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Abstract: Given a square matrix A, a Brauer’s theorem [Brauer A., Limits for the characteristic roots of a matrix. IV. Appli-
cations to stochastic matrices, Duke Math. J., 1952, 19(1), 75-91] shows how to modify one single eigenvalue of
A via a rank-one perturbation without changing any of the remaining eigenvalues. Older and newer results can
be considered in the framework of the above theorem. In this paper, we present its application to stabilization of
control systems, including the case when the system is noncontrollable. Other applications presented are related
to the Jordan form of A and Wielandt’s and Hotelling’s deflations. An extension of the aforementioned Brauer’s
result, Rado’s theorem, shows how to modify r eigenvalues of A at the same time via a rank-r perturbation without
changing any of the remaining eigenvalues. The same results considered by blocks can be put into the block
version framework of the above theorem.
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1. Brauer’s Theorem

The relationship between the eigenvalues of an arbitrary matrix and the updated matrix by a rank-one additive pertur-
bation was established by A. Brauer [1]. We will refer to this result as Brauer’s Theorem. It turns out that this result is
related to older and well-known results on Wielandt's and Hotelling’s deflations techniques [10]. Brauer's Theorem finds
its application also in the eigenvalue localization problem of control theory [5] and in stabilization of control systems.
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Perfect [7] applied an extension of Brauer’s result, Rado’s Theorem, to construct nonnegative matrices with a prescribed
spectrum.

In the first part of the paper (Sections 1 and 2), we give results that can be considered in a common framework of
Brauer’s Theorem as applications of it. A good introduction on the Brauer result and its application to the nonnegative
inverse eigenvalue problem can be followed in [9] where Rado’s Theorem is given. Rado’s Theorem is considered in the
second part of this paper (Sections 3 and 4) and applied to obtain a block version of deflation results.

Throughout the paper, we assume that all sets of eigenvalues of a matrix are feasible in the corresponding field (i.e.,
closed under complex conjugation in the real field).

Brauer’s Theorem ([7, 9]).

Let A be an arbitrary n x n matrix with eigenvalues o(A) = {A1, A2, ..., A, }. Let x¢ be an eigenvector of A associated with

the eigenvalue A, and let g be any n-dimensional vector. Then the matrix A+ x,.q” has eigenvalues {)\1, e A A+
T

X q:)\k+1: e ,)\n}.

Let x; be eigenvectors of A associated with eigenvalues A;. If x; is a Jordan chain of length 1, and the n-dimensional
vector g from the above theorem is orthogonal to x;, for all i = 1,2,...,n, i # k, then the Jordan structures of A and
A+ x,.q" are the same.

The relationships between eigenvectors of A and A+ x,q" are given in the following result [8].

Proposition 1.1.

Let A be an arbitrary n x n matrix with eigenvalues d(A) = {A1, A2, ..., A, }. Let x; be an eigenvector of A associated
with the eigenvalue A, 1 < i < n. Let g be any n-dimensional vector and let i, = A +kaq, withp, # A, i=1,2,...,n
Then, x; is an eigenvector of the matrix A+ x,q” associated with the eigenvalue p, = A, + x[ q, and the eigenvectors
of A+ xqu associated with A;, i # k, are

W; = X; —

However, the changes of left eigenvectors of A and A + x,q” are inverse as we can see in the next result for a
diagonalizable matrix A.

Proposition 1.2.
Let A be a diagonalizable n x n matrix with eigenvalues a(A) = {A,Ay,..., A} Let I] be a left eigenvector of A
corresponding to A, 1 < i< n. Letq be any n-dimensional vector and let e = Ax + kaq, with e # A, i=1,2,...,n
Then, the left eigenvectors of A + x,q” corresponding to A, i # k, are r] = ], and the left eigenvector of A+ x,q"
corresponding to py is
Xl
d=gry_

t#k

Proof. Since ], i # k, is a left eigenvector of A corresponding to A;, we have [[(A— A) =0, i # k. So, {l;, xc) =0
for all i # k and
H(A+xq" = Xl) =] A=XD) + 1] (xq") =0+ (1] x)q" = (L, x)q" = 0.

