Downloaded 03/09/24 to 78.11.131.51 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

SIAM REVIEW (© 2012 Society for Industrial and Applied Mathematics
Vol. 54, No. 2, pp. 355-373

Modified Gershgorin Disks for
Companion Matrices*

Aaron Melmanf

Abstract. All the zeros of a polynomial are contained in the union of Gershgorin disks derived from
its companion matrix, a consequence of Gershgorin’s theorem. However, this theorem does
not exploit the structure of the companion matrix. We will use this structure to obtain
smaller zero inclusion regions, thereby providing some nonstandard results to accompany
and illustrate this frequently covered topic in numerical and matrix analysis.
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I. Introduction. A convenient way to obtain information on the location of the
zeros of a polynomial is by locating the eigenvalues of its companion matrix. A
well-known and easy tool to obtain such information is that of the Gershgorin disks,
centered at the diagonal elements of the matrix, whose radii are simple functions of
the matrix elements. Gershgorin’s theorem states that the union of these disks is
guaranteed to contain all the eigenvalues. Several classical bounds on the moduli of
a polynomial’s zeros such as, e.g., Cauchy’s bound, follow easily from applying the
Gershgorin disks to the companion matrix of the polynomial.

However, Gershgorin’s theorem is almost always used as a black box, i.e., without
taking into account any structure the matrix might have, and, as we will see in the
next section, more detailed localization techniques can be developed.

We first review Gershgorin’s theorem, its proof, and its application to the com-
panion matrix of a polynomial, and then use the structure of this companion matrix
to modify and improve the theorem. The modifications lead to the replacement of the
disks by the intersection with another disk, with the exterior of a disk, with a plane,
or, perhaps more interestingly, with an oval of Cassini. Such ovals also play a role in a
different eigenvalue inclusion set, namely, the Brauer set. We thus demonstrate in an
elementary way that more than just ordinary disks result from Gershgorin’s idea for
companion matrices. It allows us to present some nonstandard results to accompany
and illustrate the general subject of eigenvalue and polynomial zero inclusion regions,
which is often studied in a first numerical or matrix analysis course.

Eigenvalue inclusion regions have a rich and interesting history, starting with the
work of Lucien Lévy, who obtained an equivalent formulation of Gershgorin’s theorem
for real matrices in 1881 [10]. The result was independently rediscovered many times
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[14]. An in-depth study with many newer results can be found in [15], while Chapter
6 in [8] provides a good introduction and useful references.

Estimates for the zeros of polynomials usually take the form of bounds on their
moduli. Well-known bounds were derived by Cauchy, as mentioned before, but also
by Montel and Kojima, to name but a few (see [8, section 5.6]), while more advanced
results can be found in, e.g., [11], [12], [13], and references therein. Our focus will be
less on bounds and more on specific regions in the complex plane that contain the
zeros. These regions will then also generate bounds that fall, generally speaking, into
the same category as the aforementioned classical bounds. It is worth mentioning that
modern software is able to compute polynomial zeros rapidly and to high precision
by computing the eigenvalues of the companion matrix.

In the following section we will define the companion matrix mentioned above
and explain how Gershgorin’s theorem can be adapted to its specific structure. Two
changes based on this adaptation are then carried out in subsequent sections.

2. Companion Matrices and Gershgorin’s Theorem. We begin by formally
stating Gershgorin’s theorem and its application to companion matrices, after which
we will informally delve into its proof.

THEOREM 2.1 (see Gershgorin [7]). All the eigenvalues of the n x n complex
matriz A with elements a;; are located in the union of n disks,

n n
U z€C: |z—an‘|§2|aij|

i=1 i=t
J#i

An analogous statement holds for the columns of the matrix, because the spectra
of A and AT are identical.

This means that all the eigenvalues must lie in a union of disks, each centered
at a diagonal element of the matrix and having a radius equal to the corresponding
deleted row sum, i.e., the sum of the moduli of the off-diagonal elements in the row
corresponding to the diagonal element. We concentrate here on the Gershgorin set,
but there exist more complicated eigenvalue inclusion sets, such as, e.g., the Brauer
set (see [4], [8, Chapter 6] or more recent ones, a good survey of which can be found
in [15].

A common way to obtain inclusion regions for the zeros of a polynomial is by
finding eigenvalue inclusion regions for a companion matrix of the polynomial, whose
eigenvalues are precisely the zeros of the polynomial. This idea is used in, e.g., [1],
[3], [5], [11], [12], and [16], to name just a few references from the vast literature on
this subject.

