133 1 3
3 3 3 1

In notation of Theorem 2.3, s = % R 85.6667, s) = s3 = % =82.9,54 =798 =1,
T=1c¢= %, andy = %, implying that /¢4 ~ 8.89, and thus p(A3) > 8.89. Obviously,

Aj is permutation similar to
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Al =

— = W W
W W N

3
1
3
1

N W W =

4

and then p(A}) = p(A3). In notation of Theorem 2.4, m; = 89—5 R 9.4444, m, = m3 =
F) =91, my = 15 =8.758=1,T=1andc= g,implyingthatx/q ~ 8.8785, and thus
p(A%) > 8.8785. The lower bound in Theorem 2.3 is larger than the one in Theorem 2.4.

Consider

1 5 3 3

3 4 4 4

A=13 4 4 4

3 4 4 4
In notation of Theorem 23 51 = 851 = 212.75, 85 = s3 = §4 = 1041 =2082,S =1,
T=3¢= 5, and y = 1mply1ng that /¢4 & 14.4434, and thus p(Asz) > 14.4443.
In notation of Theorem 24 m; = = 14.75, my = m3 = my = 7—2 = 14.4,S = 1,
T =3,and ¢ = ‘—;, implying that 1//4 = 13% V253 " and thus p(A4) 2 13+T V253 Note
that a;; = 1, aj = 3and% = %forZ < i < 4, and m, = m3z = my. We have

p(Ay) = IHZJ ~ 14.45299. The lower bound in Theorem 2.4 is larger than (but very
close to) the one in Theorem 2.3.

The above examples show that in general the lower bounds in Theorems 2.3 and 2.4 are
incomparable.

3. Applications

In this section, we consider the applications of Theorems 2.1 and 2.3 to some matrices
associated to digraphs and graphs.

Flrst we consider digraphs.

Let G be an n-vertex dlgraph with 67 > 0, where V( G) = {v1,...,v,) and 87 is the
minimum out-degree of G. Let A* be the maximum out- degree of G.For1l <i < n,

8 Z(V,, v)EE(G) dJ L1 .
mi(A(G)) = — which is known as the average 2-out-degree of vertex v; in
—> —> Z Vivi rel Z ViV < d;r

G,and s;(A(G)) = (i) eBe) dJr(] KEEE) , which we call the average 3-out-degree of

1

vertex v; in G
A digraph 8 is bipartite if V(g) =XUY,XNY = ¢, and the arc set is a subset of
(X x Y)U (Y x X). Here X and Y are the partite sets.

—
Corollary 3.1: Let G be a digraph on n vertices with minimum out-degree 8t > 0 and

average 3-out-degrees sy > -+ > s,. Let@ =n— 1 — % Then for1 <[ <n,

404+ —0) 4 DA S ()

—
P(A(G)) = 3

Moreover, zfg is strongly connected, equality holds for some 1_)5 I < nif and only zfﬁ
is a non-bipartite digraph with equal average 2-out-degrees or G is a bipartite digraph in
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which vertices in the same partite set have equal average 2-out-degrees when | = 1, and
sS1=---=s,when2 <[ <n.

Proof: In the notation of Theorem 2.1, M = 0, N = 1 and b = ?—:. If b = 1, then

§] = -+ :sn,andthussl >1=0.1fb > 1, thenb> 2_2 and & < 0, from which

we have > 51> 0.1 G is strongly connected, then A( G) is irreducible, and by Lemma
2.2, (A(G ))2 is irreducible if and only if G is not bipartite. Thus the result follows from
Theorem 2.1. O

Forl <i<wmn, mi(Q(?}))) = df + # Z(v,-,v]-)eE(_G)) dj+, which is known as the signless

Laplacian average 2-out-degree of vertex v; in G, and

1
s@E)=d”+ Y it 3 |47+ Y 4

(i) €E(C) L ieE(G) i) EE(G)

—
which we call the signless Laplacian average 3-out-degree of vertex v; in G .

