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Abstract

The eigenvalues of a given matrix A can be localized by the well-known GerSgorin theorem: they belong to the GerSgorin set,
which is the union of the GerSgorin disks (each of them is a simple function of the matrix entries). By applying the same theorem
to a similar matrix X ~! AX, a new inclusion set can be obtained. Taking the intersection over X, being a (positive) diagonal matrix,
will lead us to the minimal GerSgorin set, defined by Varga [R.S. Varga, Ger§gorin and His Circles, Springer Series in Computational
Mathematics, vol. 36, 2004], but this set is not easy to calculate. In this paper we will take the intersection over some special
structured matrices X and show that this intersection can be expressed by the same formula as the eigenvalue inclusion set CcS(A)
in [L.J. Cvetkovié, V. Kosti¢, R. Varga, A new GerSgorin-type eigenvalue inclusion set, ETNA 18 (2004) 73-80].
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The well-known Gersgorin set I'(A) containing all eigenvalues of the matrix A = [a;;] € C"", is given by
r) = ria,
ieN
I'i(A) :={zeC:lz—a;l<ri(A)}, ieN:=({1,2,...,n}
where
ri(A) == Z laijl, i€N.
J#

Using a nonsingular matrix X one can obtain another set I” X(A) := I'(X ' AX) which also contains all the eigenvalues
of the matrix A. Furthermore, denoting by % an arbitrary set of nonsingular matrices, we get the new eigenvalue
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inclusion area for the matrix A:

I'?(A) = ﬂ rXa.
XeHh

We will call this set the minimal GerSgorin set with respect to 4.

The case of # = %, where Z is the set of all diagonal nonsingular matrices was studied in detail by Varga, [3], where
a lot of theoretical properties of this set were proved. Generally, how to find this set is a very hard problem, since there
is no explicit “calculable” formula of it. This is the reason for considering the minimal GerSgorin sets with respect to
some special subsets of %, for which a formula depending on the matrix entries only could be found. The first step in
this direction was done by Dashnic and Zusmanovich [2], where 4 = & and Z is the union of all diagonal matrices,
whose diagonal entries are equal to 1, except one, which is an arbitrary positive number. The corresponding minimal
Gersgorin set (with respect to &) is described by

r7(A) :=ﬂ U Dij(A),

ieN jeN,j#i
D;j(A) ={z € C: |z —a;i|(|lz —ajj| —rj(A) + |laj)<ri(Alaji|}, i,jeN, j#i.

In this paper we will go one step more... . In our case # = ¥/~ will be the set of all diagonal matrices whose diagonal
entries are either 1 or x, where x is an arbitrary positive number. Namely,

w=|J .
SCN
WS =X =diag(x1,x2,...,%x,) :x; =1 fori € § and x; = x > 0 otherwise}.

2. Preliminaries

Lemma 1. Let S C N be a nonempty proper subset of indices, 0 <o < f <00, and let G;,i € N, be the functions
satisfying:

e forany x € [a, ], G;i(x) is a compact set in C for eachi € N;
e foreveryi € S and for every x and x"in [a, ] with x <x', then G;(x) C G;(x');
o forevery j € S := N\S and for every x and x' in [a, ] with x < x', then Gj(x’) C Gj(x).

Then

N Ucw= U [) GxnuG;x.

a<x <P ieN ieS,jeS a<x <P

Proof. It is obvious that

U [ GwuGanc (] U Giw,

ieS,jeS a<x<p a<x<pieN

S0 it remains to prove the opposite inclusion. Let

ze [ U Giw.

a<x<pBieN

This means that for each x € [a, f§] there exists k € N such that z € G (x).



454 L. Cvetkovié, V. Kostic¢ / Journal of Computational and Applied Mathematics 196 (2006) 452—458

Suppose that

z¢ |J [ GinuG;w),

ieS,jeS a<x<p

ie,foralli € §,j e S there exists xij € o, Bl such that z ¢ G; (x;;) and z ¢ G j (x;;).
For all i € S we define

y; :==maxx;; and y:=miny;.
jes ieS

Since for every i € S we have y; >x;; (for all j € ), using the fact that G; (for all j € S) are nonincreasing
functions, we conclude that z ¢ G ;(7;), and consequently z ¢ G ;(y) (forall j € S).

Hence, there exists k € § such that z € G, (y). The function G is a nondecreasing function, so because of y; >,
we get z € Gi(y,). But, y, = xi; for some j € S, which contradicts our assumption and completes the proof. [

Lemma 2. Let 0 <o < f<oo,ay,ar € C,ry,rp, by, by >0. If for x € [«, ff]
b
Kix)={ze€eC:lz—ai|<r1 +bix} and Kz(x)z{zeC:|z—a2|§r2+;2}

are families of circles satisfying K1 (o) C Ko (o) and K>(f) C K1(p), then

[ Kix)UK2(x) ={z € C: (Iz—a1] = r1)(|z — az| — r2) <biba}.

a<x<p
Proof. It is sufficient to prove that

m (Ki(x) UKz(x)) C{z € C: (lz— a1l —ri)(z — az| —r2) <biba},
a<x<p

since the opposite inclusion holds trivially.
Suppose that

ze [ Ki)UK@).

a<x<p

Then z € (K(a) U K2(a)) = K2(o0) and z € (K1 () U K2(B)) = K1 ().
If z € K1(), from

by
lz—ai| —ri<bia and |z — ap| —rz\g
it follows that
(Iz —ail —=r)(z — azl —r2)<biba

and the proof is completed.

