
1 'ALGEBRA kai STOIQEIA

DIANUSMATIKHS ANALUSHS

Orismìc 1. K�je orjog¸nia di�taxh m× n arijm¸n m,n ∈ N se m gram-

mèc kai n st lec lègetai orjog¸nioc pÐnakac kai parist�netai me A = [aij ]  

A = (aij)   A = ||aij ||mni,j=1   me

A =


a11 a12 ... a1n

a21 a22 ... a2n

... ... ... ...

am1 am2 ... amn


'Estw ìti A = ||aij ||mni,j=1 kai B = ||bij ||mni,j=1. Tìte

A = B ⇔ aij = bij gia i = 1, ...,m, j = 1, ..., n

An o arijmìc sthl¸n eÐnai Ðson me ton arijmì gramm¸n, tìte o pÐnakac lègetai

tetragwnikìc. O pÐnakac

0 =

(
0 0

0 0

)
onom�zetai mhdenikìc pÐnakac

kai o pÐnakac

E =

(
1 0

0 1

)
lègetai monadiaÐoc pÐnakac.

'Estw ìti

A =

(
a11 a12

a21 a22

)
kai B =

(
b11 b12

b21 b22

)
, tìte

kA =

(
ka11 ka12

ka21 ka22

)
, k ∈ C, (1)

A+B =

(
a11 + b11 a12 + b12

a21 + b21 a22 + b22

)
, (2)

AB =

(
a11 a12

a21 a22

)(
b11 b12

b21 b22

)
=

(
a11b11 + a12b21 a11b12 + a12b22

a21b11 + a22b21 a21b12 + a22b22

)
(3)

Orismìc 1. Se k�je tetragwnikì pÐnaka A antistoiqeÐ ènac arijmìc pou
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lègetai orÐzousa kai sumbolÐzetai me |A|,   detA,   D(A).

Gia A =

(
a11 a12

a21 a22

)
⇒ |A| = detA = det

(
a11 a12

a21 a22

)
= a11a22 − a21a12

(4)

Kanìnac tou Sarrus

Gia A =

a11 a12 a13

a21 a22 a23

a31 a32 a33

⇒ detA = det

a11 a12 a13

a21 a22 a23

a31 a32 a33

 =

= a11a22a33 + a12a23a31 + a13a21a32 − a12a21a33 − a11a23a32 − a13a22a31

(5)

An�ptugma kat� Laplace

Gia A =

a11 a12 a13

a21 a22 a23

a31 a32 a33

⇒ detA = det

a11 a12 a13

a21 a22 a23

a31 a32 a33

 (6)

= a11

∣∣∣∣∣ a22 a23

a32 a33

∣∣∣∣∣− a12

∣∣∣∣∣ a21 a23

a31 a33

∣∣∣∣∣+ a13

∣∣∣∣∣ a21 a22

a31 a32

∣∣∣∣∣
= a11

(
a22a33 − a32a23

)
− a12

(
a21a33 − a31a23

)
+ a13

(
a21a32 − a31a22

)
Orismìc 1. EujÔgramma tm mata pou èqoun mètro (m koc), dieÔjunsh kai

for� (bèlh), lègontai dianÔsmata.

DianÔsmata sto epÐpedo

'Estw dÔo dianÔsmata

~a = (a1, a2) = a1
~i+ a2

~j kai ~b = (b1, b2) = b1~i+ b2~j

kai c eÐnai stajer�. Tìte

c~a = (ca1, ca2) (7)

~a+~b = (a1 + b1, a2 + b2), (8)

~a−~b = (a1 − b1, a2 − b2), (9)

|~a| =
√
a2

1 + a2
2 (10)

~a = ~b⇔ a1 = b1, a2 = b2 (11)
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Eswterikì   bajmwtì ginìmeno

To eswterikì   bajmwtì ginìmeno duo duanusm�twn ~a kai ~b orÐzetai apì thn

sqèsh

~a~b = |~a| |~b| cosφ (12)

ìpou φ eÐnai h mikrìterh gwnÐa metaxÔ ~a kai ~b. Ap thn (12) prokÔptoun oi ex c

idiìthtec:

~a~b = ~b~a

~a~a = |~a| |~a| = |~a|2 ⇒ |~a| =
√
~a~a

~i~j = 0, ~i~i = ~j~j = 1

~a~b = (a1, a2)(b1, b2) = a1b1 + a2b2

~a (~b+ ~c) = ~a~b+ ~a~c

(~a+~b) (~c+ ~d) = ~a~c+ ~a ~d+~b ~d

DianÔsmata sto q¸ro

'Estw dÔo dianÔsmata ~a = (a1, a2, a3) = a1
~i+a2

~j+a3
~k kai ~b = (b1, b2, b3) =

b1~i+ b2~j + b3~k

kai c eÐnai stajer�. Tìte

c~a = (ca1, ca2, ca3) (13)

~a+~b = (a1 + b1, a2 + b2, a3 + b3), (14)

~a−~b = (a1 − b1, a2 − b2, a3 − b3), (15)

|~a| =
√
a2

1 + a2
2 + a2

3 (16)

~a = ~b ⇔ a1 = b1, a2 = b2, a3 = b3 (17)

~a~b = (a1, a2, a3)(b1, b2, b3) = a1b1 + a2b2 + a3b3 (18)

|~a| =
√
~a~a =

√
a2

1 + a2
2 + a3

3 (19)

~i~i = ~j~j = ~k~k = 1, ~i~j =~i~k = ~j ~k = 0, (20)

~a~b = 0, an ~a = 0   ~b = 0   ~a⊥~b (21)

Exwterikì ginìmeno dianusm�twn

'Estw duo dianÔsmata ~a = (a1, a2, a3) kai ~b = (b1, b2, b3). To exwterikì ginì-

meno twn dianusm�twn ~a kai ~b eÐnai to di�nusma ~c pou eÐnai k�jeto kai sto ~a kai

sto ~b, sumbolÐzetai me ~a×~b kai orÐzetai wc ex c

~c = ~a×~b = det

 ~i ~j ~k

a1 a2 a3

b1 b2 b3

 =~i

∣∣∣∣∣ a2 a3

b2 b3

∣∣∣∣∣−~j
∣∣∣∣∣ a1 a3

b1 b3

∣∣∣∣∣+~k
∣∣∣∣∣ a1 a2

b1 b2

∣∣∣∣∣ (22)
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Ap thn (22) prokÔptoun oi ex c idiìthtec:

~a×~b = −~b× ~a

|~c| = |~a×~b| = |~a| |~b| sinφ, ìpou φ eÐnai h mikrìterh gwnÐa metaxÔ ~a, ~b.

~i×~j = ~k, ~j × ~k =~i, ~k ×~i = ~j

~j ×~i = −~k, ~k ×~j = −~i, ~i× ~k = −~j

(~a+~b)× ~c = ~a× ~c+~b× ~c

(~a+~b)× (~c+ ~d) = ~a× ~c+ ~a× ~d+~b× ~c+~b× ~d

2 StoiqeÐa Analutik c GewmetrÐac sto epÐ-

pedo

ExÐswsh eujèiac sto epÐpedo pou pern�ei apì ta duo shmeÐa A(x1, y1) B(x2, y2)

eÐnai
x− x1

x2 − x1
=

y − y1

y2 − y1
(23)

ExÐswsh eujèiac pou pern�ei apì to shmeÐo A(x0, y0) par�llhla proc to di�nusma

~c = (m,n) eÐnai
x− x0

m
=
y − y0

n
. (24)

3 STOIQEIA MAJHMATIKHS

ANALUSHS

1.1. 'Oria sunart sewn

Orismìc 1. 'Enac peperasmènoc arijmìc A lègetai ìrio thc sun�rthshc f(x)

kaj¸c x→ x0 kai gr�foume

lim
x→x0

f(x) = A

an ∀ ε > 0 ∃ o arijmìc δ > 0, tètoioc ¸ste gia ìla ta x ∈ D(f) pou

ikanopoioÔn th sqèsh : 0 < |x− x0| < δ ⇒ |f(x)−A| < ε

Idiìthtec twn orÐwn :
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An up�rqoun ta ìria

lim
x→x0

f(x) = A kai lim
x→x0

g(x) = B, tìte

lim
x→x0

C = C, ìpou C stajer� (25)

lim
x→x0

C · f(x) = C · lim
x→x0

f(x) = C ·A, (26)

lim
x→x0

[f(x) + g(x)] = lim
x→x0

f(x) + lim
x→x0

g(x) = A+B, (27)

lim
x→x0

[f(x) · g(x)] = lim
x→x0

f(x) · lim
x→x0

g(x) = A ·B, (28)

lim
x→x0

f(x)

g(x)
=

limx→x0
f(x)

limx→x0
g(x)

=
A

B
, B 6= 0, (29)

lim
x→x0

n
√
f(x) = n

√
lim
x→x0

f(x) =
n
√
A, (30)

lim
x→x0

f n(x) = [ lim
x→x0

f(x)]n = An, (31)

lim
x→x0

|f(x)| = | lim
x→x0

f(x)| = |A|. (32)

Aprosdiìristec morfèc :

0

0
,
∞
∞
, 0 · ∞, ∞−∞, 1∞, 00, ∞0.

Pleurik� ìria :

An x < a kai x→ a, tìte sumbolik� grafoume x→ a−   x→ a− 0

An a < x kai x→ a, tìte sumbolik� grafoume x→ a+   x→ a+ 0

Oi arijmoÐ

f(a− 0) = lim
x→a−

f(x) kai f(a+ 0) = lim
x→a+

f(x)

efìson up�rqoun, lègontai antÐstoiqa ìrio apì arister� kai ìrio apì dexi�.

Je¸rhma 1.

lim
x→a

f(x) = A⇔ lim
x→a−

f(x) = lim
x→a+

f(x) = A.

Qarakthristik� ìria :
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lim
x→0

sinx

x
= 1 (33)

lim
x→0

ex − 1

x
= 1 (34)

lim
x→0

ax − 1

x
= ln a, a > 0 (35)

lim
x→0

ln(1 + x)

x
= 1 (36)

lim
x→∞

(
1 +

1

x

)x
= e (37)

lim
x→0

(
1 + x

) 1
x

= e (38)

Lumènec Ask seic

1. Na brejeÐ to ìrio :

lim
x→1

√
8x+ 1− 3

x2 − 1
=

Lush:

lim
x→1

√
8x+ 1− 3

x2 − 1
=

0

0
= lim
x→1

(
√

8x+ 1− 3)(
√

8x+ 1 + 3)

(x2 − 1)(
√

8x+ 1 + 3)

= lim
x→1

8x+ 1− 9

(x2 − 1)(
√

8x+ 1 + 3)
= lim
x→1

8(x− 1)

(x− 1)(x+ 1)(
√

8x+ 1 + 3)

= lim
x→1

8

(x+ 1)(
√

8x+ 1 + 3)
=

8

2 · 6
=

2

3
.