—
Corollary 3.2: Let G be a digraph on n vertices with minimum out-degree §* > 0 and
2(A+)2

signless Laplacian average 3-out-degreess; > - -+ > s,. Let0 = (AT) 2 +(n—1) —
(”7;—}“. Then for1 <1 <n,

51+9+\/(sl—6)2+4(2A++n—2) Z L (5K — s1)

p(Q(G)) < .

Moreover, zfg is strongly connected, equality holds for some 1 < | < n if and only 1f_G>
has equal signless Laplacian average 2-out-degrees when | = 1, and sy = --- = s, when
2<l<n.

Proof: In the notation of Theorem 2.1, M = AT, N = land b = ?—:. If b = 1, then
s=---=spands; > (AT —=1)2=6.1fb > 1,then b > Z—:;,andthuse < 0, from which
we haves; > 6. If G is strongly connected, then Q(g) and (Q(E))2 are irreducible. Thus
the result follows from Theorem 2.1, O

Next we consider graphs.
Let G be an n-vertex graph without isolated vertices, where V(G) = {vi,...,v,}. Let

A and § be the maximum and minimum degree of G, respectively. For 1 < i < n,

ZV‘V' d
m;(A(G)) = %, which is known as the average 2-degree of vertex v; in G, and

Zv ivi€E(G) Zv vk €E(G) d

si(A(G)) =
By Corollary 3.1, we - have

, which we call the average 3-degree of vertex v; in G.

Corollary 3.3:  Let G be a graph on n vertices without isolated vertices with average 3-
degreessy > -+ >s,. Let0 =n—1—(n —2)%. Then for1 <1 <mn,

1740+ =02 + 1A 5 (o — o).

P(A(G)) = 5
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Moreover, if G is connected, then equality holds for some 1 < | < nifand only if G is a
non-bipartite graph with equal average 2-degrees or G is a bipartite graph in which vertices
in the same partite set have equal average 2-degrees when | = 1, and sy = --- = s, when
2<Il=<n

Let H be a graph obtained by attaching one pendant vertex to each pendant vertex of
a 4-vertex star. It is easy seen that each vertex of H has the same average 3-degree 4. By
Corollary 3.3, p(H) = 2.

For1l < i < n, mi(Q(G)) = d; + di,.Zv,-vjeE(G) dj, which is known as the signless
Laplacian average 2-degree of vertex v; in G, and

2 ivieE(G) (d]z + 2 neEG) dk)
d; ’

s(QG)=di+ Y di+

vivi€E(G)

which we call the signless Laplacian average 3-degree of vertex v; in G.

By Corollary 3.2, we have
Corollary 3.4: Let G be a graph on n vertices without isolated vertices with signless
Laplacian average 3-degrees sy > --- > s,. Let 0 = A2+ n—1 — 2%2 — #.
Then for1 <[ <n,

5146 +\/(sl —0)2 +42A +n—2)2 Y (sk— )

p(Q(G)) =< 5

Moreover, if G is connected, the equality holds for some 1 < | < n if and only if G has equal
signless Laplacian average 2-degrees when | =1, and s; = --- = s, when2 <1 < n.

The 5-vertex star Ss is an irregular graph with the same signless Laplacian average
3-degree 25 for each vertex. By Corollary 3.4, p(Ss) = 5.

4, Remarks

In the literature, upper and lower bounds have been obtained for the spectral radius of a
nonnegative matrix using row sums and average 2-row sums. For a nonnegative matrix
with positive row sums, maximum and minimum average 3-row sums have been used,
respectively, to give upper and lower bounds for the spectral radius in [8]. In this paper, we
give sharp upper and lower bounds for the spectral radius using average 3-row sums, and
characterize the equality cases if the matrix is irreducible. Even in form, these bounds are
different from the ones using the average 2-row sums.|[7] Finally, these bounds are applied
to the adjacency matrix and the signless Laplacian matrix of a digraph or a graph.
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