For a polynomial p(z) = 2"+, 12" 1+ -+ @12+ ap with complex coefficients
and with «g # 0, we will use the standard companion matrix C(p) from [8, p. 146],
defined as

0 0 0 -

1 0 ... 0 —Q
Clp) = 01 ... 0 -

0 0 ... 1 —Qp—1

Its eigenvalues are the zeros of the polynomial p. This can easily be shown using
determinants, but an elegant proof avoiding determinants can also be found in [8, p.
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146]. Although we focus on C(p), there exist other companion matrices (see, e.g., [2],

[6]).
A direct application of Gershgorin’s theorem to C'(p) guarantees that all the zeros
of the polynomial p must lie in I'©), where

ro=Jry,
j=1
and
I'h={z€C: |z| <|awl} ,

Lj={z€C: 2| <1+|o|} (@2<ji<n-1),
I'={2€C: |z+ap1| <1} .
Examples. Figure 2.1 shows I'*) for the polynomials p;(2) = 2% — 323 + 2322 —

2z + 4 (on the left) and pa(2) = 2% + 223 + 22 + iz + 2 (on the right). The individual
disks are outlined inside the Gershgorin sets and the black dots represent the zeros.

Fig. 2.1 The I'O sets for p1 (left) and pa (right).

The set I'® provides the following upper bound on the modulus of any zero % of
the polynomial p:

(2.1) 2] < PO = max{|aol,1 + |ea|,...,1+|an_1]},

where |S| denotes the largest modulus of any element in the set S of complex numbers.
This bound implies Cauchy’s bound, given by |Z| < 1 + max{|ao|, |a1], ..., |an—1]}.

The superscript (0) in T'(®©) denotes the unmodified Gershgorin set, i.e., the set
obtained by a “black box” application of Gershgorin’s theorem, with C(p) being
treated just like any other matrix. Of course, C(p) is very much unlike any other
matrix and its structure can be exploited to modify and improve I'(?).

This is a good place to mention that, instead of C(p), one could consider QC(p)Q~*
for a nonsingular matrix @. This new matrix has the same eigenvalues as C(p) but
may have smaller eigenvalue inclusion sets. A convenient choice for @ is a diagonal
matrix with no zeros on the diagonal (see [8, Chapter 6]). When all the coefficients
of the polynomial are nonzero, then an appropriately chosen diagonal matrix leads to
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Kojima’s bound (see (5.6.45) in [8]):

aq

(2.2) |z|<1nax{ﬁaou2 On—2
Qg

2
Qpn—1

,2|0[n1|} .

Although beyond our scope here, diagonal similarities can also be applied to the sets
we are about to derive.

Our goal is now to find relatively simple modifications that can, at least some-
times, make a significant difference. To explain our strategy for improving I'©), we
first need to understand the proof of Theorem 2.1 for a general complex matrix.

Proof of Theorem |. Following the same standard procedure as in [8], assume
that X is an eigenvalue of a complex n X n matrix A with corresponding eigenvector x,
i.e., Az = Az. Since x is an eigenvector, it has at least one nonzero component. Define
z, as a component of  with the largest absolute value, so that |z,| > |z;| for all ¢ =
1,2,...,n and z, # 0. Because (Az), = (Ax),, we have

n n

ATy = ppTp + Z a,; %, from which it follows that (A —ap,)z, = Zapjxj .
20 20

Taking absolute values on both sides, using the triangle inequality, and dividing by
|z,| yields

n n
A=l < 3 lanl 2 < o
j=1 P j=1
J#p J#p
because |z;|/|z,| <1 for all j # p, i.e., A must lie in a disk with center a,,. Without
knowing the eigenvectors, we do not know which p each eigenvalue corresponds to,
so we must take the union of all such disks to obtain a region that is guaranteed to
contain all eigenvalues, and that concludes the proof.

However, any structure the matrix A might exhibit is lost in the proof’s uniform
treatment of the elements of A and its premature use of absolute values, which wipes
out many connections between the components of z. We will therefore revisit the proof
while explicitly using the form of the companion matrix. Specifically, C(p)z = Az
means that

(2.3) A1 = —QpTy, ,

(2.4) ATy =1 — 1 Tn

(2.5) ATj = Xj_1 — Qj_1%n 3<ji<n-2),
(2.6) Alp_1 = Tp_9 — Qp_9Ty ,

(2.7) ALy = Tp_1 — Qp_1Ty ,

and it is this set of equations that we will use.

The modifications to the black box Gershgorin set I'(®) will be carried out in two
stages, modifying I'y and I's, respectively, with further possible modifications briefly
mentioned later on. Each stage produces a new zero inclusion set ') (j = 1,2) and
these sets satisfy '@ € T C T'(©), We will also compute an upper bound on the
moduli of the zeros for each of the modified sets. The first modification is derived in
the next section.
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3. I'M: The First Modified Set. We now proceed as in the proof above, namely,
we consider a component of z with the largest magnitude and take absolute values to
arrive at inequalities that must be satisfied by A\. However, contrary to what we did
before, we will first rewrite our equations by exploiting their specific structure and
only then take absolute values.

Our first modification is very modest, namely, we just use the first equation (2.3)
to eliminate x, in the last equation (2.7), which turns it into A(A+ ap—1)x1 =
—aoTnp—1. This means that when x; has the largest magnitude of all the components
of z, we obtain, in addition to |A| < |agl, another inequality that must be satisfied by
A, namely, [A| A+ an—1| < |aol.

We define

Ki={z€C: |z||z+ an-1| <|ao|} and & =T1NK;.

