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Let G ¼ ðV ; EÞ be a simple connected graph. Denote by DðGÞ the diagonal matrix of its vertex
degrees and by AðGÞ its adjacency matrix. Then the signless Laplacian matrix of G is
QðGÞ ¼ DðGÞ þ AðGÞ. In this paper, we obtain some new and improved sharp upper bounds
on the spectral radius q1ðGÞ of the signless Laplacian matrix of a graph G.
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1. Introduction

Let G ¼ ðV ; EÞ be a simple connected graph with vertex set VðGÞ ¼ f1;2; . . . ;ng and edge set EðGÞ, where jVðGÞj ¼ n is the
order and jEðGÞj ¼ m is the size of G. When i is adjacent to j, we denote this fact by i � j. For v i 2 VðGÞ, the degree (= number
of first neighbors) of the vertex v i is denoted by di. The minimum vertex degree is denoted by d, the maximum by D1 and the
second maximum by D2. Assuming that the degrees are ordered as d1 P d2 P � � �P dn, then D1 ¼ d1; D2 ¼ d2 and d ¼ dn. The
average degree of the neighbors of vertex i is mi ¼ 1

di

P
j:j�idj. The eigenvalues of G are the eigenvalues of the adjacency matrix

A Gð Þ, given as k1 Gð ÞP k2 Gð ÞP . . . P kn Gð Þ, where, k1 Gð Þ is called the index of G. Consider D Gð Þ as the diagonal matrix of ver-
tex degrees of G. The Laplacian matrix of G is L Gð Þ ¼ D Gð Þ � A Gð Þ, its eigenvalues are as displayed as l1 Gð ÞP l2 Gð ÞP
. . . P ln�1 Gð ÞP ln Gð Þ and l1 Gð Þ is the spectral radius of Laplacian matrix of graph G. Since L Gð Þ and A Gð Þ are well known,
there are many results on their spectra, (see [4,8,10–12,16,20,21,24]).

The matrix Q Gð Þ ¼ D Gð Þ þ A Gð Þ was introduced in the classical book of Cvetković, Doob and Sachs on ‘‘Spectra of Graphs’’
[6], but without a name being given to it at that time. Later it was called ‘‘quasi-Laplacian matrix’’ and more recently ‘‘sign-
less Laplacian’’ [3,5,13–15]. Let q1 Gð Þ be the spectral radius of Q Gð Þ. Since G is a connected graph then Q Gð Þ is a nonnegative,
symmetric and irreducible matrix. Some researchers [25,27] have observed that
l1 Gð Þ 6 q1 Gð Þ ð1Þ
and
2k1 Gð Þ 6 q1 Gð Þ: ð2Þ
These relations immediately imply that any lower bound on l1 Gð Þ is a valid lower bound on q1 Gð Þ and that doubling any
lower bound on k1 Gð Þ also yields a valid lower bound on q1 Gð Þ. A number of upper bounds on l1 Gð Þ given as functions of the
. All rights reserved.
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degree and of the average degree of the neighbors of a vertex have been proposed in the literature. In [2,23], it was gathered
some of them and these bounds are
l1 Gð Þ 6 max
i2V

2dif g; ½23� ð3Þ

l1 Gð Þ 6 max
i2V

di þmif g; ½22�; ð4Þ

l1 Gð Þ 6 max
i2V

di þ
ffiffiffiffiffiffiffiffiffiffi
dimi

pn o
; ½23;29�; ð5Þ

l1 Gð Þ 6 max
i2V

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2di di þmið Þ

q� �
; ½19�; ð6Þ

l1 Gð Þ 6 max
i2V

di þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

i þ 8dimi

q
2

8<
:

9=
;; ½17;23�; ð7Þ

l1 Gð Þ 6 max
i�j

di þ dj
� �

; ½1�; ð8Þ

and l1 Gð Þ 6 max
i�j

di þ dj þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
di � dj
� �2 þ 4mimj

q
2

8<
:

9=
;; ½9;28�: ð9Þ
In the above bounds (3),(4),(5) and (7),(8),(9) are valid for q1 Gð Þ (see [2,3,11,23,26]). In this paper, we obtain some new
and improved sharp upper bounds on it.