2. Na brejeÐ to ìrio :

lim
x→2

√
4x+ 1− 3

x− 2
=

Lush:

lim
x→2

√
4x+ 1− 3

x− 2
=

0

0
= lim
x→2

(
√

4x+ 1− 3)(
√

4x+ 1 + 3)

(x− 2)(
√

4x+ 1− 3)

= lim
x→2

4x+ 1− 9

(x− 2)(
√

4x+ 1 + 3)
= lim
x→2

4(x− 2)

(x− 2)(
√

4x+ 1 + 3)

= lim
x→2

4√
4x+ 1 + 3

=
4

6
=

2

3
.

3. Na brejeÐ to ìrio :

lim
x→0

sin 5x

x
=
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Lush:

lim
x→0

sin 5x

x
= lim
x→0

5 sin 5x

5x
=

∣∣∣∣∣ Jètw t = 5x, tìte

t→ 0 kaj¸c x→ 0

∣∣∣∣∣ = 5 lim
x→0

sin t

t
= 5 · 1 = 5.

4. Na brejeÐ to ìrio :

lim
x→∞

(
1 +

3

x

)4x

=

Lush:

lim
x→∞

(
1 +

3

x

)4x

=1∞ = lim
x→∞

(
1 +

1
x
3

)4x

=

∣∣∣∣∣Jètw t = x/3, tìtex = 3t,

t→∞ kaj¸c x→∞

∣∣∣∣∣ = lim
t→∞

(
1 +

1

t

)4·3t
=

= lim
t→∞

[(
1 +

1

t

)t]12 (31)
=
[

lim
t→∞

(
1 +

1

t

)t]12 (37)
= e12

5. Na brejeÐ to ìrio :

lim
x→∞

(x+ 4

x

) x
2

=

Lush:

lim
x→∞

(x+ 4

x

) x
2

= lim
x→∞

(x
x

+
4

x

) x
2

= lim
x→∞

(
1 +

1
x
4

) x
2

= 1∞ =

∣∣∣∣∣Jètw t = x/4, tìtex = 4t,

t→∞ kaj¸c x→∞

∣∣∣∣∣ =

= lim
t→∞

(
1 +

1

t

)4t· 12
= lim
t→∞

[(
1 +

1

t

)t]2 (31)
=
[

lim
t→∞

(
1 +

1

t

)t]2 (37)
= e2

'Alutec Ask seic
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1. lim
x→−1

√
2− 7x− 3

x+ 1
=

2. lim
x→0

1− cos2 x

x
=

3. lim
x→6

√
4 + 2x− 4

x− 6
=

4. lim
x→0

1− e2x

sinx
=

5. lim
x→0

1− cos 5x

3x − 1
=

6. lim
x→0

sin2 x

e5x − 1
=

7. lim
x→4

√
5x− 4− 4

4− x
=

8. lim
x→0

x cotx =

9. lim
x→∞

(
1 +

8

x

)3x

=

10. lim
x→∞

(
1 +

1

4x

)7x

=

11. lim
x→0

ln(1 + 3x)

x
=

12. lim
x→0

1− cos 4x

sin 2x

1.2. Sunèqeia sunart sewn

Orismìc 2. Mia sun�rthsh f(x) onom�zetai suneq c sto shmeÐo x0 an

x0 ∈ D(f) kai

lim
x→x0

f(x) = f(x0),

  an

lim
x→x−0

f(x) = lim
x→x+

0

f(x) = f(x0).

Jewr mata Suneq¸n Sunart sewn

1. An oi sunart seic f(x), g(x) eÐnai suneqeÐc sto shmeÐo x = a, tìte oi

sunart seic

cf(x), f(x)± g(x), f(x) · g(x),
f(x)

g(x)

eÐnai suneqeÐc sunart seic, ìpou g(a) 6= 0, kai c eÐnai stajer�.

2. H sÔnjesh twn suneq¸n sunart sewn eÐnai suneq c sun�rthsh, dhlad  an

y = f(x) eÐnai suneq c sto shmeÐo x = x0, kai z = g(y) eÐnai suneq c sto
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shmeÐo y = y0, kai y0 = f(x0), tìte h sun�rthsh z = g(f(x)) eÐnai suneq c

sto shmeÐo x = x0.

Orismìc 3. Mia sun�rthsh f(x) lègetai suneq c sto di�sthma [a, b] an

h f(x) eÐnai suneq c se k�je shmeÐo tou diast matoc [a, b] kai tìte gr�foume

f(x) ∈ C[a, b].

1.3. Par�gwgoi sunart sewn kai oi efarmogèc touc

Orismìc 1. To ìrio

lim
h→0

f(x0 + h)− f(x0)

h

efìson up�rqei, eÐnai h klÐsh thc efaptomènhc thc kampÔlhc y = f(x) sto shmeÐo

x0 kai lègetai par�gwgoc thc f(x) sto shmeÐo x0 kai gr�foume

lim
h→0

f(x0 + h)− f(x0)

h
= f ′(x0) =

df(x0)

dx
=
dy(x0)

dx
= y′(x0),

dhlad  an h exÐswsh thc efaptomènhc eÐnai y = kx+ λ, tìte

k = tanα = f ′(x0),

ìpou α eÐnai h jetik  gwnÐa metaxÔ thc efaptomènhc kai �xona 0x.

Orismìc 2. Mia sun�rthsh f(x) onom�zetai paragwgÐsimh sto shmeÐo x

an èqei par�gwgo sto shmeÐo autì.

Orismìc 3. Mia sun�rthsh f(x) kaleÐtai paragwgÐsimh sto di�sthma [a, b]

an eÐnai paragwgÐsimh se k�je shmeÐo tou [a, b]

Orismìc 4. Mia sun�rthsh f(x) kaleÐtai suneq¸c paragwgÐsimh sto di�-

sthma [a, b] an eÐnai paragwgÐsimh sto [a, b] kai h par�gwgìc thc f ′(x) eÐnai

suneq c sto [a, b] kai tìte gr�foume f(x) ∈ C1[a, b].

1.3.1. PÐnakac parag¸gwn basik¸n sunart sewn
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(C)′ = 0, C constant (39)

(xa)′ = axa−1, a stajer� (40)

(ex)′ = ex (41)

(ax)′ = ax ln a, a > 0 (42)

(lnx)′ =
1

x
(43)

(loga x)′ =
1

x ln a
, a > 0 (44)

(sinx)′ = cosx (45)

(cosx)′ = − sinx (46)

(tanx)′ =
1

cos2 x
(47)

(cotx)′ = − 1

sin2 x
(48)

1.3.2. Kanìnec parag¸gishc sunart sewn

(
f(x) + g(x)

)′
= f ′(x) + g′(x), (49)(

Cf(x)
)′

= Cf ′(x), C constant, (50)(
f(x)g(x)

)′
= f ′(x)g(x) + f(x)g′(x), (51)(

f(x)

g(x)

)′
=
f ′(x)g(x)− f(x)g′(x)

g2(x)
. (52)

Lumènec Ask seic

1. (x4 + 5 sinx)′ = (x4)′ + (5 sinx) = 4x4−1 + 5(sinx)′ = 4x3 + 5 cosx,

2. (2ex − 7 cosx)′ = (2ex)′ − (7 cosx)′ = 2(ex)′ − 7(cosx)′

= 2ex − 7(− sinx) = 2ex + 7 sinx,

3. (x8 sinx)′ = (x8)′ sinx+ x8(sinx)′ = 8x7 sinx+ x8 cosx,

4. (
ex

cosx

)′
=

(ex)′ cosx− ex(cosx)′

(cosx)2
=
ex cosx− ex(− sinx)

cos2 x

=
ex cosx+ ex sinx

cos2 x
.
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Orismìc 5. To diaforikì thc sun�rthshc f(x) sumbolÐzetai me df(x) kai

orÐzetai wc ex c

df(x) = f ′(x)dx (53)

P.q. dx4 = (x4)′dx = 4x3dx, d sin 7x = (sin 7x)′dx = 7 cos 7xdx

1.3.3. Kanìnac tou D’ Hospital

'Estw ìti

lim
x→a

f(x)

g(x)
=

0

0
 
∞
∞
,

ìpou oi sunart seic f(x) kai g(x) eÐnai paragwgÐsimec kai g(x) 6= 0 gia k�je x

enìc diast matoc

0 < |x− a| < δ , sto opoÐo δ eÐnai aujaÐretoc arijmìc, tìte

lim
x→a

f(x)

g(x)
= lim
x→a

f ′(x)

g′(x)
(54)

1.3.4. Par�gwgoc sÔnjethc sun�rthshc

An h z = f(y) eÐnai paragwgÐsimh sun�rthsh tou y kai h y = g(x) eÐnai paragw-

gÐsimh sun�rthsh tou x, tìte h z = f(g(x)) eÐnai paragwgÐsimh sun�rthsh tou x

kai upologÐzetai wc ex c

z′(x) = f ′(y) y′(x)   z′(x) = f ′(g(x)) g′(x). (55)

Ap touc tÔpouc (55) sunep�gontai oi tÔpoi:(
fa(x)

)′
= afa−1(x)f ′(x), a eÐnai stajer�, (56)(

ef(x)
)′

= f ′(x)ef(x), (57)(
af(x)

)′
= af(x)f ′(x) ln a, a > 0 (58)(

ln f(x)
)′

=
f ′(x)

f(x)
, (59)

(loga x)′ =
f ′(x)

f(x) ln a
, a > 0, (60)(

sin f(x)
)′

= f ′(x) cos f(x), (61)(
cos f(x)

)′
= −f ′(x) sin f(x), (62)(

tan f(x)
)′

=
f ′(x)

cos2 f(x)
, (63)

(
cot f(x)

)′
= − f ′(x)

sin2 f(x)
. (64)
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Qr simoi tÔpoi

fa(x) = [f(x)]a,

f(x) = [f(x)]1,

n
√
xm = x

m
n .

Lumènec Ask seic

1. BreÐte thn par�gwgo pr¸thc t�xhc thc sun�rthshc(
(2x3 − 4x+ 5)7

)′
=

Lush : sugkrÐnontac me ton tÔpo (2.26), paÐrnw f(x) = 2x3− 4x+ 5 kai

a = 7, tìte brÐskw(
(2x3 − 4x+ 5)7

)′
= 7(2x3−4x+5)7−1(2x3−4x+5)′ = 7(2x3−4x+5)6(6x2−4).

(2x3 − 4x+ 5)′ = (2x3)′ − (4x)′ + 5′ = 2(x3)′ − 4(x)′ + 0 = 2 · 3x2 − 4.