The boundary of Kj is a quartic curve known as an oval of Cassini with foci
—ap—1 and the origin. It consists of either one or two loops. Ovals of Cassini also
appear in a different and slightly more complicated eigenvalue inclusion set, namely,
the Brauer set (see [4], [8, p. 380]), and it is interesting that we should encounter such
an oval here as well.

We can therefore replace I'y by 7 in the Gershgorin set, which proves the fol-
lowing theorem.

THEOREM 3.1. All the zeros of the polynomial p(z) = 2™ + ap_12" 1 + - +
a1z 4+ o with complex coefficients and with a # 0 can be found in T | where

=00 Ly
j=2

Since Q; C T'y, we clearly have that T C T© je. the new inclusion set
is potentially smaller than I'®). We can expect this to happen when |ag| is large
enough for I'; to dominate T'®), In that case, the intersection with the oval of Cassini
will cut I'; down to size, as in the following examples.

Examples. Consider the polynomials p; and ps, defined as
p1(2) =2t =323 +222 42245 and  pa(z) =2 +62° + 222 + 42+ 8.

Their corresponding zero inclusion sets with the Gershgorin circles and ovals of Cassini
are illustrated in Figure 3.1. The I'® and T'™) sets are the areas shaded in dark and
light gray, respectively. Those for p; are on the left, while those for ps are on the
right. The Gershgorin circles are drawn slightly thicker than the ovals of Cassini. For
p1, the area of I'M) is approximately 40% of the area of I'(°), whereas for po, this
percentage is approximately 42%.

The Set K; and Ovals of Cassini. We need the basic properties of an oval of
Cassini to describe the set 21, and we summarize them here. They can be found in,
e.g., [9, pp. 153-155].

The oval described by |z||z + an—1| = |ao| consists of one loop containing both
foci if 24/]ag| > |an—1| and of two loops, each containing one of the foci, if 24/|ag| <
|atn—1]. The oval is symmetric with respect to the line through its two focal points,
and with respect to the perpendicular line that goes through the center of the segment
connecting the foci. The set K7 consists of the closed interior of the loop or loops.
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Fig. 3.1 The I and T sets for the polynomials p1 (left) and pa (right).

: -
q— ‘r r

Fig. 3.2 The set K1 for 2¢/|ao| < |an—1] (left) and 2+/|ao| > |an—1]| (Tight).

Figure 3.2 shows the set K for 24/|a| < |an—1| on the left and 2+/|ag| > |an—1]
on the right. The white dots are the foci: the origin on the left and —a,,—1 on the
right. The distances ¢_, ¢+, and r from the origin, which are defined below, are
indicated by black dots.

The point on the boundary curve of K that is furthest away from the origin lies
at a distance of

1
r =35 (len-tl+ vIan 1P + 4o

from the origin in the direction of —«,,_1 along the line connecting the foci. When
there are two loops, they intersect this line between the origin and —a,_1 at two
points, which lie at distances

1
4 = 5 (lan-1] £ VIaw1P = 4lao])

from the origin in the direction of —a,,_1. The entire oval, whether it consists of one
or two loops, is contained in the disk with radius r and centered at the origin. When
there are two loops, then each loop is contained in a disk centered at the corresponding
focus with radius ¢_.

The Set 2; = I'y N K. Let us now have a closer look at the set 21, which was
the intersection of the disk I'y with the oval K. There are several possible scenarios.
Observe, e.g., that the intersection is the entire oval when |ag| > r (see the leftmost
figure of Case Ta in Figure 3.3), or part of it when |ag| < r (see the leftmost figure of
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lovn—1]

|a0| > |an—1| +1
lewo| < |an—1|?/4

lovn 1]
lao| > max{|an—1] — 1, [an—1]/2}
|| < min{|om—1] + 1, |on—112/4}

lovn—1]

lao] <fan-1] -1

A IR

lovn—1]

lao| > Jan—1| —1
lawo| < min{|an-1]/2, |an—1|?/4}

<

|

Fig. 3.3 Scenarios for Q1 when 2+/|ag| < |an—1].

Case Ib in Figure 3.3). In the latter case, the part of the oval that is included depends
on the values of ¢_ and q. However, ¢g_, ¢4, and r are all functions of |ag| and |, 1],
which makes the aforementioned conditions implicit and a little difficult to visualize.
They have been made explicit in terms of |ag| and |ev,—1| in Figures 3.3 and 3.4: for
each case the figure on the left represents the particular scenario, the figure on the
right shows the set of values in the (Jagl, |, —1])-plane for which it occurs, and in the
middle is given the algebraic description of this same set, the derivation of which is
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lon—1]

lawo| > max{Jom—1] + 1, |an—1|*/4}

lovn—1]

ol > lan_1[2/4
|a0| S |an—1| +1

Fig. 3.4 Scenarios for Q1 when 2+/|ag| > |an—1].

explained in detail in Appendix A. The relative sizes of these sets give a sense of how
likely the situations they describe are to occur. Eventually, they will be merged into
three regions.

Bounds. The set I'™) can be used to obtain a bound on the largest modulus
of the zeros of a polynomial just like T(®©). The result is presented in the following
theorem.