2. Sharp upper bounds for the spectral radius of the signless Laplacian matrix of a graph

We first list some known results which will be used in this paper.

Lemma 1 [18]. Let M be irreducible non-negative matrix. Then q Mð Þ is an eigenvalue of M and there is a positive vector X such
that MX ¼ q Mð ÞX.
Lemma 2 [5]. Let M ¼ mij
� �

be an n� n non-negative matrix and let Ri Mð Þ be the ith row sum of M, i.e., Ri Mð Þ ¼
Pn

j¼1mij 1 6ð
i 6 nÞ. Then
min Ri Mð Þ : 1 6 i 6 nf g 6 q Mð Þ 6max Ri Mð Þ : 1 6 i 6 nf g: ð10Þ
If M is irreducible, then each equality holds if and only if R1 ¼ R2 ¼ � � � ¼ Rn.
Theorem 3 [30]. Let A ¼ aij
� �

be an n� n irreducible non-negative matrix. Then
min

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
j¼1aijMj

Ri

s
; 1 6 i 6 n

8<
:

9=
; 6 q Að Þ 6 max

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
j¼1aijMj

Ri

s
; 1 6 i 6 n

8<
:

9=
;; ð11Þ
where Ri ¼
Pn

j¼1aij; Mi ¼
Pn

j¼1aijRj; M0
i ¼

Mi
Ri

and q Að Þ denotes the spectral radius of A. Moreover, if A2 is irreducible, then any

equality holds in (11) if and only if M0
1 ¼ M0

2 ¼ � � � ¼ M0
n; and if A2 is reducible, then any equality holds in (11) if and only if there

exist the permutation matrix P such that
PAPT ¼
0r A1

A2 0n�r

	 

;

and M0
r 1ð Þ ¼ � � � ¼ M0

r rð Þ; M0
r rþ1ð Þ ¼ � � � ¼ M0

r nð Þ, where r is a permutation on the set 1;2; . . . ;nf g which corresponds to the permu-
tation matrix P.
Corollary 4 [30]. Let A ¼ aij
� �

be an n� n irreducible non-negative matrix. Then
min M0
i : 1 6 i 6 n

� �
6 q Að Þ 6 max M0

i : 1 6 i 6 n
� �

; ð12Þ
where M0
i be as in Theorem 3. Then equality holds in (12) if and only if M0

1 ¼ M0
2 ¼ � � � ¼ M0

n.
Corollary 5 [30]. Let A ¼ aij
� �

be an n� n irreducible non-negative matrix. Then
min
ffiffiffiffiffiffi
Mi

p
: 1 6 i 6 n

n o
6 q Að Þ 6max

ffiffiffiffiffiffi
Mi

p
: 1 6 i 6 n

n o
; ð13Þ
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where Mi be as in Theorem 3. Moreover, if A2 is irreducible, then any equality holds in (13) if and only if R1 ¼ R2 ¼ � � � ¼ Rn; and if
A2 is reducible, then any equality holds in (13) if and only if there exist the permutation matrix P such that
PAPT ¼
0r A1

A2 0n�r

	 

;

and Rr 1ð Þ ¼ � � � ¼ Rr rð Þ; Rr rþ1ð Þ ¼ � � � ¼ Rr nð Þ, where r is a permutation on the set 1;2; . . . ;nf g which corresponds to the permuta-
tion matrix P.

Now we give our main results. Throughout this paper, G will denote a simple connected graph on n vertices unless stated
otherwise.