2. BreÐte thn par�gwgo pr¸thc t�xhc thc sun�rthshc(
3
√

2x3 − 4x+ 5
)′

=

Lush : epeid 

2x3 − 4x+ 5 = (2x3 − 4x+ 5)1,

3
√

2x3 − 4x+ 5 = (2x3 − 4x+ 5)1/3,

tìte sugkrÐnontac me ton tÔpo (2.26), paÐrnw f(x) = 2x3 − 4x + 5 kai

a = 1/3, tìte brÐskw(
3
√

2x3 − 4x+ 5
)′

=
(

(2x3 − 4x+ 5)1/3
)′

=
1

3
(2x3−4x+5)

1
3−1(2x3−4x+5)′

=
1

3
(2x3 − 4x+ 5)−

2
3 (6x2 − 4).

3. BreÐte thn par�gwgo pr¸thc t�xhc thc sun�rthshc

(sin3 x)′ =

Lush : sugkrÐnontac me ton tÔpo (2.26), paÐrnw f(x) = sinx kai a = 3,

tìte brÐskw

(sin3 x)′ = 3 sin3−1 x (sinx)′ = 3 sin2 x cosx.
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4. BreÐte thn par�gwgo pr¸thc t�xhc thc sun�rthshc

(sin(8x− 4))′ =

Lush : sugkrÐnontac me ton tÔpo (2.31), paÐrnw f(x) = 8x − 4, tìte

brÐskw

(sin(8x− 4))′ = (8x− 4)′ cos(8x− 4) = 8 cos(8x− 4).

5. BreÐte thn par�gwgo pr¸thc t�xhc thc sun�rthshc(
e5x−2

)′
=

Lush : sugkrÐnontac me ton tÔpo (2.27), paÐrnw f(x) = 5x− 2, tìte(
e5x−2

)′
= (5x− 2)′e5x−2 = 5e5x−2.

6. DeÐxte ìti (
za(g(x))

)′
= aza−1(g(x))z′(g(x))g′(x). (∗)

Lush : paÐrnw f(x) = z(g(x)). Tìte me ton tÔpo (2.26) èqw(
za(g(x))

)′
= (fa(x))

′
= afa−1(x)f ′(x)

= a (z(g(x)))
a−1

(z(g(x)))
′

= aza−1(g(x))z′(g(x))g′(x).

7. BreÐte thn par�gwgo pr¸thc t�xhc thc sun�rthshc

(sin7(8x− 4))′ =

Lush : sugkrÐnontac me touc tÔpouc (2.26) kai (2.31) paÐrnw

f(x) = sin(8x− 4), a = 7. Tìte èqw(
sin7(8x− 4)

)′
=
(
f7(x)

)′
= 7f7−1(x)f ′(x) = 7 sin6(8x− 4)

(
sin(8x− 4)

)′
= 7 sin6(8x− 4)[cos(8x− 4)](8x− 4)′ = 56 sin6(8x− 4) cos(8x− 4).

8. BreÐte thn par�gwgo pr¸thc t�xhc thc sun�rthshc(
cos9(4x+ 3)

)′
=

Lush : sugkrÐnontac me touc tÔpouc (2.26) kai (2.32) paÐrnw

f(x) = cos(4x+ 3) kai a = 9, tìte(
cos9(4x+ 3)

)′
= 9 cos8(4x+ 3)

(
cos(4x+ 3)

)′
= 9 cos8(4x+ 3)[− sin(4x+ 3)](4x+ 3)′ = −36 cos8(4x+ 3) sin(4x+ 3).
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9. BreÐte thn par�gwgo pr¸thc t�xhc thc sun�rthshc(
6
√

(8x2 − 4x− 6)5
)′

=

Lush : epeid 

6
√

(8x2 − 4x− 6)5 = (8x2 − 4x− 6)5/6,

tìte sugkrÐnontac me ton tÔpo (2.26), paÐrnw f(x) = 8x2 − 4x − 6 kai

a = 5/6. 'Ara(
6
√

(8x2 − 4x− 6)5
)′

=
(
(8x2 − 4x− 6)5/6

)′
=

5

6
(8x2 − 4x− 6)

5
6−1(8x2 − 4x− 6)′ =

=
5

6
(8x2 − 4x− 6)−

1
6 (16x− 4) =

5

6
(8x2 − 4x− 6)−

1
6 (16x− 4)

=
5

3
(8x2 − 4x− 6)−

1
6 (8x− 4).

2.3.5. Par�gwgoc sÔnjethc ekjetik c sun�rthshc

Qr simoi tÔpoi:

lnxa = a lnx, (∗)

h(x) = elnh(x), gia h(x) > 0, (∗∗)(
ln f(x)

)′
=
f ′(x)

f(x)
, (∗ ∗ ∗).

Orismìc: H sun�rthsh

y = f(x)g(x),

ìpou f(x) > 0 lègetai sÔnjeth ekjetik .

Pr¸toc trìpoc: Me logarijmopoÐhsh brÐskoume thn par�gwgì thc

ln y = ln f(x)g(x) ⇒ ln y = g(x) ln f(x) ⇒ (ln y)′ =
(
g(x) ln f(x)

)′ ⇒
y′

y
= g′(x) ln f(x) + g(x)

(
ln f(x)

)′ ⇒

y′

y
= g′(x) ln f(x) + g(x)

1

f(x)
· f ′(x) ⇒

y′ = y
[
g′(x) ln f(x) + g(x)

f ′(x)

f(x)

]
⇒

y′ = f(x)g(x)
[
g′(x) ln f(x) + g(x)

f ′(x)

f(x)

]
.

DeÔteroc trìpoc: me ton tÔpo (**)
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LÔsh: qrhsimopoi¸ntac touc tÔpouc (**), (*) kai (2.27), (2.29), èqoume(
f(x)g(x)

)′
=
(
eln f(x)g(x)

)′
=
(
eg(x) ln f(x)

)′
= (g(x) ln f(x))′eg(x) ln f(x)

= [g′(x) ln f(x)+g(x)(ln f(x))′]eln f(x)g(x)

=

[
g′(x) ln f(x) + g(x)

f ′(x)

f(x)

]
f(x)g(x).

'Askhsh 1. BreÐte thn par�gwgo pr¸thc t�xhc thc sÔnjethc ekjetik c sun�r-

thshc

y = xsin x, x > 0.

Lush :

y = xsin x ⇒ ln y = lnxsin x ⇒ (ln y)′ =
(

sinx lnx
)′ ⇒

y′

y
= cosx lnx+ sinx(lnx)′ ⇒

y′

y
= cosx lnx+ sinx · 1

x
⇒

y′ = y
(

cosx lnx+
sinx

x

)
⇒

y′ = xsin x
(

cosx lnx+
sinx

x

)
'Askhsh 2. BreÐte thn par�gwgo pr¸thc t�xhc thc sÔnjethc ekjetik c

sun�rthshc

y = xx
3

, x > 0.

Lush : qrhsimopoi¸ntac touc tÔpouc (**), (*) kai (2.27), (2.29), èqoume(
xx

3
)′

=
(
eln xx3)′

=
(
ex

3 ln x
)′

= (x3 lnx)′eln xx3

= [(x3)′ lnx+ x3(lnx)′]xx
3

=

(
3x2 lnx+ x3 1

x

)
xx

3

= x2(3 lnx+ x)xx
3

= (3 lnx+ x)xx
3+2.

2.3.6. Par�gwgoc sun�rthshc se plegmènh morf 

Orismìc: K�je sqèsh metaxÔ duo metablht¸n x kai y pou ekfr�zetai sth

morf  F (x, y) = 0 onom�zetai plegmènh sun�rthsh twn x kai y.

Gia na broÔme thn par�gwgo y′ = y′(x) apì thn F (x, y) = 0 antikajustoÔme

th y me y(x), sthn F (x, y) = 0 kai ètsi èqoume F (x, y(x)) = 0. Me

parag¸gish aut c thc exÐswshc kai me epÔlhsh wc proc y′ = y′(x), lamb�noume

F ′x + F ′y y
′(x)) = 0, ⇒ F ′y y

′(x) = −F ′x, ⇒
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y′(x) = −F
′
x

F ′y
. (65)

Aut  h mèjodoc qrhsimopoieÐtai ìtan h exÐswsh F (x, y) = 0 den mporeÐ na

lujeÐ wc proc y .

'Askhsh 1. BreÐte thn par�gwgo y′ = y′(x) apì thn exÐswsh :

y2 + ey = x.

LÔsh: antikajustìntac y me y(x), sthn parap�nw exÐswsh kai paragwgÐzontac,

ja l�boume

y2(x) + ey(x) = x ⇒ (y2(x))′ + (ey(x))′ = 1 ⇒

2y(x)y′(x) + ey(x)y′(x) = 1 ⇒ y′(2y + ey) = 1⇒

y′ =
1

2y + ey
,

epeid  y = y(x), kai y′ = y′(x).

'Askhsh 2. BreÐte thn par�gwgo y′ = y′(x) apì thn exÐswsh :

y3x5 − 2 sin y = 1.

LÔsh: antikajustìntac y me y(x), sthn parap�nw exÐswsh kai paragwgÐzontac,

ja l�boume

y3(x)x5 − 2 sin y(x) = 1 ⇒ (y3(x)x5)′ − 2(sin y(x))′ = 0 ⇒

3y2(x)y′(x)x5+y3(x)5x4−2y′(x) cos y(x) = 0 ⇒ y′[3y2x5−2 cos y] = −5x4y3 ⇒

y′ =
−5x4y3

3y2x5 − 2 cos y
,

epeid  y = y(x), kai y′ = y′(x).

2.3.7. Topik� Akrìtata

Orismìc: ShmeÐa tou pedÐou orismoÔ thc sun�rthshc f(x), ìpou h pa-

r�gwgoc pr¸thc t�xhc f ′(x) eÐnai mhdèn   den up�rqei, lègontai krÐsima shmeÐa.

Krit rio thc Parag¸gou Pr¸thc T�xhc gia Topik�

Akrìtata
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'Askhsh 1. Na brejoÔn ta diast mata monotonÐac, ta topik� akrìtata kai

ta shmeÐa kamp c thc sun�rthshc

f(x) = 2x3 + 5x2 − 16x+ 3 (66)

Lush :

f ′(x) = 6x2 + 10x− 16 = 2(3x2 + 5x− 8) (67)

⇒ f ′(x) = 0⇔ 3x2 + 5x− 8 = 0 ⇒ ∆ = 52 − 4 · 3(−8) = 25 + 96 = 121 ⇒
x1,2 = −b±

√
∆

2a = −5±
√

121
2·3 = −5±11

6 ⇒ x1 = −5−11
6 = − 8

3 , x2 = −5+11
6 = 1.