THEOREM 3.2. Any zero Z of the polynomial p(z) = 2"+, 12" 1+ +a1z+ag
with complex coefficients and with ag # 0 satisfies |Z| < [T, where

|I‘(1)| =max{y,1+|a1],..., 14 |an_1]},
and
1 2
5 (Jan1l + v/an—1P + 4ao]) (Jao] > 1 + [an—1]),
’Y g
0 (Jao] <1+ Jan1]) -

Proof. We have that
(3.1) P = max{|], 1+ Jaa],.... 1+ Jan—l},

and, clearly, |I‘(1)| is an upper bound on the modulus of any zero of p.

From the bounds on the moduli of the elements in 2; that were established in the
description of the subcases of Case I and Case II, we conclude that in Case Ia and Case
IIa, || = r; in Case Ib, Case Id, and Case IIb, || = |ao|; and in Case Ic, |Q1] = g—.
See Appendix A. Combining the different regions from the third column in Figures 3.3
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o1

|ao|

Fig. 3.5 The regions corresponding to q— (darker gray), v (lighter gray), and |ag| (lightest gray).

and 3.4, these three possibilities correspond to the regions of the (|ag|, |an—1])-plane
in Figure 3.5 shaded in lighter gray, lightest gray, and darker gray, respectively. This
means that

(3.2)
1
5 (Jan-1]+ Va1 +4lao]) (Jaol > 1+ |an_1]),

1] =1 ool (Jan—1] =1 < |ao| < |an—1] + 1),

1
5 (Jan-1] = Va1 = lao]) (laol < lan-1] = 1).

However, for the computation of the maximum value the only important distinc-
tion is between |ag| > |an—1] + 1 and |ag] < 1 + |ap—1]. This is so because in the
former case we have that

1
max {|Q], 1+ |an—1|} = max{5 (|an,1| +V]an_12 + 4|a0|) 1+ |an1|} )

and in the latter case, |Q1] = |ap| or |Q1] = ¢— = min{|ag|, ¢—}, so that [Q;]| < |ap| <
1+ |an—1|. In this case we obtain

max{|Q|,1+ |an—1|} =1+ |ap—1| = max{0,1 + |ap_1|} .

This completes the proof. a

Figure 3.5 shows, at a glance, the situation a given (|ag|, |an—1])-pair corresponds
to: above the curve there are two loops, below it, just one. If the pair corresponds,
e.g., to a point in the area shaded in darker gray, then o is such that the intersection
with the disk consists of the entire loop containing the origin, etc.

Note also that an alternative way to express [T'V] is

1
|P(1)| = max {mil’l {|OZ0|, 5 (|Oln71| =+ 1/ |an71|2 -+ 4|a0|>} 1+ |Oz1| N |Oln1|} s
because

. 1
mln{|a0|, 3 (|Oén_1| +Vl]an_1]? + 4|050|)}
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is not greater than 1+ |ay,—1| when |ag] < 1+ |a—1] and when |ag| > |an-1] + 1,
we are in Case Ta or Case ITa and |{2;] is clearly determined by the minimum of |ayg|
and 7.

Since Q; C Ty, we have that [T(M)| < [T(®]. As we mentioned before, the effect
of our modification can be significant when |ap| is large enough to dominate the
computation of T'©). Let us illustrate this with a few examples.

Examples. Table 3.1 lists the values of |T'(®)| and [['))], along with the modulus of
the largest zero |24z, for five polynomials that are identical except for the constant
term . As |ap| increases, the difference between the bounds becomes more pro-
nounced. Here, Kojima’s bound is the same as |F(O)|, except for the top polynomial,
for which it is equal to 4.

Table 3.1 Comparison of |[T'(9| and [T(D].

P IT©] L |Zmac|

25 4224 43023 — 422 + 3242 5 5 2.7838

25+ 224 + 3023 — 422 + 3246 6 5 2.7394
25 4224 4+ 3023 — 422 + 324+ 10 10 5 2.6896
25 4224 43023 — 422 + 32420 20 5.5826 2.5274
2% 4+ 224 + 3023 — 422 + 324+ 40 40 7.4031 2.3876

It is also sometimes possible to compute a lower bound on the moduli of the zeros,
as in Case Ia and Case Ib, although we will not go into detail here.

4. T@: The Second Modified Set. In this section, we continue what we started
in the previous one. There, we used (2.3) to eliminate x,, in (2.7). Here, we will, in
addition, use it to replace xz, by —Az1/ag in (2.4). This yields

(4.1) Azg = (1 + ﬂ/\) x7 .
Qo
Now assume that |z2| > |z;| for all j. Then from (4.1) we have

«
Maz] = |1+ =] |z,
Qo

which, after dividing both sides by |z2|, becomes

(4.2) A < 1+%/\‘ .
Qo
Defining

KQ:{zE(C:|z|§‘1+ﬂz
o

b

we have that A € K. However, since we assumed that |z2| > |z;| for all j, we also
have from (2.4) that A € I'y, which was a disk centered at the origin with radius
1 + |aa|. We conclude that, in this case, A € I's N K. Defining

Qo =TsNK,,

this means that we have proved the following theorem.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/09/24 to 78.11.131.51 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

MODIFIED GERSHGORIN DISKS FOR COMPANION MATRICES 365

THEOREM 4.1. All the zeros of the polynomial p(z) = 2™ + ap_12"" 1 + -+ +
a1z 4+ g with complex coefficients and with a # 0 can be found in T3 where

F(2)2Q1 Uy U UF]
=3

Since Q5 C I'y, we have that T'?) C (1),

Examples. Figure 4.1 shows I'® for the polynomials p; (on the left) and py (on
the right) defined by

p1(2) = 2743254254 21462° 52248248 and  pa(z) = 27422 +i23—222 46248 .