Theorem 6. Let bi 2 Rþ; 1 6 i 6 n. Also let b0i ¼ 1
bi

P
j:j�ibj; ci ¼ biðdi þ b0iÞ; c0i ¼

P
j:j�i

cj

ci
and ki ¼ di þ c0i. Then

(a)
q1ðGÞ 6 max
16i6n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

diki þ

X
j:j�i

djcj þ
X
k:k�j

ck

 !

ci

vuuuut
8>>>>><
>>>>>:

9>>>>>=
>>>>>;
: ð14Þ
If Q 2 is irreducible, then equality holds in (14) if and only if k1 ¼ k2 ¼ � � � ¼ kn and if Q 2 is reducible, then equality holds in (14) if
and only if there exists the permutation matrix P such that
PQðGÞPT ¼
0r Q1

Q 2 0n�r

	 

;

with kr 1ð Þ ¼ kr 2ð Þ ¼ � � � ¼ kr rð Þ and kr rþ1ð Þ ¼ kr rþ2ð Þ ¼ � � � ¼ kr nð Þ, where r is a permutation on the set 1;2; . . . ;nf g which corre-
sponds to the permutation matrix P.

(b)
q1 Gð Þ 6 max
i�j

di þ dj þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
di � dj
� �2 þ 4b0ib

0
j

q
2

8<
:

9=
;; ð15Þ
with equality holds in (15) if and only if G is either a regular graph or a bipartite semi-regular graph.
(c)
q1 Gð Þ 6 max
16i6n

kif g; ð16Þ
with equality holds in (16) if and only if k1 ¼ k2 ¼ � � � ¼ kn.
(d)
q1 Gð Þ 6 max
16i6n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ciðdi þ c0iÞ

bi

s8<
:

9=
;: ð17Þ
If Q 2 is irreducible, then the equality holds in (17) if and only if d1 þ b01 ¼ d2 þ b02 ¼ � � � ¼ dn þ b0n; and if Q 2 is reducible, then the
equality holds in (17) if and only if there exists the permutation matrix P such that
PQðGÞPT ¼
0r Q1

Q 2 0n�r

	 

;

with drð1Þ þ b0rð1Þ ¼ drð2Þ þ b0rð2Þ ¼ � � � ¼ drðrÞ þ b0rðrÞ and drðrþ1Þ þ b0rðrþ1Þ ¼ drðrþ2Þ þ b0rðrþ2Þ ¼ � � � ¼ drðnÞ þ b0rðnÞ, where r is a per-
mutation on the set 1;2; . . . ;nf g which corresponds to the permutation matrix P.
Proof. Let B ¼ diag b1; b2; . . . ; bnð Þ be an n� n diagonal matrix. Consider the matrix B�1Q Gð ÞB. Now the i; jð Þth element of
B�1Q Gð ÞB is
di if i ¼ j;
bj

bi
if i � j;

0 otherwise:

8><
>:
It is easy to see that the inequality (14) holds from Theorem 3 as
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Ri ¼
Xn

j¼1

aij ¼ di þ
1
bi

X
j:j�i

bj ¼
ci

bi
;

Mi ¼ diRi þ
X
j:j�i

bj

bi
Rj ¼

1
bi

dici þ
X
j:j�i

cj

 !
¼ kici

bi
and
Xn

j¼1

aijMj ¼ diMi þ
X
j:j�i

aijMj ¼
dikici

bi
þ
X
j:j�i

kjcj

bi
:

Moreover, the proof of the second part of (a) is directly follows from Theorem 3.
Next, we prove that (15) holds. From Lemma 1, there exists a positive eigenvector X ¼ ðx1; x2; . . . ; xnÞT of B�1Q Gð ÞB

corresponding to q1 B�1Q Gð ÞB
� �

. We can assume that one of the eigencomponents, say xi, is equal to 1 and the other
eigencomponents are less than or equal to 1, i.e., xi ¼ 1 and xk 6 1;1 6 k 6 n. Also, let xj ¼ maxk xk : k � if g. From
B�1Q Gð ÞB
� �

X ¼ q1 Gð ÞX; ð18Þ
we have
q1 Gð Þ ¼ di þ
1
bi

X
k:k�i

bkxk 6 di þ
1
bi

X
k:k�i

bkxj ð19Þ
and
q1 Gð Þxj ¼ djxj þ
1
bj

X
k:k�j

bkxk 6 djxj þ
1
bj

X
k:k�j

bk: ð20Þ
From (19) and (20), we have
q1 Gð Þ2 � di þ dj
� �

q1 Gð Þ þ didj �
1
bi

X
k:k�i

bk

 !
1
bj

X
k:k�j

bk

 !
6 0:
Thus we have
q1 Gð Þ 6
di þ dj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
di � dj
� �2 þ 4b0ib

0
j

q
2

:

Hence (15) holds.
Moreover, one can see easily that the equality holds in (15) for regular graph or for bipartite semiregular graph.
(16) and (17) with equality follow from Corollaries 4 and 5, respectively. The proof is complete. h
Remark 7. From Theorem 6, we have the following known results.

1. Taking bi ¼ 1 in (15), we have upper bound (8).
2. Taking bi ¼ di in (15), we have upper bound (9).
3. Taking bi ¼ 1 in (16), we have upper bound (4).
4. Taking bi ¼ 1 in (17), we have upper bound (6).

In particular, from Theorem 6, we have the following results.

Corollary 8. For a graph G, as depicted previously, the following inequalities hold:
q1 Gð Þ 6 max
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
di di þmið Þ þ si

q� �
; ð21Þ

q1 Gð Þ 6 max
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
di di þ

si

di þmi

	 

þ

X
j:j�i

dj½djðdj þmjÞ þ sj�

diðdi þmiÞ

vuuut
8>>><
>>>:

9>>>=
>>>;

ð22Þ
and
q1 Gð Þ 6 max
i

di þ
si

di þmi

� �
; ð23Þ
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where si ¼
P

j:j�i
dj djþmjð Þ

di
.

Proof. Taking bi ¼ 1 and bi ¼ di in (14) and bi ¼ di in (16), respectively, we have the required results. h
Remark 9. Since Corollary 8 is a consequence of Theorem 6, it is easy to conclude that the equality conditions in (14) and
(16) are also hold.
Lemma 10 [7]. Let G be a connected graph. Then d1 þm1 ¼ d2 þm2 ¼ � � � ¼ dn þmn if and only if G is a regular graph or G is a
regular bipartite graph.
Theorem 11. Let G be a connected graph. Then
q1 Gð Þ 6 max
16i6n

di þ b0i
� �

ð24Þ
and
q1 Gð Þ 6 max
i

di þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

i þ
4cic0i

bi

q
2

8<
:

9=
;; ð25Þ

P

where bi 2 Rþ, b0i ¼ 1

bi

P
j:j�ibj; ci ¼ biðdi þ b0iÞ; c0i ¼ j:j�i

cj

ci
. Moreover, both the equality hold if and only if

d1 þ b01 ¼ d2 þ b02 ¼ � � � ¼ dn þ b0n.
Proof. Let X ¼ x1; x2; . . . ; xnð ÞT be an eigenvector corresponding to the eigenvalue q1 Gð Þ of B�1Q Gð ÞB. We assume that one eig-
encomponent xi is equal to 1 and the other eigencomponents are less than or equal to 1, that is, xi ¼ 1 and 0 < xk 6 1, for all k.

From the ith equation of (18), we have
q1 Gð Þxi ¼ dixi þ
X
j:j�i

bjxj

bi
;

i:e:; q1 Gð Þ ¼ di þ
X
j:j�i

bjxj

bi
: ð26Þ
From above the first bound follows. Moreover, the equality holds in (24) if and only if di þ b0i ð1 6 i 6 nÞ is a constant. Again
from the jth equation of (18),
q1 Gð Þxj ¼ djxj þ
X
k:k�j

bkxk

bj
:

Multiplying both sides of (26) by q1 Gð Þ and substituting this value q1 Gð Þxj, we get
q2
1 Gð Þ ¼ diq1 Gð Þ þ

X
j:j�i

bj

bi
djxj þ

X
k:k�j

bkxk

bj

" #( )