Hence I/, i # k, is a left eigenvector of A+ x,q” corresponding to A;: r] =[], i # k. Since

qTXl' qTX['
1 f A+xq") = [A+[[xg" +) p /\lfA+§ ; Ixeq"
Y . —

s i#k K i#k A

=xll+q" +Z AIT_)\klk-i-Z
l#k l#k

A1T+q all +xl) +- 4 x,00)
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_()\ + TX )[T_,_Z( qTXi A+ TX') [T_H [T_,_Z qTXi U IT_IJ [T_f_Zﬁ[T =y I'T
kTG Xi) g - g — A q xi) i ki i#kllk_)‘ikl k|t i7ek“k_’\i‘ Uy
Hik—Ak

we have

q"x
=1+ _’A_l,T. O
ik Hk i

2. Related results

In this section we show that Brauer’s Theorem can be used to prove different related results. For instance, to examine
existence and convergence of the Page Rank Power Method, a stochastic matrix is updated by a rank-one matrix to
construct the Google matrix [6]. The relationship between the spectrum of both matrices is given in [6, Theorem 5.1]. The
same result can be obtained as a corollary of Brauer's Theorem applied to the matrix @A and the vector g = (1 — a)v.
More precisely, if A is a row stochastic matrix with eigenvalues o(A) = {1,42,...,A,} and e denotes the eigenvector
associated with the eigenvalue 1, then the matrix @A + (1 — a)ev’ has eigenvalues {1, ak,, ..., aA,}, where v’
probability vector and 0 < a < 1.

is a

2.1. Deflation techniques

In 1944 Wielandt presented a deflation method for general matrices shifting one eigenvalue to zero [10]. Applying
Brauer’s Theorem for a vector g such that g7 x, = —A, immediately gives this result.

Corollary 2.1 (Wielandt’s deflation).
Let assumptions of Brauer’s Theorem hold with q being any vector such that q"x, = —A,. Then the matrix A+ x.q"
has the eigenvalues {Ay, ..., A—1,0, Ak, ..., An}.

Remark 2.2.

If A is symmetric, then A is diagonalizable and we can choose an orthogonal matrix X = [x; x, ... x,] made of the
eigenvectors of A. In this case the matrix B = A + (ux — Ay)xex{ is symmetric (diagonalizable) and it can be verified
that the eigenvectors of B associated with A;, i # k, are the eigenvectors of A associated with A;, i # k.

The above result contains a well-known technique due to Hotelling, established in 1933, for symmetric matrices that
can be extended to nonsymmetric matrices.

Corollary 2.3 (Hotelling’s deflation).

Let the assumptions of Brauer’s Theorem hold.
(i) (Symmetric case) Let A be symmetric. Then the symmetric matrix A — Axix] has the eigenvalues

{M A2 oo 21,0, Ay, - ., Ay}, provided that kaxk =1.
(ii) (Nonsymmetric case) Let [, be the left eigenvector of A, with [[x, = 1. Then the matrix A — hxil] has the

eigenvalues {A1, ..., Ae—1,0, A1, ..., A}

Proof. Apply Brauer’s Theorem for a vector ¢ = —A,x, in the symmetric case and ¢ = —Al; in the nonsymmetric
case. O
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2.2. Pole assignment for SISO systems

Another application Brauer’s Theorem finds for single-input single-output (SISO) linear time invariant control systems
given by pairs (A, b), where A is an n x n matrix and b is an n-dimensional vector [3]. Given a SISO system we use a
state feedback to place the poles of the closed-loop system at specified points in the complex plane. More precisely,
the pole placement problem states as follows:

Consider a pair (A, b). Let o(A) = {A1, A2, ..., A} and let p be a number. Under what conditions on
(A, b) does there exist a vector f such that the spectrum of the closed-loop system A+ bf', o(A+ bfT), is
{)\1, ce :)\k—1:Uk:)‘k+1: . ~~,)\n}7

The following result answers this question.

Proposition 2.4.
Consider a pair (A, b), let a(A) = {A1, A, ..., A} and let x, be an eigenvector of AT associated with A.. If b"x, # 0,
then there exists a vector f such that a(A+ bf") = {A, ..., A1, ik Aty - An b

Proof. As d(AT) = o(A), by Brauer’s Theorem applied to A”, the matrix A + x,q” has eigenvalues Ay, ..., Ax_1, Ay +
G Xk, Aks1, ... Ay, where g is any n-dimensional vector. It is clear that g(A + gx]) = {M,..., Ao A +
qTXk,)\k+1, A ,)\n}.

Consider g = b and f = x;. If b7 x, # 0, we have
)\k+qTXk :)\k-‘rbTXk:[Jk - bTXk:uk—)\k.
Then, U(A+ bfT) = {)\1, .. -,)\k—1r)\k + qTXk,Ak_H, A ,)\,,}. O

Remark 2.5.