For p1, the zero inclusion regions I'®) and I'™ are identical. T'®) is shaded in lighter
gray and is superimposed on I'®), which is shaded in darker gray with its invisible
part hiding behind I'?). The zeros of p; are indicated by the black dots. For py, I'©)
is shaded in darker gray, I'™) in lighter gray, and I'® in darkest gray. The white dots
are the zeros of ps.

For p1, TM is identical to T'©) and the area of I'® is approximately 82% of the
area of I'(9). For p, the areas of ') and T'® are approximately 77% and 19% of the
area of I'(9) | respectively.

Fig. 4.1 The T'® sets for py (left) and pa (right).

The Set K,. To understand what 22 looks like, we first need to know what Ky
looks like, and that is what the next lemma is about.

LEMMA 4.2. The set Ko has the following properties.

(1) The set Ko contains the origin.

(2) If a1 =0, then Ko is the closed unit disk.

(3) If |ao| > |az1| > 0, then Ky is a closed disk with radius |aol?/ (Jaol® — [az]?)

and center
ol ()
laol? = |en[* \ a1

(4) If 0 < |ag| < |ail, then Ky is the closed exterior of a disk with radius
laol?/ (|ax|® = |awo]?) and center

aal” (o)
lao|? = faz]? \en

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/09/24 to 78.11.131.51 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

366 AARON MELMAN

(5) If 0 < |ag| = |oa]|, then Kz is the closed half-plane

1
Re (@)x+lm (ﬁ)y+— >0,
aq (o5} 2
which contains ag/aq.

Proof. If a; = 0, then statements (1) and (2) follow immediately from the defi-
nition of Ks. If ay # 0, then the inequality in the definition of K» can be rewritten
as

Qo

)

|z| < ‘%—i—z
aq

aq

which is of the form |a||z| < |z +al, with a = ap/a1. Setting z = = + iy and
a = a1 + tas in this inequality and squaring both sides yields

laf? (22 +°) < (&4 a1)® + (y +a2)?,
which can be rewritten as
(4.3) (Jal* = 1) 2* + (|la|* = 1) ¥* — 2a12 — 2a2y — |a|* < 0.

When |a| > 1 we can divide by |a|? — 1, preserving the direction of the inequality, and
then complete the square to obtain

2 2 4

ay as |al
4.4 - — +( - ) <—0 .
(44) ( |a|2—1> YTRE=1) (e 1p

This represents the closed interior of a disk with center (a1/(|al? — 1), a2/(|al?> — 1))
and radius |a|?/(|a|?> — 1), which, with the definition of a and after a little algebra,
yields precisely statement (3).

When |a| < 1 we obtain, analogously, the closed exterior of a disk (the inequality’s
direction is reversed) with the same expression for the center and with radius |a|?/(1—
la|?), which leads directly to statement (4).

When |a| = 1, then we obtain from (4.3) that

1
a1x+a2y+520,

which is a half-plane containing the point a, and this completes the proof. O

The Set 2; = I'; N K3. With the previous lemma we now know that I's N K5 is
the intersection of two disks, or of a disk with the exterior of a disk, or of a disk with
a half-plane. Figure 4.2 shows a few possible situations for I'y N K3, which is shaded
in gray. The set I's is the larger of the two disks in the top left and middle subfigures,
and in the bottom left subfigure. It is the left disk in the top right subfigure and the
only disk in the bottom right subfigure.
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Fig. 4.2 Ezamples of the set I'o N K2 (shaded areas).

The set €25 is never empty. This is shown in the next theorem, which also computes
|€2a].

THEOREM 4.3. The set Qo is nonempty. Moreover,
|a]

1+

T (Jewo] > 1+ Jeu]),
Q| = |ao| — |aa

1+ Jon (loo] < 1+ Jau]) -

Proof. When a3 = 0, K5 is the unit disk so that its intersection with I's is the
very same nonempty unit disk. Consequently,
«
Qo =1=1+ oy =1+ —2
|ao| — |a |
which proves the theorem when ay = 0. When «; # 0, and with a = ap/a;, assume
first that |a| > 1, i.e., |ag| > |a1]. From the previous lemma, we know that in this
case, K3 is a closed disk and I's N K5 # () because the distance d between the centers
of I'y and K is not greater than the sum of the radii. To prove this, we need to show
that

lal®

s

_|a|2—1_ |a|2_1+1+|a1|.