Epeid  −3 < − 8
3 < 0 < 1 < 2, kai

f ′(−3)
(73)
= 8 > 0, f ′(0)

(73)
= −16 < 0, f ′(2)

(73)
= 28 > 0, o pÐnakac metabol¸n

sumplhr¸netai wc ex c:

x − 8
3 1

f ′(x) + 0 − 0 +

f(x) ↗ ↘ ↗
T.M. T.E.

'Ara h f(x) eÐnai gnhsÐwc aÔxousa sto di�sthma (−∞,− 8
3 )
⋃

(1,+∞)

kai gnhsÐwc fjÐnousa sto di�sthma (− 8
3 , 1),

sto shmeÐo x = − 8
3 èqei topikì mègisto T.M.=f(− 8

3 )
(72)
= 2 · (− 8

3 )3 + 5 · (− 8
3 )2−

16 · (− 8
3 ) + 3 = 43, 3

kai sto shmeÐo x = 1 èqei topikì el�qisto T.E.=f(1)
(72)
= 2·13+5·12−16·1+3 =

−6.

T¸ra ja broÔme ta shmeÐa kamp c:

f ′′(x) = (f ′(x))′
(73)
=
(
2(3x2 + 5x− 8)

)′
= 2(6x+ 5) (68)

f ′′(x) = 0 ean 6x = −5   x = − 5
6 . An h par�gwgoc f ′′(x) all�zei prìsimo

kaj¸c to x pern�ei to x = − 5
6 , sto x = − 5

6 ja èqoume shmeÐo kamp c. Epeid 

−1 < − 5
6 < 0, kai f ′′(−1)

(68)
= −2 < 0, f ′′(0)

(68)
= 10 > 0,

sto x0 = − 5
6 èqoume shmeÐo kamp c K(x0, y0), ìpou

y0 = f(x0) = f(− 5
6 )

(72)
= 2 · (− 5

6 )3 + 5 · (− 5
6 )2 − 16 · (− 5

6 ) + 3 = 18.64.

'Ara K(x0, y0) = K(− 5
6 , 18.64) eÐnai shmeÐo kamp c.

'Askhsh 2. Na brejoÔn ta diast mata monotonÐac, ta topik� akrìtata kai

ta shmeÐa kamp c thc sun�rthshc

f(x) = 2x3 − 12x2 + 18x+ 11 (69)
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Lush :

f ′(x) = 6x2 − 24x+ 18 = 6(x2 − 4x+ 3) (70)

⇒ f ′(x) = 0⇔ x2 − 4x+ 3 = 0 ⇒ ∆ = (−4)2 − 4 · 3 = 16− 12 = 4 ⇒
x1,2 = −b±

√
∆

2a = −(−4)±
√

4
2 = 4±2

2 ⇒ x1 = 4−2
2 = 1, x2 = 4+2

2 = 3. Epeid 

0 < 1 < 2 < 3 < 4, kai f ′(0)
(75)
= 18 > 0, f ′(2)

(75)
= −6 < 0, f ′(4)

(75)
=

18 > 0, o pÐnakac metabol¸n sumplhr¸netai wc ex c:

x 1 3

f ′(x) + 0 − 0 +

f(x) ↗ ↘ ↗
T.M. T.E.

'Ara h f(x) eÐnai gnhsÐwc aÔxousa sto di�sthma (−∞, 1)
⋃

(3,+∞)

kai gnhsÐwc fjÐnousa sto di�sthma (1, 3),

sto shmeÐo x = 1 èqei topikì mègisto T.M.=f(1)
(74)
= 2·13−12·12+18·1+11 = 19

kai sto shmeÐo x = 3 èqei topikì el�qisto T.E.=f(3)
(74)
= 2 · 33 − 12 · 32 + 18 ·

3 + 11 = 11.

T¸ra ja broÔme ta shmeÐa kamp c:

f ′′(x) = (f ′(x))′
(73)
=
(
6(x2 − 4x+ 3)

)′
= 6(2x− 4) (71)

f ′′(x) = 0 ean x = 2. An h par�gwgoc f ′′(x) all�zei prìsimo kaj¸c to x

pern�ei to x = 2, sto x = 2 ja èqoume shmeÐo kamp c. Epeid  0 < 2 < 3, kai

f ′′(0)
(71)
= −24 < 0, f ′′(3)

(71)
= 12 > 0,

sto x0 = 2 èqoume shmeÐo kamp c K(x0, y0), ìpou y0 = f(x0) = f(2)
(72)
=

2 · 23 − 12 · 22 + 18 · 2 + 11 = 15.

'Ara K(x0, y0) = K(1, 15) eÐnai shmeÐo kamp c.

Krit rio thc DeÔterhc Parag¸gou gia Topik� Akrìtata

1. LÔnoume thn exÐswsh f ′(x) = 0, gia na broÔme ta krÐsima shmeÐa.

2. Se èna krÐsimo shmeÐo x = x0

h f(x) èqei Topikì Mègisto (T.M.)=f(x0), an f ′′(x0) < 0,

h f(x) èqei Topikì El�qisto (T.E.)=f(x0), an f ′′(x0) > 0.

ax2 + bx+ c = 0, ∆ = b2 − 4ac.

'Askhsh 1. Na brejoÔn ta topik� akrìtata thc sun�rthshc

f(x) = 2x3 + 5x2 − 16x+ 3. (72)
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Lush :

f ′(x) = 6x2 + 10x− 16 = 2(3x2 + 5x− 8) (73)

⇒ f ′(x) = 0⇔ 3x2 + 5x− 8 = 0 ⇒ ∆ = 52 − 4 · 3(−8) = 25 + 96 = 121 ⇒

x1,2 =
−b±

√
∆

2a
=
−5±

√
121

2 · 3
=
−5± 11

6
⇒

x1 =
−5− 11

6
= −8

3
, x2 =

−5 + 11

6
= 1 krÐsima shmeÐa.

BrÐskoume

f ′′(x) = (f ′(x))′ = (6x2 + 10x− 16)′ = 12x+ 10.

Epeid 

f ′′(−8/3) = 12(−8/3) + 10 = −26 < 0,

tìte h f(x) sto shmeÐo x = − 8
3 èqei topikì mègisto pou brÐsketai apì (72):

T.M. = f

(
−8

3

)
= 2 ·

(
−8

3

)3

+ 5 ·
(
−8

3

)2

− 16 ·
(
−8

3

)
+ 3 = 43, 3

Epeid 

f ′′(1) = 12 + 10 = 22 > 0,

tìte h f(x) sto shmeÐo x = 1 èqei topikì el�qisto pou brÐsketai apì (72):

T.E. = f(1) = 2 · 13 + 5 · 12 − 16 · 1 + 3 = −6.

'Askhsh 2. Na brejoÔn ta topik� akrìtata thc sun�rthshc

f(x) = 2x3 − 12x2 + 18x+ 11 (74)

Lush :

f ′(x) = 6x2 − 24x+ 18 = 6(x2 − 4x+ 3) (75)

⇒ f ′(x) = 0⇔ x2 − 4x+ 3 = 0 ⇒ ∆ = (−4)2 − 4 · 3 = 16− 12 = 4,

x1,2 =
−b±

√
∆

2a
=
−(−4)±

√
4

2
=

4± 2

2
,

⇒ x1 =
4− 2

2
= 1, x2 =

4 + 2

2
= 3 krÐsima shmeÐa.

BrÐskoume

f ′′(x) = (f ′(x))′ = (6(x2 − 4x+ 3))′ = 12x− 24.

Epeid  f ′′(1) = 12 − 24 < 0, tìte h f(x) sto shmeÐo x = 1 èqei topikì

mègisto pou brÐsketai apì (74):

T.M. = f(1) = 2 · 13 − 12 · 12 + 18 · 1 + 11 = 19.
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Epeid  f ′′(3) = 12 · 3 − 24 = 12 > 0, tìte h f(x) sto shmeÐo x = 3 èqei

topikì el�qisto pou brÐsketai apì (74):

T.E. = f(3) = 2 · 33 − 12 · 32 + 18 · 3 + 11 = 11.

'Alutec Ask seic

A. BreÐte tic parag ģouc pr¸thc t�xhc twn parak�tw sunart sewn

1.
(
e8x+2 + 6

√
4x− 3

)′
=

2.
(
(7x− 3) sin 4x

)′
=

3.
(

9x4 − 5
√

2x− 3
)′

=

4.
(
(cosx)2x

)′
=

5.
(
2x− 5)4x

)′
=

6.
(
x+ 1)x

)′
=

7.
(
xe4x2−x + 4

√
x− 7

)′
=

8.
(

34x + 7
√

5x+ 7
)′

=

9.
(

2e5x−3 − ln2 x+ 37x
)′

=

10.
( e5x

6x+ 3

)′
=

G. BreÐte thn par�gwgo y′ = y′(x) apì thn exÐswsh :

1. 2y2 + sin(4x+ 7) = e2y − x

2. 5x3 + ln y2 = e3y

3. y3 + sin y = x

4. x9 + y4 = xey + cos 7x

5. 7x9 − 5y3 = e5y − x

D. Na brejoÔn me to Krit rio thc DeÔterhc Parag ģou ta topik� akrìtata

20



twn parak�tw sun�rthsewn:

1. f(x) = 8x3 − 9x2 − 6x− 1

2. f(x) = 7x3 − 7x2 − 7x+ 1

3. f(x) = 4x3 − 3x2 − 6x+ 3

4. f(x) = 4x3 − 5x2 − 2x+ 5

5. f(x) = 5x3 − 5x2 − 5x+ 1

6. f(x) = 2x3 − 2x2 − 2x− 4

7. f(x) = x3 + 3x2 − 9x+ 5

4 Aìrista oloklhr¸mata

3.1 PÐnakac oloklhrwm�twn basik¸n sunart sewn:∫
xadx =

xa+1

a+ 1
+ c, a 6= −1 (76)∫

1

x
dx =

∫
dx

x
= ln |x|+ c (77)∫

exdx = ex + c (78)∫
axdx =

ax

ln a
+ c, a > 0 (79)∫

sinxdx = − cosx+ c (80)∫
cosxdx = sinx+ c (81)∫
dx

cos2 x
= tanx+ c (82)∫

dx

sin2 x
= − cotx+ c (83)∫

dx

a2 − x2
=

1

2a
ln
∣∣∣a+ x

a− x

∣∣∣+ c (84)

∫
dx

x2 + a2
=

1

a
arctan

x

a
+ c (85)∫

dx√
a2 − x2

= arcsin
x

a
+ c (86)
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3.2 Idiìthtec twn aìristwn oloklhrwm�twn∫
cf(x)dx = c

∫
f(x)dx c constant, (87)∫ [

f(x)± g(x)
]
dx =

∫
f(x)dx±

∫
g(x)dx. (88)

Qr simoi tÔpoi:

n
√
xm = xm/n,

1

xm
= x−m, df(x) = f ′(x)dx.