(a) Note that the assumption of b"x, # 0 is needed only to assure the change of the eigenvalue A,. Otherwise no
eigenvalue changes.

(b) By this result we can say that the pole assignment problem has a solution if x, is not orthogonal to the vector b
(that is, b™x, # 0), see [2, 4]. When this condition holds for all eigenvectors of AT, then the pair (A, b) is called
completely controllable; in this case the solution is unique [3].

(c) Wue #+ A, for i =1,2,...,n, i #+ k, according to Proposition 1.1 the eigenvector of A” associated with A, and the
eigenvectors of AT corresponding to A;, i # k, such that b”x; = 0, remain unchanged. Proposition 1.2 describes the
change of left eigenvectors of A’.

(d) If A; # A; for each i # j, and b”x; # 0, then one can show that b"w; # 0, where w; is defined in Proposition 1.1.

Example 2.6.
Consider the pair (A, b):
-2-3-20 0
2 3 20 0
A= 3 3 30" P
0 1-22 1

This pair (A, b) is not completely controllable since the rank of the controllability matrix

C(A, b) = [b Ab A’b A’b] =
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is 3. Note that o(A) = a(AT) = {0,1,2,3} and the eigenvectors of A are:

x_o = (a1,—@,0,0) forall ey #£0
forall a; #£0

b"x=0 =0,

T, . _
b'xy=1 = g,

T _
Xy=1 = (2,0, 22,0

b xp2 = a3,

Ll

)
x_, = (a3,203,0,a3) forall a3 # 0
)

x[_3 = (a1, a4, s, 0) for all ag # 0 bTx,23 = au.

Although the system is not completely controllable, we can change all the eigenvalues of A but A = 0. For instance, if
we change A =3 to p = 0.7 and consider the eigenvector of A7 associated with A = 3, we obtain

bTX)\:3 =0y = 07—-3=-23 — Qz = —2.3.

Then, fT = (-2.3,-2.3,-2.3,0) and

-2 -3 =20
A+ bfT = (2)7 87 (2)78 with  a(A+bf")={0,07,1,2}.
-23-13-432

Consider a SISO discrete-time (or continuous-time) invariant linear system given by the pair (A", b). Let o(AT) =
{M, A2, ..., A, }. The system is asymptotically stable if all eigenvalues A; of A” satisfy |A;| < 1 (or Re A; < 0), see for
instance [3, 5]. Applying Proposition 2.4 to an unstable pair (A, b) we can obtain the closed-loop system A+ bfT with
the feedback vector f equal to the eigenvector associated with the eigenvalue A¢ such that [A| > 1 (or Re A, > 0).

The following algorithm gives a verification of stabilization of the SISO system (AT, b) with application of Proposition 2.4
and the Power Method [8] assuming that A7 has a dominant eigenvalue. The advantage of the proposed method is that
we do not need the system to be completely controllable.

Algorithm

Input: (AT, b).

Step 1. Set Ay =A; = A, i =1 and f; the zero vector.
Step 2. Apply the Power Method to A;, and obtain the dominant eigenvalue A; and the corresponding eigenvector x;.

Step 3. If |A;| < 1, then the pair (A;, b) is asymptotically stable, where A; = A;_y + f;,_1b". END.

Otherwise,

Step 4. If (x;, b) = 0, then the pair (A;, b) cannot be stabilized (Proposition 2.4). END.

Otherwise,
Step 5. Choose a scalar a; such that the new eigenvalue y; = A; + (aix/ ) b satisfies |p;| < 1. Let f; = fi_1 + a;x.

Step 6. Let A1 = A + aix;b”. Note that a(Ai1) = {A, ..., At i Aigt, -, An} with || < 1. Let i = i +1, GOTO
Step 2.

316
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3. Rado’s Theorem

H. Perfect [7] in 1955 presented a result, due to R. Rado, which shows how to modify, in only one step, r eigenvalues
of an arbitrary matrix A without changing any of the remaining n — r eigenvalues. Rado’s Theorem is an extension of
Brauer’s Theorem and it has been applied to generate sufficient conditions for the construction of nonnegative matrices
with prescribed spectrum [7, 9]. Similarly to Brauer's Theorem, the immediate consequences of this result are the block
deflation methods and the pole assignment problem when a MIMO linear control system is not completely controllable.

Rado’s Theorem ([9, Brauer’s Extended Theorem, Theorem 5]).