Multiplying both sides of the inequality by |a|> — 1 turns this condition into

(2 +la1]lal® = la] = (1 + |ea]) > 0,

and this inequality is satisfied for |a|] > 1. The intersection must therefore be
nonempty. This scenario corresponds to the top left or the top right subfigure in
Figure 4.2. Because we have the intersection of two disks, one of which is centered at
the origin, it follows that

: lal®
(45) |F20K2|:mln{l—|—|a1|,d—|—|a|27_1 .
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Since

ol _ _lal o> lallal+1) _|a]
laP =1 JaP =1 "o =1 (o] =D(la[+1) Ja| =1~

d+

and recalling that a = oo /a1, (4.5) can be rewritten as

T2 N K| :min{l—i— |a1|,ﬂ} :1+min{|a1|,L} .
|ao| — Jon| lao| — |on|

The minimum value is therefore given by 1 + |a;| when |ag| — |a1] < 1 and by
1+ (Jou|/(Joo| — |aa]) otherwise. This proves the theorem for |ag| > |aq].

Next, assume that |ag| < |aa], i.e., |a| < 1. The set I's N K3 is nonempty in this
case as well, because the radius of the boundary of K5 is not greater than the sum of
the distance d between the centers of I's and K> and the radius of I';. That this is
true follows from

laf? laf? a
— <d+1 <
T—japp ST Il <= 70 < 7

= (2+aa])al* — |a] = (1 + |ea]) <0,

+ 1+ |aq]

and this inequality is satisfied for |a| < 1. This scenario corresponds to the top middle
or the bottom left subfigure in Figure 4.2. Because we are intersecting I's, which is
centered at the origin, with the closed exterior of a disk, and because the intersection
is nonempty, it follows that some part of the boundary of I's must belong to the
intersection. This means that [I's N Ko = 1 + |og|. Since |ag| < || implies
|ag| <1+ |aq], this proves the theorem for |ag| < |ou].

Finally, we have the case |ag| = |a1], or |a| = 1. This means that a € T'y and, since
K5 is a closed half-plane also containing a, we have, once again, that I's N Ky # (.
This scenario corresponds to the bottom right subfigure in Figure 4.2. Here, too,
some part of the boundary of I's must belong to the intersection, which means that
'y N K3l =1 + |ay], and that concludes the proof. O

Although this theorem indicates that it is not uncommon that || = |T'2], the
sets themselves can be quite different.

Bounds. Since
IT®] = max {|Q], [Qa], 1 + |az| ..., 1+ |on 1]},

the bound on the moduli of the zeros in the following theorem is an immediate con-
sequence of Theorems 3.2 and 4.3.

THEOREM 4.4. Any zero Z of the polynomial p(z) = 2"+, 12" 1+ +a12+ag
with complex coefficients and with ag # 0 satisfies |2| < [T'®)|, with

IT®| = max {7,0,1 + |aa|,..., 1 + |an_1]} ,
where v was defined in Theorem 3.2 and

v |

1+ (Jao| > 1+ |as]),

5= lovo| — ||

1+|OZ1| (|04()|§1+|041|).
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Roughly speaking, the effect of the second modification is to allow |«1]| to become
large when || is also large, as long as it does not get too close to |ap|. Table 4.1 lists
the values of [I'(D], [T, and |T(?)|, along with the modulus of the largest zero | Zaz|,
for five polynomials that are identical except for the coefficient a;. As |ay]| increases,
the difference between the bounds becomes more pronounced, until it approaches |ag|
too closely and its advantage disappears. Kojima’s bound is the same as |[T'(9)| for all
polynomials.

Table 4.1 Comparison of [T'(Q|, [TM)|, and TP

P I O] IS T3] |Zmac|

25 4224 4 3023 — 422 + 324+ 20 20 5.5826 5.5826 2.5274

25 4+ 224 4+ 3023 — 422 + 62+ 20 20 7 5.5826 2.6618
2% + 224 4 3iz3 — 422 + 10z + 20 20 11 5.5826 2.7938
25 4+ 22% 4 323 — 422 + 182+ 20 20 19 10 2.9868
25 4+ 22% 4+ 3023 — 422 + 1924+ 20 20 20 20 3.0070

Summary of Results and Further Discussion. We have used (2.3)—(2.7) to de-
rive two modifications of the Gershgorin set for a polynomial’s companion matrix.
They were obtained by using (2.3) to eliminate x,, in (2.7) and in (2.4), respectively.
Although it would be beyond our scope here, there are many ways to continue mod-
ifying the Gershgorin set by further manipulating (2.3)—(2.7). To give just a few
examples, one could use (2.3) to replace =, by —Az1/ap in the right-hand side of all
the equations except the first two, or one could multiply (2.5) for j = k by A and then
use the same equation for j = k — 1 to eliminate x;_1 and obtain new bounds on |}
when |zj| is maximal. The latter can also be achieved by considering C?(p) instead of
C(p), as it has the same eigenvectors while the eigenvalues are squared. Other powers
of C(p) could also be used.