On the contrary, if z ¢ K (o), we have
|z —ail —ri<bif and |z —ai|—ri>ba,

so there exists y € (o, ], such that |z —a| —ry =b;y, meaning z € K{(y). However, z € K»(y), too, since the opposite
statement

by
Iz—azl—r2>7
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leads to the conclusion that there exists an ¢ > 0 such that

by
|z —az| —rp>——,
’)}_

i.e., 7 ¢ Ko (y — ¢), which contradicts the fact that z ¢ K1(y — ¢)!
So, there always exists at least one x € [a, §] such that z € K| (x) and z € K»(x) which ends the proof. [

3. New result
For a given § C N and eachi € N we will “split” the deleted row sum r; (A) into two components:

ri(A)=r (A +rS(A) where ri(A):= > layl.
jes.j#i

Then we form the following sets, depending on S:

S - ) N N y s S s ; F e T
Vii(A) i={z € C: (lz —aiil = r) (A)(z —ajj| —r; (A)<ri (A)ri(A)}, (€S8, jeES,
(A :={zeC:lz—aiy|<ri(A), ies,
r§(A):={zeC:lz—a;j|<ri(A)}, jeS.

Finally, we denote
€A =) U »7@|u <UFE(A)) ulUJriw
SCN ieS.jeS i€S jes

One can easily show that the set %' (A) is exactly the same as it appears in [1]. Here, we will show that this set is a sort
of minimal Ger§gorin set, too. Namely, we prove the following:

Theorem 1.
' (A) = 4(A).
Proof. For a given subset S let us denote
%S(A) = U »J@]u <U rs (A)) ullY rf(A)
ieS.jeS i€S jes
Then, obviously,

%(A) = ﬂ %5(A)

SCN
and it is sufficient to prove that
"’ 4)=%5(A)

for all subsets S. So, from now on, we will fix the subset S of indices, and without loss of generality, we will suppose
that S is a nonempty proper subset of N.
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S
First of all, let us find the expression for the set I’ (Y (A), where

Wi,[ﬁ’ ={X e WS a<x <}

By its definition,
n x x
raw= 0 [(Uw)o(um]|
a<x<p [ \i€S jes

where

V5i={zeC:(z—ail — riS(A))gxr?(A)},
x . . s 1 s
Wi = {z € C:(lz—ajjl —r; (A))Szrj (A)}-

From Lemma 1 it follows that
s
r=sa= ) () v uwjl (D
ieS,jeS a<x<p
Let us show that for sufficiently small « and sufficiently large /5,
ﬂ [Vl-xUWf]:"/ié;.(A)UFI-S(A)UF;(A)UVi“UWf. 2)
a<x<p
By the careful inspection, one can see that it is sufficient to prove the inclusion

() Vi UWIC 7 E(A)UTA)UTS(A)UVFU Wf.

a<x<p

o If rls (A) # 0 and r}? (A) # 0, then for sufficiently small o and sufficiently large f it holds that Wf - Viﬁ and
V¥ C W;‘, so by the Lemma 2 we have

ﬂ [V UWI=77(A).
a<x<f
o If r?(A) = 0 and er(A) = 0, then for all 0 <a<f <oo and for every x € [o,f] V' = FiS(A) and
W= rf(A).
o If r?(A) =0and er(A) # 0, then for all 0 < o < # < 0o and for every x € [o, f] V' = FiS(A).
b b
Now. N,<,<plVFuwilc v/ uwh=rsayuwl.
e Finally, if 7 (A) # 0 and r;? (A) =0, we obtain [, <, < glV;¥ UW}] C rf U VX

Hence, we have proved that for sufficiently small « and sufficiently large f, the equality (2) holds. Now, from (1) we
get

= S
riw= |J rSwuriwuriwuveuwt,
i€S,jes
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To complete the proof it remains to see that

w S
e zeI” (A)ifandonlyifz € I'” *#(A) forall 0 < & < ff < 00 and
e the condition

7€ U %fj(A)urf(A)urf.(A)uvﬁuwf forall 0 <o < ff < o0
ieS,jes

is equivalent with the following one

oS S S _ S
Z € U %,-j(A)UFl-(A)UFj(A)_C(A). O
ieS,jes

4. Comments and remarks

Indeed, for the minimal GerSgorin set with respect to the special subset ¥~ of # we have obtained the same formula as
in [1]. It requires a lot of additional work, comparing to the set Z(A), which is determined from n(n — 1) oval-like sets.
Namely, as we have already mentioned, the set ¥ (A) can be expressed in two equivalent forms (one of them given here,
and the second one in the paper [1]). In fact, it could be expressed in many different (equivalent) forms, but all of them
are determined from O(n22") oval-like sets. Evidently, the work involved increases significantly, but nevertheless, it
can lead to good approximation of the minimal GerSgorin set (as it was defined by Varga), which remains unattainable.
The following example (in fact, the same one as in the paper [1]), illustrates this.

Numerical example. For the matrix

10 3 5
0 —-10 2 4
G= 2 20 0 |’

the following figure shows the sets I'(G), I" 2 G), I W(G), and I'” (G), respectively, shaded decreasingly. The last
one, minimal GerSgorin set I' Z(G), has been plotted as the union of spectrums of 10000 random matrices from the
extended equimodular set 2(G) (see [3]). See Fig. 1.
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