Let A be an arbitrary n x n matrix with eigenvalues {A1, Az, ..., A, }. Let X = [x1x2 ... x;] be an nxr matrix such
that rank X = r and Ax; = Aix;, i = 1,2,...,r, r < n. Let C be an arbitrary r x n matrix. Then the matrix A+ XC
has eigenvalues {py, 12, ..., Ur, Aty Ary2s - A}, where iy, o, . .., i, are eigenvalues of the matrix Q + CX with Q =
dlag ()\1, )\2, A ,)\,).

Rado’s Theorem shows how to change r eigenvalues of A in only one step. In general, the eigenvector x; associated with
Aiof A, i=1,2,...,r, is not the eigenvector associated with the new eigenvalue p; of A+ XC. If the matrix Q + CX is
diagonalizable the way in which x; changes is described below.

Proposition 3.1.
Let A be an arbitrary n x n matrix with eigenvalues {\, Ay, ..., A, }. Let X =[x1 x2 ... x;] be an n x r matrix which column
vectors satisfy Ax; = Aix;, i =1,2,...,r, r < n. Let C be an arbitrary r x n matrix and let Q = diag (A, A2, ..., A,).

If iy, 12, ...,y are eigenvalues of the diagonalizable matrix QQ + CX and T is the transition matrix to its Jordan form,
then the column vectors of the matrix product XT are the eigenvectors of A+ XC associated with i, 112, ..., .
Proof. Since T is the transition matrix, we have

(A+XC)X = X(Q+ CX) = XT diag (th, 2, ..., 1) T~

Hence (A+ XC)XT = XT diag (1, i2, - . ., ;) and the result follows. O

Remark 3.2.

If we take an arbitrary matrix C such that
CX =diag (1 — A, 2 — Aoy ooy pir — A),

then Q + CX = diag (1, 12, . .., p;) and the matrix T, of Proposition 3.1, is equal to the identity matrix. Therefore, the
eigenvector x; associated with A; of A, i =1,2,...,r, is the eigenvector associated with the new eigenvalue p; of A+ XC.

In this case, the eigenvectors associated with the eigenvalues A,.1, ..., A, change in the following way.

Proposition 3.3.
Assume the assumptions of Rado’s Theorem and Remark 3.2 hold. Let x; be the eigenvector of A associated with the
eigenvalue A;, r +1 < i < n. Then, the eigenvector of A+ XC associated with A; is given by

where c; is the j-th row of the matrix C.
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Proof. For x;, r+1< i< n, we have

r r r

CiXi CiXi 4 CiXi
(A+XC) XI_ZI_]]]_/\ X/ :AXL+XCX‘_Z(A+XC)ﬁX/:)“XI+Z(C/XI)X/_Z‘U]/_/\ [J/X]
j:1 L L ]:1 t

j=1 j=1

r r

CjXi CjXi
= \x; — —oxi+ ) x=A | x— )y —L | x. O
Z( i uj_)\l,“/ j ZIJj_)\i j

j=1 j=1

4. Applications of Rado’s Theorem

In this section we give applications of Rado’s Theorem to deflation techniques and to the pole assignment problem for
MIMO systems.

4.1. Block deflation techniques

Now using Rado’s Theorem we can obtain a block version of the deflation results working with particular matrices C.
A direct application of Rado’s Theorem gives

Corollary 4.1 (Wielandt’s deflation).
Assume the assumptions of Rado’s Theorem hold. Let C be a matrix such that Q) + CX has all the eigenvalues zero.
Then the matrix B = A+ XC has eigenvalues {0,0,...,0,A 41, Ari2, ..., A}

Remark 4.2.

If A is symmetric, then it is diagonalizable and we can choose an orthogonal matrix X = [x1 ... x; X,41 - .. X,] = [X; Xo—/]
made of eigenvectors of A. Consider ® = diag (1 — A1, 2 — Ay, ...,y — A,;), then the matrix B = A + X,0X] is
symmetric (diagonalizable) and it can be verified that its eigenvectors associated with the eigenvalues A,.1,..., A, are

the eigenvectors of A.

Corollary 4.3 (Hotelling’s deflation).

Assume the assumptions of Rado’s Theorem hold.

(i) (Symmetric case) Let A be symmetric.  Then the symmetric matrix A — XQXT has the eigenvalues
{0,0,...,0,Ar41, A2, ..., A}, provided that XX = 1.