Appendix A. In this appendix we explain in detail how the different cases in
Figures 3.3 and 3.4 depend explicitly on |ag| and |ay,—1].

Case I: 2 /|ao| < |an—1

four subcases.

. In this case, the oval has two loops. We distinguish

Case la: |ag| > 7. The intersection consists of both loops. When 2|ag| > |an—1],
this condition can be rewritten as follows:

lag| > 7 <= 2|ag| > |an—1| + V|an-1]? + 4|ao]
= 2] ~ lan_1] > v/Jan P+ o]

= (2]ao] = |an—1)* > |an_1]* + 4|ag|
(A1) = |ag| > |ap—1|+1.

Clearly, when 2|ag| < |a,—1], then |ag| > 7 is impossible. We also note that inequality
(A.1) implies that 2|ag| > |ap—1]|- We can summarize the conditions for this case as
|tn—1] + 1 < |ag| < |an—1]?/4. This is the first scenario of Figure 3.3: on the left is
the circle (the boundary of the disk) with the oval inside it, and in the middle is the
algebraic description of the conditions, represented graphically by the shaded area on
the right. The intersection with the disk is the part of the oval shaded in dark gray.
The part shaded in light gray lies outside the intersection. In this case, the modulus
of any z € 7 must satisfy 0 < |z| < g_ or ¢4 < |z| <.
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Case Ib: g4 < |ap| < 7. The intersection consists of the loop containing the
origin and part (or all) of the loop containing —ay,—1. When 2|ag| > |ap—1], the
condition |ag| > g4 can be rewritten as follows:

o] > ¢4 <= 2|ao| > |om1] + V]an—1]2 — 4]
<= 2|ao| — [an—1] = V/]an-1]* — 4|a]
= (2|0l = lom—11)? > |an_1|* — 4ol
<~ |ao| > |an-1] — 1.

When 2|ag| < |on—1], then |ag| > ¢4 is obviously impossible. With 2|ag| > |ap—1],
inequality (A.1) implies that |ag| < r is equivalent to |ag| < |ap—1]| + 1. Combining
the two inequalities, we obtain that ¢4 < |ag| < r is equivalent to { 2|ag| > |an—1]
and |anp—1] — 1 < ag| < |an—1] +1 }. The conditions for this case are summarized
as

max{|on—1| =1, |on—1|/2} < ao] < min{|an_1] + 1, [on—1]*/4} .

This situation is the second scenario in Figure 3.3. Here, the modulus of any z € Q3
satisfies 0 < |z| < g or ¢4 < |z| < |ag].

Case Ic: q— < |ap| < g4. The intersection consists of the loop containing the
origin. Note that 24/|ap| = |an—1| cannot occur in this case because that would mean
qd— = q+. When 2|ag| < |a,—1], the condition |ag| > g— can be simplified as follows:

lao| > g == 2|ag| > |an—1] — V/]an—1|* — 4]a|
< V/]an-1]2 — 4|ag| > |an—1| — 2|ag]
= |an1|* — 4ao] > (Jan—1] — 2|ao])?
= |ao| < |lop—1|—1.

Obviously this can happen only when |a,—1| > 1. Because 2|ag| < |ap—1|, the
expression for gy shows that |ag| < g4 is automatically satisfied. When 2|ag| >
|an—1], then |ag| > g— is automatically satisfied, and

lag| < ¢4 <= 2|ag| < |om—1] + V/]an—1|? — 4|l

— 2|ag| — |an—1] < V|an—1|? — 4|ag]
= (2]ao] = |an-1])* < |an-1[* = 4|ao]
— |apg| < |an—1| = 1.

Once again, this can only happen when |a;,_1| > 1. Combining the two inequalities,
we obtain that ¢_ < |ag| < g4+ is equivalent to 2|ag| < |an—1| and |ag| < |an-1] — 1,
or 2|ag| > |an—1| and |ag| < |ap—1] — 1. This therefore reduces to the condition
lag| < |apm—1] — 1. Since Case Ic cannot occur when 2+/|ag| = |apn—1| and since
min{|a, 1| — 1, |an_1]?/4} = |an_1] — 1, we can summarize the conditions for this
case as |ag| < |an—1]| — 1. This corresponds to the third scenario in Figure 3.3, where
the modulus of any z € € satisfies 0 < |z| < ¢_.

Case Id: |ag| < g—. The intersection consists of part (or all) of the loop con-
taining the origin. When 2|ag| < |apn—1/, the condition |ag| < g— can be simplified as

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/09/24 to 78.11.131.51 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

MODIFIED GERSHGORIN DISKS FOR COMPANION MATRICES 371

follows:

o] < g— == 2|ag| < [an-1| = V|an-1]* = 4|ag|
= Vl]an-1]* — 4lag| < |an—1] = 2|ag|
= |ap—1]? = 4lao| < (Jan-1] — 2[ao|)?
<~ |ag| > |an-1] —1.

When 2|ag| > |an—1|, then |ap| < g— is impossible. These conditions can be con-
densed into

|otn—1] =1 < Jao| < minflon—1]/2, lan—1|*/4} .