¼ diq1 Gð Þ þ
X
j:j�i

bjdj

bi
xj þ

1
bi

X
j:j�i

X
k:k�j

bkxk 6 diq1 Gð Þ þ
X
j:j�i

bjdj

bi
þ
X
j:j�i

bjb
0
j

bi
as xj; xk 6 1

¼ diq1 Gð Þ þ
X
j:j�i

bj dj þ b0j
� �

bi
¼ diq1ðGÞ þ

cic0i
bi

ð27Þ
from above the second bound follows.
Now suppose that the equality holds in (25). Then all inequalities in the above argument must be equalities. From

equality in (27), we get xj ¼ 1 for all j such that j � i and xk ¼ 1 for all k such that k � j and j � i. From this one can easily
show that xi ¼ 1 for all i 2 V . Thus we have d1 þ b01 ¼ d2 þ b02 ¼ � � � ¼ dn þ b0n.

Conversely, one can easily see that the equality holds in (25) for d1 þ b01 ¼ d2 þ b02 ¼ � � � ¼ dn þ b0n. h
Corollary 12. Let G be a connected graph. Then
q1 Gð Þ 6 max
16i6n

di þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

i þ
8dimib‘

bi

q
2

8<
:

9=
;; ð28Þ
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where b0i ¼ 1
bi

P
j:j�ibj; b‘ ¼max

16i6n
bi and mi ¼ 1

di

P
j:j�idj.

Corollary 13. Let G be a connected graph. Then
q1 Gð Þ 6 max
16i6n

di þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

i þ 4
di

P
j:j�idj dj þmj

� �q
2

8<
:

9=
;:
The equality holds if and only if G is a regular graph or G is a regular bipartite graph.
Proof. Taking bi ¼ di in (25), the above bound follows. By Lemma 10 and Theorem 11, the above equality holds if and only if
G is a regular graph or G is a regular bipartite graph. h
Corollary 14. Let G be a connected graph. Then
q1 Gð Þ 6 max
16i6n

di þ
1ffiffiffiffi
di

p X
j:j�i

ffiffiffiffi
dj

q( )
; ð29Þ
with equality if and only if di þ 1ffiffiffi
di

p P
j:j�i

ffiffiffiffi
dj

p
1 6 i 6 nð Þ is a constant.

Proof. Taking bi ¼
ffiffiffiffi
di

p
in (24), the result follows. h
Remark 15. From the Cauchy–Schwarz inequality, it is easy to see that bound (29) is always better than bound (5).
Remark 16. From Theorem 11 and Corollary 12, respectively, we have the following known results:

1. Taking bi ¼ 1 and bi ¼ di in (24), we have upper bounds (3) and (4).
2. Taking bi ¼ 1 in (25) and (28), we have upper bound ( 7).

Let C be the class of graphs H ¼ ðV ; EÞ such that H is connected graph with VðHÞ ¼ f1g [ V1 [ V2,
d1 ¼ D1; V1 ¼ fk 2 N1 : dk ¼ dg; V2 ¼ fk R N1 : dk ¼ D2g
and
ðD2 � dÞð2D2 � D1Þ ¼ D1 � D2:
The spectral radius of the signless Laplacian matrix of H 2 C is given by:
q1ðHÞ ¼ 2D2 ¼
D1 þ 2d� 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðD1 � 2dþ 1Þ2 þ 4D1

q
2

:

Denote by Hn�1;D2 , a connected graph with maximum degree n� 1 and the second maximum degree D2 such that
D2 ¼ d < n� 1 (d is minimum vertex degree). Thus Hn�1;D2 is a ðn� 1;D2Þ-semiregular graph with D2 < n� 1. One can see
easily that the spectral radius of the signless Laplacian matrix of Hn�1;D2 is given by the following equation
q2
1 � ðnþ 2D2 � 2Þq1 þ 2ðn� 1ÞðD2 � 1Þ ¼ 0:
Thus the spectral radius of the signless Laplacian matrix of Hn�1;D2 is given by
q1 ¼
nþ 2D2 � 2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 2D2Þ2 þ 4ðn� 1Þ

q
2

:

We now give another upper bound on the spectral radius of the signless Laplacian matrix of a graph.