(i) (Nonsymmetric case) Let | =[l,l5,...,l,] be an n x r matrix such that rank L = r, A = Xl and LTX = I.
Then the matrix B=A— XQLT has eigenvalues {0,0,...,0,Ai1, Ay2, .-, Ag}

Proof. Apply Rado’s Theorem with C = —QXT for the symmetric case and with C = —QLT for the nonsymmetric
case. O

Remark 4.4.
It is easy to check that the matrices A and A+ XC have the same eigenvectors and the same Jordan structure associated
with the eigenvalues A1, Ar42, ..., A,

4.2. Pole assignment of MIMO systems

Rado’s Theorem finds its application in control theory for multi-input multi-output (MIMO) systems defined by pairs
(A, B), where A and B are n x n and n x m matrices [2]. Let the new eigenvalues y; be different from the eigenvalues A;
to be changed, 1 < i,j < r. The pole assignment problem for MIMO systems states:
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Consider a pair (A, B) with A and B, n x n and n x m matrices and the set of numbers {y, 112, ..., u}, and
let a(A) = {A1, Ay, ..., A, }. What are the conditions on (A, B) so that the spectrum of the closed loop matrix
A+ BFT, o(A+ BFT), coincides with the set {u1, 112, ..., tr, Ay, Ary2, - ., Ay}, for some matrix F?

The following result answers this question.

Proposition 4.5.

Consider a pair (A, B), with A and B, n x n and n x m matrices. Let 0(A) = {A1, A2, ..., Ay }. Let X =[x x2 ... x,] be an
n x r matrix such that rank X = r and A™x; = Aix;, i =1,2,...,r, r < n. If there is a column bji of the matrix B such that
b;X,- #0, forall i =1,2,...,r, then there exists a matrix F such that 6(A+ BFT) = {1, 2, ...t A1, Arg2s - - Ao b

Proof. As o(A7) = o(A), by Rado's Theorem applied to A’, we have that o(AT + XC) =
{2, b Aver, Aras oo An} where {pg, o, ..., i} are the eigenvalues of Q + CX, with Q = diag (A1, Az, ..., A).
Then, U(A + CTXT) = {[J1,H2, e ,H,,A,_H,)\H_z, RN ,An}.

Let CT = [bj, by, ... b;], where bjfx,- #0fori=1,2,...,r. Then
A+C'X" =A+1b; bj, ... bj)X" =A+Blej, e}, ... e, ]X7,
where the matrix [e}, e, ... e;] is made of the corresponding unit vectors. Setting F7 =[e; e}, ... e;]XT, we have

oA+ C'XT)=0(A+BFTY = {u, i, .- e Argt, A2, - An b,

where {p1, 1, ..., i} are the eigenvalues of Q +[e, e;, ... e;]" BT X, with Q = diag (A, A, ..., A,). O
Remark 4.6.
(a) Note that the assumption of existence of a column b, of the matrix B such that bjfx,- #0,i=1,2,...,r, is needed

only to assure the change of the eigenvalue A;. Otherwise no eigenvalue changes.

(b) In the MIMO systems the solution of the pole assignment is not unique as we can see in the next example. Further,
note that Proposition 4.5 indicates that we can allocate poles even in the case of uncontrollable systems.

Example 4.7.
Consider the pair (A, B):
-2 -3-20] 00
2 3 20
A=1 3 3 300 B=|14
0 1-22 11

Note that this pair is not completely controllable since the rank of the matrix

00-2-2-8-8-26-26
00 2 2 8 8-26-26
CAB) =[BABABABI=|11 3 3 g g 27 27
11 0 0—4—4-18-18

is 3. The spectral computation gives o(A) = g(AT) = {0,1,2,3} and the eigenvectors of AT are:

x_o=(,—,0,0) forallay #0 = B'x;uo= 8]

X, =(a,0,0,0) forallay #0 = BTx=|%

a3
a3

X[, =(c3,203,0,053) foralaz#0 = Bix,=
o

x[_3=(as,04,04,0) forallay#0 = Blxm3= o
L 4_
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Since the above products are different from zero for the eigenvalues A = 1, A = 2 and A = 3, we consider three cases
according to the number of eigenvalues we want to change and the number of columns of the matrix B.