Askhseic: UpologÐste ta oloklhr¸mata:

1. ∫
3x2dx = 3

∫
x2dx = 3 · x

2+1

2 + 1
+ c = 3 · x

3

3
+ c = x3 + c,

ìpou efarmìsame ton tÔpo (76) me a = 2.

2. ∫
x−2dx =

x−2+1

−2 + 1
+ c =

x−1

−1
+ c = −x−1 + c = − 1

x
+ c,

ìpou efarmìsame ton tÔpo (76) me a = −2.

3. ∫
4
√
x3dx =

∫
x

3
4 dx =

x
3
4 +1

3
4 + 1

+ c =
x

7
4

7
4

+ c

=
4

7
x

7
4 + c =

4

7

4
√
x7 + c,

ìpou efarmìsame ton tÔpo (76) me a = 3
4 .

4. ∫
dx
4
√
x3

=

∫
dx

x
3
4

=

∫
x−

3
4 dx =

x−
3
4 +1

− 3
4 + 1

+ c =
x

1
4

1
4

+ c = 4x
1
4 + c,

ìpou efarmìsame ton tÔpo (76) me a = − 3
4 .

5. ∫
dx

x2 + 9
=

∫
dx

x2 + 32
=

1

3
arctan

x

3
+ c,

ìpou efarmìsame ton tÔpo (85) me a = 3.

6.∫
dx

x2 + 3
=

∫
dx

x2 +
√

3
2 =

1√
3

arctan
x√
3

+ c =

√
3

3
arctan

x
√

3

3
+ c,

ìpou efarmìsame ton tÔpo (85) me a =
√

3.
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3.3. Oloklhr¸mata thc morf c
∫ f ′(x)

f(x) dx

'Otan mèsa sto olokl rwma o arijmht c eÐnai par�gwgoc tou paronomast ,

tìte isqÔei o tÔpoc: ∫
f ′(x)

f(x)
dx = ln |f(x)|+ c (89)

Askhseic: UpologÐste ta oloklhr¸mata:

1. ∫
dx

x+ 1
=?

Lush : epeid  (x+ 1)′ = 1, tìte∫
dx

x+ 1
=

∫
1 · dx
x+ 1

=

∫
(x+ 1)′dx

x+ 1
= ln |x+ 1|+ c.

2. ∫
dx

2x+ 1
=?

Lush : epeid  (2x+ 1)′ = 2, tìte∫
dx

2x+ 1
=

1

2

∫
2 · dx
2x+ 1

=
1

2

∫
(2x+ 1)′dx

2x+ 1
=

1

2
ln |2x+ 1|+ c.

3. ∫
x2dx

x3 + 7
=?

Lush : epeid  (x3 + 7)′ = 3x2, tìte∫
x2dx

x3 + 7
=

1

3

∫
3x2dx

x3 + 7
=

1

3

∫
(x3 + 7)′dx

x3 + 7
=

1

3
ln |x3 + 7|+ c.

4. ∫
cosxdx

sinx− 3
=?

Lush : epeid  (sinx− 3)′ = cosx, tìte∫
cosxdx

sinx− 3
=

∫
(sinx− 3)′ · dx

sinx− 3
= ln | sinx− 3|+ c.

5. ∫
3x+ 1

9x2 + 6x+ 5
dx =?

Lush : epeid  (9x2 + 6x+ 5)′ = 18x+ 6, tìte∫
3x+ 1

9x2 + 6x+ 5
dx =

1

6

∫
6(3x+ 1)

9x2 + 6x+ 5
dx =

1

6

∫
(9x2 + 6x+ 5)′

9x2 + 6x+ 5
dx
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=
1

6
ln |9x2 + 6x+ 5|+ c.

3.4. Oloklhr¸mata thc morf c
∫
f(kx+ l)dx ,

ìpou k, l stajerèc.

An xèroume to olokl rwma∫
f(x)dx = F (x) + c,

tìte amèswc brÐskoume∫
f(kx+ l)dx =

1

k
F (kx+ l) + c. (90)

Askhseic: UpologÐste ta oloklhr¸mata:

1. ∫
1

2x+ 1
dx =?

Lush : eqoume

f(kx+ l) =
1

2x+ 1
, k = 2, l = 1⇒ f(x) =

1

x
.

Epeid  ∫
dx

x
= ln |x|+ c,

tìte ∫
dx

2x+ 1
=

1

2
ln |2x+ 1|+ c.

2. ∫
cos(3x+ 4)dx =?

Lush : eqoume

f(kx+ l) = cos(3x+ 4), k = 3, l = 4⇒ f(x) = cosx.

Epeid  ∫
cosxdx = sinx+ c,

tìte ∫
cos(3x+ 4)dx =

1

3
sin(3x+ 4) + c.

3. ∫
e7x−5dx =?
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Lush : eqoume

f(kx+ l) = e7x−5, k = 7, l = −5⇒ f(x) = ex.

Epeid  ∫
exdx = ex + c,

tìte ∫
e7x−5dx =

1

7
e7x−5 + c.

4. ∫
sin(−x+ 4)dx =?

Lush : eqoume

f(kx+ l) = sin(−x+ 4), k = −1, l = 4⇒ f(x) = sinx.

Epeid  ∫
sinxdx = − cosx+ c,

tìte ∫
sin(−x+ 4)dx =

1

−1
sin(−x+ 4) + c = − sin(−x+ 4) + c.

5. ∫
dx

cos2(5x− 2)
=?

Lush : eqoume

f(kx+ l) =
1

cos2(5x− 2)
, k = 5, l = −2⇒ f(x) =

1

cos2 x
.

Epeid  ∫
dx

cos2 x
= tanx+ c,

tìte ∫
dx

cos2(5x− 2)
=

1

5
tan(5x− 2) + c.

3.5. Olokl rwsh sunart sewn me antikat�stash

∫
f(x)dx =

∣∣∣∣∣Jètw x = y(t), tìte

dx = dy(t) = y′(t)dt

∣∣∣∣∣ =

∫
f
(
y(t)

)
y′(t)dt (91)

ìpou to teleutaÐo olokl rwma eÐnai pio eÔkolo ap to arqikì an k�name th swst 

antikat�stash x = y(t).
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Ask seic : UpologÐste ta oloklhr¸mata:

1. ∫
sin(4x+ 7)dx = (92)

Lush : Jètw t = 4x + 7. Pr¸ta aut n thn exÐswsh lÔnoume wc proc x, met�

brÐskoume to diaforikì dx kai antikajustoÔme sto arqikì olokl rwma. 'Etsi

èqoume t = 4x+ 7,

4x = t− 7 ⇒ x =
1

4
(t− 7) ⇒ dx = d

1

4
(t− 7) =

1

4
(t− 7)′dt =

1

4
dt.

AntikajistoÔme sthn (92) kai èqoume∫
sin(4x+ 7)dx =

∫
sin t

1

4
dt =

1

4

∫
sin tdt

=
1

4
(− cos t) + c = −1

4
cos(4x+ 7) + c

2. ∫
e4x+7dx = (93)

Lush : Jètw t = 4x + 7. Pr¸ta ap aut n thn exÐswsh brÐskoume to diaforikì

dt, met� lÔnoume th nèa exÐswsh wc proc dx kai antikajustoÔme sto arqikì o-

lokl rwma. 'Etsi èqoume

dt = d(4x+ 7) = (4x+ 7)′dx = 4dx ⇒ dt = 4dx ⇒ dx =
1

4
dt.

AntikajistoÔme sthn (101) kai èqoume∫
e4x+7dx =

∫
et

1

4
dt =

1

4

∫
etdt

=
1

4
et + c =

1

4
e4x+7 + c.

Qr simoc tÔpoc:
a± b
c

=
a

c
± b

c
.

Askhsh 3. UpologÐste to olokl rwma:∫
x− 4

x2 − 6x+ 10
dx =

Lush : x2 − 6x+ 10 = 0, ∆ = b2 − 4ac = (−6)2 − 4 · 10 = 36− 40 = −4 < 0.

'Ara o paronomast c den èqei pragmatikèc rÐzec.∫
x− 4

x2 − 6x+ 9 + 1
dx =

∫
(x− 3)− 1

(x− 3)2 + 1
dx
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=

∫ [ x− 3

(x− 3)2 + 1
− 1

(x− 3)2 + 1

]
dx

=

∫
x− 3

(x− 3)2 + 1
dx−

∫
1

(x− 3)2 + 1
dx

=
∣∣∣Jètw t = x− 3⇒ dt = d(x− 3) = (x− 3)′dx = dx⇒ dx = dt

∣∣∣ =

=

∫
t

t2 + 1
dt−

∫
1

t2 + 1
dt =

1

2

∫
2t

t2 + 1
dt− arctan t

=
1

2

∫
(t2 + 1)′

t2 + 1
dt− arctan t =

1

2
ln |t2 + 1| − arctan t+ c

=
1

2
ln((x− 3)2 + 1)− arctan(x− 3) + c =

1

2
ln(x2− 6x+ 10)− arctan(x− 3) + c.

Askhsh 4. UpologÐste to olokl rwma:∫
dx

x lnx
=

Lush : jètw t = lnx. Tìte dt = d lnx = (lnx)′dx = 1
xdx = dx

x . K�nw

antikat�stash ston parap�nw tÔpo:∫
dx

x lnx
=

∫
dt

t
= ln |t|+ c = ln | lnx|+ c.

Qr simoc tÔpoc ∫
f ′(x)dx = f(x) + c, (∗)

3.6. Paragwntik  olokl rwsh

An oi sunart seic f(x) kai g(x) eÐnai paragwgÐsimec, tìte isqÔei o tÔpoc:∫
f(x)g′(x)dx = f(x)g(x)−

∫
g(x)f ′(x)dx (94)

  ∫
f(x)dg(x) = f(x)g(x)−

∫
g(x)df(x) (95)

An g(x) = x tìte ap ton tÔpo (94) sunep�getai∫
f(x)dx = xf(x)−

∫
xf ′(x)dx (96)

'Askhsh 1. UpologÐste to olokl rwma∫
xexdx =?
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Lush : èpeid  (ex)′ = ex, tìte qrhsimopoi¸ ton tÔpo thc paragwntik c

olokl rwshc (94), ìpou f(x) = x, g(x) = ex kai èqw∫
xexdx =

∫
x(ex)′dx = xex −

∫
ex(x)′dx = xex −

∫
exdx = xex − ex + c.

'Askhsh 2. UpologÐste to olokl rwma∫
(7x− 1) cosxdx =?