Theorem 17. Let G be a connected graph with maximum degree D1 and second maximum degree D2. Then
q1 6max
i�j

di þ 2dj � 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðdi � 2dj þ 1Þ2 þ 4di

q
2

8<
:

9=
;; ð30Þ
with equality holds in (30) if and only if G is isomorphic to a regular graph or G ffi Hn�1;D2 or G 2 C.
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Proof. Let X ¼ ðx1; x2; . . . ; xnÞT be an eigenvector of QðGÞ corresponding to an eigenvalue q1. We can assume that one eigen-
component xi is equal to 1 and the other eigencomponents are less than or equal to 1, that is, xi ¼ 1 and 0 < xk 6 1, for all k.
We have
QðGÞX ¼ q1X: ð31Þ
Let xj ¼maxk:k – ixk. From the ith equation of (31),
q1xi ¼ dixi þ
X
k:k�i

xk; i:e:; q1 6 di þ dixj: ð32Þ
From the jth equation of (31),
q1xj ¼ djxj þ
X
k:k�j

xk;

i:e:; q1xj 6 djxj þ 1þ ðdj � 1Þxj;

i:e:; ðq1 � 2dj þ 1Þxj 6 1: ð33Þ
From (32) and (33), we get
ðq1 � diÞðq1 � 2dj þ 1Þ 6 di;
i.e.,
q2
1 � ðdi þ 2dj � 1Þq1 þ 2diðdj � 1Þ 6 0;
i.e.,
q1 6
di þ 2dj � 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðdi � 2dj þ 1Þ2 þ 4di

q
2

:

The first part of the proof is over.
Now suppose that equality holds in (30). Then all inequalities in the above argument must be equalities. In particular,

from (32) we get
xk ¼ xj for all k; k � i:
Also from (33) we get
xk ¼ xj for all k; k � j; k – i and i � j:
Let V1 ¼ fk : xk ¼ xjg. If V1 – VðGÞ n fig, then there exist vertices p 2 V1; q R V1; q – i such that p � q as G is connected.
Thus we have xq < xj as xj is the second maximum eigencomponent. For vertex p 2 VðGÞ, from above, we must have
xq ¼ xj, a contradiction. Thus V1 ¼ VðGÞ n fv ig. If xj ¼ 1, then
q1 ¼ 2di; i ¼ 1;2; . . . ;n:
Hence G is a regular graph.
Otherwise, xj < 1. Now we consider two cases (i) di ¼ n� 1, (ii) di < n� 1.
Case ðiÞ : di ¼ n� 1. In this case vertex i is adjacent to all the remaining vertices in G. One can see easily that any two

vertices j and k in VðGÞ n fig; dj ¼ dk < n� 1. Thus we have D2 ¼ d2 ¼ d3 ¼ . . . ¼ dn ¼ d. Hence G ffi Hn�1;D2 .
Case ðiiÞ : di < n� 1. In this case V1 ¼ fk 2 Nig and V2 ¼ VðGÞ n V1 [ figð Þ. One can see easily that any two vertices j and k

in V1; dj ¼ dk and also we have dr ¼ ds, for r; s 2 V2. Moreover, we have
q1 ¼ d1ð1þ xjÞ; ð34Þ

q1 ¼ 2dj � 1þ 1
xj

j 2 V1; ð35Þ

and q1 ¼ 2dk k 2 V2: ð36Þ
From (34) and (36), we get d1 > dk; k 2 V2. From (35) and (36), we get dk > dj; k 2 V2; j 2 V1. Thus we have
d1 ¼ D1; dk ¼ D2 and dj ¼ d; k 2 V2 and j 2 V1. Moreover, ðD2 � dÞð2D2 � D1Þ ¼ D1 � D2, by (34)–(36).

Hence G 2 C.
Conversely, one can see easily that the equality holds in (30) for regular graph or for Hn�1;D2 or for G;G 2 C. h
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