Case 1. Suppose we want to change the eigenvalues A = 2 and A = 3 to y = 0.5 and p = 0.7, respectively. Then,
r=m. Since bl x,-o # 0 and b]x,—3 # 0,

C" =[b1by] = B[g 2)]

and the matrix

_ 10 o7y |24+ 3 o4
Q+CX_Q+[1O]BX_[ o 3+a4]

has the eigenvalues py = 0.5 and p, = 0.7 when a3 = 1.95 and oy = —5.75. So the feedback matrix F is

r 111 _[-38-185-5751.95
F‘[oox_o o o0 o |

Then, the closed-loop matrix
-2 -3 =2 0

2 3 2 0
—0.8 1.15-2.751.95
—3.8 —-0.85 —7.753.95

A+ BF' =

has the spectrum o(A + BFT) = {0,0.5,0.7,1}.

Note that working with the two column vectors of the matrix B, we obtain the feedback matrix

pr_[ 195 39 0 195
= |-5.75 -5.75 —5.75 0

Case 2. Now, we want to change only the eigenvalue A =3 to = 0.7, in this case r < m. Since b]x;—3 # 0,
C"=[ph]=B !
0
and the matrix Q + CX = Q +[10]B"X = 3 + a4 has the eigenvalue y = 0.7 if as = —2.3. So the feedback matrix F is

r [ vr _[-23-23-230
F‘[ X=lo o o o

Then, the closed-loop matrix is

2 23 -2 0
2 3 20
A+BF =1 07 07 070
—23-13-432

with the spectrum (A + BFT) = {0,0.7,1,2}.

Case 3. Finally, we want to change the three eigenvalues A =1, A=2and A=3toy =02,y =05 and py3 =0.7,
respectively. In this case r > m.

Since b1TXA:1 % 0, b1TX).:2 75 0 and b1TX).:3 75 0,

- R
C _[b1b1b1]_8[000
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and the matrix

10 1+C{2 a3 Qg
Q+CX=0+[10|B'X=| oo 240 o
10 ar a3 3+(I4

has eigenvalues py = 0.2, y, = 0.5 and p3 = 0.7 when a; = —0.06, a3 = 3.51 and a3 = —8.05. So the feedback matrix

Fis
r_[111 r_|—46-1.03 -8.113.51
F _[000 X = 0 0 0 0 '

Then, the closed-loop matrix is
-2 -3 -2 0

2 3 2 0
-1.6 1.97 -511 351
—46 -0.03 —-10.11 551

A+ BFT =

with the spectrum (A + BFT) = {0, 0.2, 0.5, 0.7}.

Remark 4.8.

As before, a MIMO discrete-time (or continuous-time) invariant linear system, given by the pair (A”, B), is asymptotically
stable if all eigenvalues A; of AT satisfy |A;] < 1 (or Re A; < 0), see for instance [3, 5]. Applying Proposition 4.5 to an
unstable pair (AT, B) we can obtain the closed-loop system A + BFT with the feedback matrix F computed as in the
proof of the above proposition.

Acknowledgements

This work is supported by Fondecyt 1085125, Chile, the Spanish grant DGI MTM2010-18228 and the Programa de
Apoyo a la Investigacién y Desarrollo (PAID-06-10) of the UPV.

References

[1] Brauer A, Limits for the characteristic roots of a matrix. IV. Applications to stochastic matrices, Duke Math. J., 1952,
19(1), 75-91

[2] Crouch P.E., Introduction to Mathematical Systems Theory, Mathematik-Arbeitspapiere, Bremen, 1988

[3] Delchamps D.F., State-Space and Input-Output Linear Systems, Springer, New York, 1988

[4] Hautus M.L.J., Controllability and observability condition of linear autonomous systems, Nederl. Akad. Wetensch.
Indag. Math., 1969, 72, 443-448

[5] Kailath T, Linear Systems, Prentice Hall Inform. System Sci. Ser., Prentice Hall, Englewood Cliffs, 1980

[6] Langville ANN., Meyer C.D., Deeper inside PageRank, Internet Math., 2004, 1(3), 335-380

[7] Perfect H., Methods of constructing certain stochastic matrices. I, Duke Math. J., 1955, 22(2), 305-311

[8] Saad Y., Numerical Methods for Large Eigenvalue Problems, Classics Appl. Math., 66, SIAM, Philadelphia, 2011

[9] Soto R.L,, Rojo O., Applications of a Brauer theorem in the nonnegative inverse eigenvalue problem, Linear Algebra
Appl., 2006, 416(2-3), 844-856

[10] Wilkinson J.H., The Algebraic Eigenvalue Problem, Clarendon Press, Oxford, 1965

321




	Brauer's Theorem
	Related results
	Rado's Theorem
	Applications of [t2]Rado's Theorem
	Acknowledgements
	References