This corresponds to the last scenario in Figure 3.3, where the modulus of any z € Q3
now satisfies 0 < |z| < |apg].

Case II: 2/|ag| > |ap—1]- In this case, the oval has only one loop. We distin-
guish two subcases.

Case lla: |ag| > 7. The intersection consists of the entire oval. When 2|ag| >
|an—1], we obtain, as in Case Ia, that this condition is equivalent to |ag| > |am—1|+ 1.
When 2|ag| < |ap—1], then |ag| > r is impossible. Summarizing, we obtain |ag| >
max{|a,_1]| + 1, |an—1]|?/4}. This is the first scenario in Figure 3.4. In this case, the
modulus of any z € ; satisfies 0 < |z| < r.

Case llb: || < 7. The intersection consists of part (or all) of the oval. When
2|lag| > |om—1], then, as in Case Ib, we obtain from (A.1) that this condition is
equivalent to |ag| < |ap—1| + 1. When 2|ag| < |apn—1], the condition is automatically
satisfied. This is summarized as |a,—1]?/4 < |ag| < |an—1| + 1, and it is the second
scenario of Figure 3.4. Here, the modulus of any z € Q; satisfies 0 < |z| < |ag].

Appendix B. Below is the MATLAB 7 code used to produce a typical figure, in
this case the right-hand side figure in Figure 4.1. It is similar enough to pseudo-code
for it to be understandable with minimal knowledge of MATLAB. The code contains
some redundancy in the interest of clarity. After the figure is created, its colors are
converted to grayscale. Broadly speaking, the code creates a grid and then checks
which grid points lie in the set of interest. These grid points are then plotted. The
areas of the sets can be compared by comparing the number of grid points they contain.
We have rounded throughout this work to the nearest larger integer percentage. All
other figures were generated by very similar code.

MATLAB Code.
% v is the coefficient vector of the polynomial
% absv is the vector of absolute values of the coefficients in v
% m is the resolution of the figure
v=[1 2 i -2 6 8];absv=abs(v);m=2000;
% n is the degree of the polynomial
n=length(v)-1;
% comp_mat is the companion matrix of the polynomial
comp_mat=(fliplr(flipud(compan(v))))’;
% the vector of deleted row sums Rt is computed
Rt=1+absv(n+1:-1:2);
Rt (1)=absv(n+1);
Rt(n)=1;
% the boundaries of the grid are established
dd=diag(comp_mat) ;
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=

=

== =

==

== =

== =

xmin=min(real(dd))-max(Rt) ;
xmax=max (real (dd))+max (Rt) ;
ymin=min(imag(dd))-max(Rt) ;
ymax=max (imag(dd))+max (Rt) ;
the horizontal and vertical distance between grid points is set
del=min((xmax-xmin)/m, (ymax-ymin)/m) ;
the real and imaginary parts of the grid points are generated
[xx1,xx2]=meshgrid(xmin:del:xmax,ymin:del:ymax) ;
the complex grid points are defined as z
z=xx1+i*xx2;
the indices of the grid points in the Gershgorin set
are collected in gset
gset=((abs(z-comp_mat(1,1)) <= Rt(1)));
for jj=2:n
gset=gset | ((abs(z-comp_mat(jj,jj)) <= Rt(jj)));
end
the Gershgorin set is plotted in magenta
figure;hold onj;axis equal;
zz=z(gset);
plot(real(zz),imag(zz),’m.’)
the indices of the grid points in the first modified Gershgorin set
are collected in gsetl
gsetl=(abs(z) <= absv(n+1));
gsetl=gsetl & (abs(z).*abs(z+v(2)) <= absv(n+l));
for jj=1:n-2
gsetl=gsetl | ((abs(z) <= 1+absv(n+1-jj)));
end
gsetl=gsetl | (abs(z+v(2)) <= 1);
the first modified Gershgorin set is added to the figure in green
zzl=z(gsetl);
plot(real(zzl),imag(zzl),’g.’);
the indices of the grid points in the second modified Gershgorin set
are collected in gset2
a=v(n+1)/v(n);
gset2=(abs(z) <= absv(n+1));
gset2=gset2 & (abs(z).*abs(z+v(2)) <= absv(n+l));
gset2=gset2 | ((abs(z) <= 1 + absv(n)) & (abs(a)*abs(z) <= abs(a+z)));
for jj=2:n-2
gset2=gset2 | ((abs(z) <= 1+absv(n+1-jj)));
end
gset2=gset2 | (abs(z+v(2)) <= 1);
the second modified Gershgorin set is added to the figure in blue
zz2=z(gset2) ;
plot(real(zz2),imag(zz2),’b.’);
the zeros of the polynomial are added to the figure as white dots
eigv=eig(comp_mat);
plot(real(eigv),imag(eigv),’w.’,’MarkerSize’,20);
hold off;
computation of the approximate ratio of the area of the modified sets
as a fraction of that of the Gershgorin set
sz=size(zz);
szl=size(zz1);
sz2=size(zz2);
areal=sz1(1)/sz(1);
area2=sz2(1)/sz(1);
[areal area2]
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