Lush : SugkrÐnontac me ton tÔpo thc paragwntik c olokl rwshc (94) paÐrnw

f(x) = 7x − 1, g′(x) = cosx. Epeid  (sinx)′ = cosx, tìte g(x) =

sinx. T¸ra efarmìzw ton tÔpo thc paragwntik c olokl rwshc (94), ìpou

f(x) = 7x− 1, g(x) = sinx kai èqw:∫
(7x− 1) cosxdx =

∫
(7x− 1)(sinx)′dx = (7x− 1) sinx−

∫
(7x− 1)′ sinxdx

= (7x−1) sinx−7

∫
sinxdx = (7x−1) sinx−7(− cosx)+c = (7x−1) sinx+7 cosx+c.

'Askhsh 3. UpologÐste to olokl rwma∫
(4x+ 2) cos(6x+ 7)dx =?

Lush : SugkrÐnontac me ton tÔpo thc paragwntik c olokl rwshc (94) paÐrnw

f(x) = 4x+2, g′(x) = cos(6x+7). Tìte oloklhr¸nw thn teleutaÐa exÐswsh:∫
g′(x)dx =

∫
cos(6x+ 7)dx.

Lìgw tou tÔpou (*) kai (90) èqw

g(x) =

∫
cos(6x+ 7)dx =

1

6
sin(6x+ 7).

T¸ra efarmìzw ton tÔpo thc paragwntik c olokl rwshc (94) kai èqw:∫
(4x+ 2) cos(6x+ 7)dx =

∫
(4x+ 2)

(
1

6
sin(6x+ 7)

)′
dx

=
1

6
(4x+ 2) sin(6x+ 7)− 1

6

∫
sin(6x+ 7)(4x+ 2)′dx =

=
1

6
(4x+ 2) sin(6x+ 7)− 4

6

∫
sin(6x+ 7)dx

=
1

6
(4x+ 2) sin(6x+ 7)− 2

3
· 1

6

(
− cos(6x+ 7)

)
+ c

=
1

6
(4x+ 2) sin(6x+ 7) +

1

9
cos(6x+ 7) + c.
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'Askhsh 4. UpologÐste to olokl rwma∫
(8x− 3) sin(9x+ 3)dx =

Lush : Qrhsimopoi¸ ton tÔpo paragwntik c olokl rwshc (94), ìpou jètw

f(x) = 8x−3 kai g′(x) = sin(9x+ 3). Tìte
∫
g′(x)dx =

∫
sin(9x+ 3)dx ⇒

g(x) = − 1
9 cos(9x + 3). AntikajustoÔme tic timèc twn f(x) kai g(x) ston tÔpo

(94) kai ètsi èqoume:∫
(8x− 3) sin(9x+ 3)dx = −1

9

∫
(8x− 3)

(
cos(9x+ 3)

)′
dx =

=− 1

9
(8x− 3) cos(9x+ 3)−

(
−1

9

)∫
[cos(9x+ 3)](8x− 3)′dx

=− 1

9

[
(8x− 3) cos(9x+ 3)− 8

∫
cos(9x+ 3)dx

]
=− 1

9

[
(8x− 3) cos(9x+ 3)− 8 · 1

9
sin(9x+ 3)

]
+ c

=− 1

9
(8x− 3) cos(9x+ 3) +

8

81
sin(9x+ 3) + c.

'Askhsh 5. UpologÐste to olokl rwma∫
lnxdx =

Lush : Qrhsimopoi¸ ton tÔpo paragwntik c olokl rwshc (96), ìpou jètw

f(x) = lnx kai èqw∫
lnxdx = x lnx−

∫
x(lnx)′dx = x lnx−

∫
x

1

x
dx = x lnx−

∫
dx+c = x lnx−x+c.

3.7. Olokl rwsh rht¸n sunart sewn me an�lush se apl�

kl�smata

3.7.1. Mèjodoc teqnasm�twn

Askhsh 1. UpologÐste to olokl rwma:∫
dx

x(x+ 1)
=

Lush : O paronomast c èqei aplèc pragmatikèc rÐzec. Prosjètoume kai afai-

roÔme x ston arijmht .
a± b
c

=
a

c
± b

c
.
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∫
1 · dx

x(x+ 1)
=

∫
[(1 + x)− x]dx

x(x+ 1)
=

∫ [ 1 + x

x(x+ 1)
− x

x(x+ 1)

]
dx =

∫
1

x
dx−

∫
1

x+ 1
dx =

= ln |x| − ln |x+ 1|+ c

Askhsh 2. UpologÐste to olokl rwma:∫
dx

x(x+ 4)
=

Lush : O paronomast c èqei aplèc pragmatikèc rÐzec. Prosjètoume kai afai-

roÔme x ston arijmht .∫
dx

x(x+ 4)
=

1

4

∫
4dx

x(x+ 4)
=

1

4

∫
(4 + x− x)dx

x(x+ 4)
=

1

4

∫ [ 4 + x

x(x+ 4)
− x

x(x+ 4)

]
dx

=
1

4

∫
1

x
dx− 1

4

∫
1

x+ 4
dx =

1

4
ln |x| − 1

4
ln |x+ 4|+ c

Askhsh 2. UpologÐste to olokl rwma:∫
dx

(x+ 2)(x+ 3)

Lush : Jètw : u = x+ 2, opìte x = u− 2, kai x+ 3 = u− 2 + 3 = u+ 1.

Tìte

1

(x+ 2)(x+ 3)
=

1

u(u+ 1)
=

(1 + u)− u
u(u+ 1)

=
1 + u

u(u+ 1)
− u

u(u+ 1)
=

=
1

u
− 1

u+ 1
=

1

x+ 2
− 1

x+ 3
⇒∫

1

(x+ 2)(x+ 3)
dx =

∫ ( 1

x+ 2
− 1

x+ 3

)
dx =

∫
1

x+ 2
dx−

∫
1

x+ 3
dx

= ln |x+ 2| − ln |x+ 3|+ c

3.7.2. Mèjodoc twn aprosdiìristwn suntelest¸n

Askhsh 1. UpologÐste to olokl rwma:∫
x

(x+ 1)(x+ 2)
dx

Lush :
x

(x+ 1)(x+ 2)
=

A

x+ 1
+

B

x+ 2
=
A(x+ 2) +B(x+ 1)

(x+ 1)(x+ 2)
(97)

Tìte

A(x+ 2) +B(x+ 1) = x (98)
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Jètontac sthn (98) thn tim  x = −1 lamb�noume

A(−1 + 2) +B(−1 + 1) = −1⇒ A = −1.

Jètontac sthn (98) thn tim  x = −2 lamb�noume

A(−2 + 2) +B(−2 + 1) = −2⇒ −B = −2⇒ B = 2.

AntikajistoÔme tic timec autèc sthn (97) kai ètsi paÐrnoume

x

(x+ 1)(x+ 2)
=

A

x+ 1
+

B

x+ 2
=
−1

x+ 1
+

2

x+ 2
=

2

x+ 2
− 1

x+ 1
⇒∫

x

(x+ 1)(x+ 2)
dx =

∫ ( 2

x+ 2
− 1

x+ 1

)
dx = 2

∫
1

x+ 2
dx−

∫
1

x+ 1
dx

= 2 ln |x+ 2| − ln |x+ 1|+ c

Lumènec Ask seic

1. UpologÐste to olokl rwma: ∫
2x

x2 + 5
dx =

Lush : Epeid  (x2 + 5)′ = 2x qrhsimopoioÔme ton tÔpo (89):∫
2x

x2 + 5
dx =

∫
(x2 + 5)′

x2 + 5
dx

(89)
= = ln |x2 + 5|+ C = ln(x2 + 5) + C

2. UpologÐste to olokl rwma: ∫
x2

x3 + 4
dx =

Lush : Epeid  (x3 + 4)′ = 3x2 qrhsimopoioÔme ton tÔpo (89), pollapla-

si�zontac kai diair¸ntac pr¸ta to olokl rwma me 3 :∫
x2

x3 + 4
dx =

3

3

∫
x2

x3 + 4
dx =

∫
3x2

x3 + 4
dx =

∫
(x3 + 4)′

x3 + 4
dx

(89)
= ln |x3+4|+C

3. UpologÐste to olokl rwma:∫
cos(2x− 5)dx = (99)

Lush : qrhsimopoioÔme ton tÔpo (90) ìpou k = 2, l = −5. Epeid ∫
cosxdx = sinx+ c, lìgw tou tÔpou (90) lamb�noume∫

cos(2x− 5)dx =
1

2
sin(2x− 5) + c
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4. UpologÐste to olokl rwma:∫
sin(4x+ 7)dx = (100)

Lush : Jètw t = 4x+7. Pr¸ta aut n thn exÐswsh lÔnoume wc proc x, me-

t� brÐskoume to diaforikì dx kai antikajustoÔme sto arqikì olokl rwma.

'Etsi èqoume

4x = t− 7 ⇒ x =
1

4
(t− 7) ⇒ dx = d

1

4
(t− 7) =

1

4
(t− 7)′dt =

1

4
dt.

AntikajistoÔme sthn (102) kai èqoume∫
sin(4x+ 7)dx =

∫
(sin t)

1

4
dt =

1

4

∫
sin tdt

=
1

4
(− cos t) + c = −1

4
cos(4x+ 7) + c

5. UpologÐste to olokl rwma: ∫
e4x+7dx = (101)

Lush : Jètw t = 4x+ 7. Pr¸ta ap aut n thn exÐswsh brÐskoume to diafo-

rikì dt, met� lÔnoume th nèa exÐswsh wc proc dx kai antikajustoÔme sto

arqikì olokl rwma. 'Etsi èqoume

dt = d(4x+ 7) = (4x+ 7)′dx = 4dx ⇒ dt = 4dx ⇒ dx =
1

4
dt.

AntikajistoÔme sthn (101) kai èqoume∫
e4x+7dx =

∫
et

1

4
dt =

1

4

∫
etdt

=
1

4
et + c =

1

4
e4x+7 + c.

6. UpologÐste to olokl rwma: ∫
dx

x lnx
=

Lush : Epeid  (lnx)′ = 1
x qrhsimopoioÔme ton tÔpo (89):∫

dx

x lnx
=

∫
(lnx)′

lnx
dx

(89)
= ln | lnx|+ C
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7. UpologÐste to olokl rwma: ∫
x

3x2 + 5
dx =

Lush : epeid  (3x2 + 5)′ = 6x, qrhsimopoioÔme ton tÔpo (89):∫
x

3x2 + 5
dx =

1

6

∫
6x

3x2 + 5
dx =

1

6

∫
(3x2 + 5)′

3x2 + 5
dx =

1

6
ln |3x2 + 5|+ c.

8. UpologÐste to olokl rwma: ∫
x2

5x3 + 4
dx =

Lush : epeid  (5x3 + 4)′ = 15x2, qrhsimopoioÔme ton tÔpo (89), pol-

laplasi�zontac kai diair¸ntac pr¸ta to olokl rwma me 15 :∫
x2

5x3 + 4
dx =

1

15

∫
15x2

5x3 + 4
dx =

1

15

∫
(5x3 + 4)′

5x3 + 4
dx =

1

15
ln |5x3+4|+c.

9. UpologÐste to olokl rwma:∫
sin(2x− 5)dx = (102)

Lush : qrhsimopoioÔme ton tÔpo (90) ìpou k = 2, l = −5. Epeid ∫
sinxdx = − cosx+ c,

tìte lìgw tou tÔpou (90) lamb�noume∫
sin(2x− 5)dx = −1

2
cos(2x− 5) + c.

'Alutec Ask seic. UpologÐste ta aìrista oloklhr¸mata

1. ∫
cosxdx

sinx+ 9
=

2. ∫
(x+ 2)dx

x2 + 4x+ 6
=

3. ∫
dx

x2 + 6x+ 10
=
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4. ∫
cotxdx =

5. ∫
dx

x(x+ 3)
=

6. ∫
2xdx

x2 + 6x+ 13
=

7. ∫
(x+ 8)e2xdx =

8. ∫
(2x− 3) cos(9x+ 1)dx =

9. ∫
(9x+ 2) sin 4xdx =

10. ∫
ex

e2x + 4
dx = me antikat�stash t = ex

11. ∫
dx

cos2 x(tan2 x+ 4)
= me antikat�stash t = tanx

12. ∫
dx

x(6x+ 1)
=

13. ∫
xdx

x2 + 2x− 3
=

14. ∫
sin(9x− 8)dx =

15. ∫
x sinxdx =

16. ∫
dx

x2 + 7
=
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3.7.3. Oloklhr¸mata thc morf c∫
R(x,

√
ax2 + bx+ c)dx

UpologÐzontai me tic antikatast�seic tou Euler:

(i)
√
ax2 + bx+ c = t± x

√
a, an a > 0

(ii)
√
ax2 + bx+ c = tx±

√
c, an c > 0

(iii)
√
ax2 + bx+ c = (x− x0)t, an b2 − 4ac > 0

ìpou x0 eÐnai mia pragmatik  rÐza thc ax2 + bx+ c = 0

5 Orismèna oloklhr¸mata
∫ b
a f(x)dx

4.1. To Jemeli¸dec Je¸rhma tou oloklhrwtikoÔ logismoÔ

An h sun�rthsh f(x) eÐnai suneq c sto [a, b] kai h F (x) eÐnai h par�gousa thc

f(x), dhlad  F ′(x) = f(x) gia k�je x ∈ [a, b], tìte∫ b

a

f(x)dx =
[
F (x)

]b
a

= F (b)− F (a) (103)

4.2. Idiìthtec twn orismènwn oloklhrwm�twn:

An up�rqoun
∫ b
a
f(x)dx kai

∫ b
a
g(x)dx, tìte

∫ b

a

cf(x)dx = c

∫ b

a

f(x)dx gia c constant (104)∫ b

a

[
f(x)± g(x)

]
dx =

∫ b

a

f(x)dx±
∫ b

a

g(x)dx (105)∫ b

a

f(x)dx =

∫ c

a

f(x)dx+

∫ b

c

f(x)dx gia a < c < b (106)∫ b

a

f(x)dx = −
∫ a

b

f(x)dx (107)∫ a

a

f(x)dx = 0 (108)

An f(x) ≤ g(x) ∀x ∈ [a, b], tìte

∫ b

a

f(x)dx ≤
∫ b

a

g(x)dx (109)∣∣∣ ∫ b

a

f(x)dx
∣∣∣ ≤ ∫ b

a

|f(x)|dx (110)
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4.3. Paragwntik  olokl rwsh gia orismèna oloklhr¸mata

An oi sunart seic f(x) kai g(x) eÐnai suneq¸c paragwgÐsimec sto kleistì

di�sthma (a, b), tìte isqÔei o tÔpoc:∫ b

a

f(x)g′(x)dx =
[
f(x)g(x)

]b
a
−
∫ b

a

g(x)f ′(x)dx (111)

∫
xadx =

xa+1

a+ 1
+ c

UpologÐste ta orismèna oloklhr¸mata:

1. ∫ 1

0

x3dx =

[
x3+1

3 + 1

]1

0

=

[
x4

4

]1

0

=
14

4
− 04

4
=

1

4
.

∫
x3dx =

x3+1

3 + 1
=
x4

4
= F (x).

2. ∫ 2

1

dx

x3
dx =

∫ 2

1

x−3dx =

[
x−3+1

−3 + 1

]2

1

=

[
x−2

−2

]2

1

=
2−2

−2
− 1−2

−2
=

2−2

−2
+

1

2
.

3.∫ π

0

sinxdx = [− cosx]
π
0 = − [cosx]

π
0 = − (cosπ − cos 0) = −(−1− 1) = 2.

4. ∫ π/4

0

dx

cos2 x
= [tanx]

π/4
0 = tan

π

4
− tan 0 = 1− 0 = 1.

4.4. Olokl rwsh me allag  metablht¸n

1-oc trìpoc:

Is�goume kainoÔria metablht  x = g(t). Tìte dx = dg(t) = g′(t)dt, lÔnoume

wc proc t thn exÐswsh x = g(t) kai brÐskoume t = g−1(x),

t1 = g−1(a), t2 = g−1(b). AntikajustoÔme sto olokl rwma∫ b

a

f(x)dx =

∫ t2

t1

f(g(t))g′(t)dt.

Sto teleutaÐo olokl rwma efarmìzoume ton tÔpo (103).

Ask seic: UpologÐste ta orismèna oloklhr¸mata me allag  metablht c

'Askhsh 1. ∫ 1

0

(3x− 2)4dx =
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Lush : Jètw t = 3x− 2 ⇒ dt = d(3x− 2) = (3x− 2)′dx = 3dx ⇒
dt = 3dx ⇒ dx = 1

3dt. Ap thn exÐswsh t = 3x − 2 èpetai ìti t = −2

gia x = 0, kai t = 1 gia x = 1. Tìte∫ 1

0

(3x− 2)4dx =

∫ 1

−2

t4
1

3
dt =

1

3

∫ 1

−2

t4dt =
1

3

[ t5
5

]1
−2

=
1

3

[
15

5
− (−2)5

5

]

=
1

3

[
1

5
−
(
−32

5

)]
=

1

3

[
1

5
+

32

5

]
=

1

3
· 33

5
=

11

15
.

'Askhsh 2. ∫ 1

0

e2x+1dx =

Lush : Jètw t = 2x+ 1 ⇒ dt = d(2x+ 1) = (2x+ 1)′dx = 2dx ⇒
dt = 2dx ⇒ dx = 1

2dt. Ap thn exÐswsh t = 2x+ 1 èpetai ìti t = 1 gia

x = 0, kai t = 3 gia x = 1. Tìte∫ 1

0

e2x+1dx =

∫ 3

1

et
1

2
dt =

1

2

∫ 3

1

etdt =
1

2

[
et
]3
1

=
1

2
(e3 − e1) =

1

2
(e3 − e).

2-oc trìpoc:

Me allag  metablht¸n upologÐzoume to antÐstoiqo aìristo olokl rwma (thn

par�gousa F (x): ∫
f(x)dx = F (x)

kai met� efarmìzoume ton tÔpo (103):∫ b

a

f(x)dx =
[
F (x)

]b
a

= F (b)− F (a).

'Askhsh 1. ∫ 1

0

(3x− 2)4dx =

Lush : Jètw t = 3x− 2 ⇒ dt = d(3x− 2) = (3x− 2)′dx = 3dx ⇒
dt = 3dx ⇒ dx = 1

3dt. Tìte∫
(3x− 2)4dx =

∫
t4

1

3
dt =

1

3

∫
t4dt =

1

3

t5

5
=

(3x− 2)5

15
= F (x).

Tìte ∫ 1

0

(3x− 2)4dx =

[
(3x− 2)5

15

]1

0

=
1

15
[(3x− 2)5]10 =

1

15
[15 − (−2)5]

=
1

15
[15 − (−32)] =

1

15
(1 + 32) =

33

15
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'Askhsh 2. ∫ 1

0

e2x+1dx =

Lush : 'Estw t = 2x+ 1 ⇒ dt = d(2x+ 1) = (2x+ 1)′dx = 2dx ⇒
dt = 2dx ⇒ dx = 1

2dt.∫
e2x+1dx =

∫
et

1

2
dt =

1

2

∫
etdt =

1

2
et =

1

2
e2x+1 = F (x),

∫ 1

0

e2x+1dx =

[
1

2
e2x+1

]1

0

=
1

2

[
e2x+1

]1
0

=
1

2
(e3 − e).

G. Na brejeÐ to embadìn thc perioq c Ω pou perikleÐetai apì tic grafikèc

parast�seic twn sunart sewn

1. y = 2− x2, y = −x

2. y = x2 + 2, y = 3x

3. y = x2 − 3, y = −2x

4. y = x2 − 3, y = 2x

5. y = 9− x2, y = x+ 3

6. y = −x2, y = x− 2

4.5. Genikeumèna Oloklhr¸mata (G.O.)

Orismìc: Ta oloklhr¸mata tÔpou∫ b

a

f(x)dx

lègontai genikeumèna an

1. h f(x) eÐnai asuneq c se èna   perissìtera shmeÐa tou [a, b],

2. toul�qiston èna apì ta ìria eÐnai �peiro.

Genikeumèna Oloklhr¸mata me �peira ìria

PerÐptwsh 1. Lème ìti to Genikeumèno Oloklhr¸ma∫ +∞

a

f(x)dx = lim
u→+∞

∫ u

a

f(x)dx (112)

hp�rqei an sugklÐnei to ìrio sthn (112).

38



'Askhsh 1.∫ +∞

1

dx

x4
= lim
u→+∞

∫ u

1

x−4dx = lim
u→+∞

[
x−4+1

−4 + 1

]u
1

= lim
u→+∞

[
x−3

−3

]u
1

=
1

−3
lim

u→+∞

[
x−3

]u
1

= −1

3
lim

u→+∞

[
1

x3

]u
1

= −1

3
lim

u→+∞

[
1

u3
− 1

13

]
=

= −1

3

(
1

+∞3
− 1

)
= −1

3
(0− 1) =

1

3

PerÐptwsh 2. Lème ìti to Genikeumèno Oloklhr¸ma∫ b

−∞
f(x)dx = lim

v→−∞

∫ b

v

f(x)dx (113)

hp�rqei an sugklÐnei to ìrio sthn (113).

PerÐptwsh 3. Lème ìti to Genikeumèno Oloklhr¸ma

∫ +∞

−∞
f(x)dx =

∫ c

−∞
f(x)dx+

∫ +∞

c

f(x)dx (114)

= lim
v→−∞

∫ c

v

f(x)dx+ lim
u→+∞

∫ u

c

f(x)dx.

hp�rqei an sugklÐnoun kai ta dÔo ìria sthn (113), ìpou c ∈ (−∞,+∞).

6 Seirèc

Orismìc 1. To tupikì �jroisma twn or¸n miac akoloujÐac {an}, dhlad  to

∞∑
n=1

an = a1 + a2 + a3 + ...+ an + ...

lègetai seir� kai to an genikìc ìroc thc seir�c. H seir� sumbolÐzetai kai me∑
an.

Gia k�je seir� èqoume mia akoloujÐa twn merik¸n ajroism�twn:

S1 = a1, S2 = a1 +a2, S3 = a1 +a2 +a3, ..., Sn = a1 +a2 +a3 + ...+an

Orismìc 2. An up�rqei

lim
n→+∞

Sn = S
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kai to S eÐnai ènac peperasmènoc arijmìc, h seir� lègetai sigklÐnousa   lème ìti

sigklÐnei sto S, pou onom�zoume 'Ajroisma thc seir�c kai gr�foume

∞∑
n=1

an = S  
∑

an = S

Orismìc 3.

An den up�rqei lim
n→∞

Sn   lim
n→∞

Sn =∞,

tìte lème ìti h seir�
∑
an eÐnai apoklÐnousa   ìti h seir�

∑
an apoklÐnei

5.1. Merik� Jewr mata gia seirèc

1. Mia sigklÐnousa (apoklÐnousa) seir� paramènei sigklÐnousa (apoklÐnou-

sa), an metablhjoÔn ènac   perissìteroi apì touc n pr¸touc ìrouc thc.

2. To �jroisma miac sigklÐnousac seir�c paramènei monadikì.

3. An sigklÐnei h seir�

∞∑
n=1

an, kai
∞∑
n=1

an = A, tìte sigklÐnei kai h seir�
∞∑
n=1

kan kai
∞∑
n=1

kan = kA

4. An apoklÐnei h seir�

∞∑
n=1

an, tìte apoklÐnei kai h seir�
∞∑
n=1

kan

ìpou k eÐnai mia aujaÐreth stajer�

5. An h seir�
∞∑
n=1

an, sigklÐnei, tìte lim
n→+∞

an = 0

To antÐstrofo den alhjeÔei.

6. An

lim
n→+∞

an 6= 0, tìte h seir�
∞∑
n=1

an apoklÐnei

5.2. Seirèc me jetikoÔc ìrouc

An ìla ta an eÐnai jetikoÐ arijmoÐ, tìte h seir�
∑
an onom�zetai seir� me jeti-

koÔc ìrouc.
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5.2.1. Krit rio tou oloklhr¸matoc

'Estw ìti f(n) parist�nei to genikì ìro an thc seir�c
∑∞
n=1 an ( dhlad :

f(n) = an ).

An f(x) > 0 kai h f(x) eÐnai fjÐnousa gia ìla ta x > k, ìpou k ∈ N. Tìte h

seir�

∞∑
n=1

an sugklÐnei   apoklÐnei, efìson antÐstoiqa to genikeumèno olokl rwma

∫ ∞
k

f(x)dx

up�rqei   den up�rqei.

5.2.2. Krit rio sÔgkrishc

Mia seir� me jetikoÔc ìrouc
∑
an

sugklÐnei an 0 < an ≤ bn ∀n ≥ k ∈ N kai h seir�
∞∑
n=1

bn sugklÐnei,

apoklÐnei an an ≥ bn > 0 ∀n ≥ k ∈ N kai h seir�
∞∑
n=1

bn apoklÐnei

5.2.3. Krit rio tou lìgou (D’ Alembert )

Mia seir� me jetikoÔc ìrouc
∑
an

(a) sugklÐnei, an lim
n→∞

an+1

an
= l < 1

(b) apoklÐnei, an lim
n→∞

an+1

an
= l > 1

H mèjodoc aut  den efarmìzetai, an lim
n→∞

an+1

an
= l = 1

5.2.4. Krit rio thc rÐzac (Cauchy )

Mia seir� me jetikoÔc ìrouc
∑
an

(a) sugklÐnei, an lim
n→∞

n
√
an = l < 1

(b) apoklÐnei, an lim
n→∞

n
√
an = l > 1.

H mèjodoc aut  den efarmìzetai, an lim
n→∞

n
√
an = l = 1

Lumènec Ask seic

Exet�ste an sugklÐnoun oi seirèc:

'Askhsh 1.
∞∑
n=1

1

np
, ìpou p ∈ R
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Lush : qrhsimopoioÔme to krit rio tou oloklhr¸matoc. Ed¸ èqoume an = 1
np .

Jètw f(n) = an = 1
np . Tìte f(x) = 1

xp . EÐnai fanerì ìti f(x) > 0 kai h

f(x) eÐnai fjÐnousa gia ìla ta x > 1. Epomènwc h f(x) ikanopoieÐ tic sunj kec

tou krithrÐou tou oloklhr¸matoc, ìpou k = 1. T¸ra melet�me to genikeumèno

olokl rwma ∫ ∞
k

f(x)dx =

∫ ∞
1

1

xp
dx

(i) An p > 1, tìte èqoume∫ ∞
1

1

xp
dx = lim

u→∞

∫ u

1

x−pdx = lim
u→∞

[ x1−p

1− p

]u
1

= lim
u→∞

[ u1−p

1− p
− 1

1− p

]
=

1

1− p
lim
u→∞

[
u−(p−1) − 1

]
=

=
1

1− p
lim
u→∞

[ 1

u p−1
− 1
]

=
1

1− p
[0− 1] =

1

p− 1

Efìson to genikeumèno olokl rwma up�rqei gia p > 1, h seir� mac sugklÐnei

gia p > 1.

(ii) An p < 1, tìte èqoume∫ ∞
1

1

xp
dx = lim

u→∞

∫ u

1

x−pdx = lim
u→∞

[ x1−p

1− p

]u
1

= lim
u→∞

[ u1−p

1− p
− 1

1− p

]
=

1

1− p
(∞− 1) =∞

To genikeumèno olokl rwma den up�rqei gia p < 1. 'Ara h seir� mac apoklÐnei

gia p < 1.

(iii) An p = 1, tìte èqoume∫ ∞
1

1

x
dx = lim

u→∞

∫ u

1

1

x
dx = lim

u→∞

[
lnx
]u
0

= lim
u→∞

[
lnu− ln 1

]
=∞− 0 =∞

To genikeumèno olokl rwma den up�rqei gia p = 1. 'Ara h seir� mac apoklÐnei

gia p = 1. 'Etsi apodeÐxame ìti h seir�

∞∑
n=1

1

np

sugklÐnei gia p > 1

apoklÐnei gia p ≤ 1
(115)

'Askhsh 2.
∞∑
n=1

1

n!

Lush : ìtan èqoume paragontik� qrhsimopoioÔme to krit rio tou lìgou. Ed¸

èqoume an = 1
n! . Tìte an+1 = 1

(n+1)! kai

lim
n→∞

an+1

an
= lim
n→∞

1

(n+ 1)!
:

1

n!
= lim
n→∞

n!

(n+ 1)!
= lim
n→∞

n!

n!(n+ 1)
= lim
n→∞

1

n+ 1
=

1

∞
= 0 < 1
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Efìson l = 0 < 1 h seir� mac sugklÐnei

'Askhsh 3.
∞∑
n=1

1

nn

Lush : qrhsimopoioÔme to krit rio thc rÐzac. Ed¸ èqoume an = 1
nn . BrÐskoume

lim
n→∞

n
√
an = lim

n→∞
n

√
1

nn
= lim
n→∞

1

n
= l = 0

Epeid  l = 0 < 1 h seir� mac sugklÐnei

'Askhsh 4.
∞∑
n=1

1

n2 + 3

Lush : qrhsimopoioÔme to krit rio sÔgkrishc. Ed¸ èqoume an = 1
n2+3 . Blè-

poume ìti gia ìla ta n ∈ N h anisìthta

1

n2 + 3
≤ 1

n2
eÐnai isodÔnamh me thn n2 ≤ n2 + 3

pou isqÔei gia ìla ta n ∈ N. Tìte, epeid  lìgw thc 'Askhshc 1 me p = 2 > 1 h

seir�
∞∑
n=1

bn =

∞∑
n=1

1

n2

sugklÐnei, tìte sugklÐnei kai h seir� mac.

'Askhsh 5.
∞∑
n=1

1√
n+ 1

Lush : qrhsimopoioÔme to krit rio sÔgkrishc. Ed¸ èqoume an = 1√
n+1

. Blè-

poume ìti

1√
n+ 1

≥ 1

n
⇔ n ≥

√
n+ 1 ⇔ n2 ≥ n+ 1

pou isqÔei gia ìla ta n ≥ 2. Tìte, epeid  lìgw thc 'Askhshc 1 me p = 1 > 1 h

seir�
∞∑
n=1

bn =

∞∑
n=1

1

n

apoklÐnei, apoklÐnei kai h seir� mac.
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'Alutec Ask seic

E. Exet�ste an sugklÐnoun oi seirèc

1.

∞∑
n=1

2

n(n+ 1)

2.

∞∑
n=2

n

n2 − 1

3.

∞∑
n=1

3n

n2 + 4

4.
∞∑
n=1

1

n2 + n− 1

5.

∞∑
n=1

1

2n− 1

6.

∞∑
n=1

n2

n2 + 1

7.

∞∑
n=1

1

n(n+ 3)

8.

∞∑
n=1

2

(n+ 1)(n+ 2)

9.

∞∑
n=1

5n

(2n+ 3)!

10.

∞∑
n=1

2n

(3n+ 1)!

11.

∞∑
n=1

1

(n+ 1)!

12.

∞∑
n=1

(−1)n+1

n(n+ 3)

Kef. 5.3. Seirèc me jetikoÔc kai arnhtikoÔc ìrouc

Orismìc 1. Mia seir� thc opoÐac oi ìroi eÐnai enallasìmena jetikoÐ kai

arnhtikoÐ, lègetai enallasìmenh seir� kai parist�netai wc ex c∑
(−1)n−1an = a1 − a2 + ...+ (−1)n−1an + ...

ìpou ìla ta an eÐnai jetik�.
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Orismìc 2. Mia seir�
∑
an = a1 +a2 + ...+an+ ... kaleÐtai apìluta sugklÐ-

nousa   lème ìti sugklÐnei apìluta, an h seir�
∑
|an| = |a1|+ |a2|+ ...+ |an|+ ...

sugklÐnei.

Orismìc 3. An h seir�
∑
an sugklÐnei, all� h seir�

∑
|an| apoklÐnei, tìte

lème ìti h seir�
∑
an sugklÐnei upì suhj kec.
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