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We derive an inclusion region for the eigenvalues of a matrix that can be
considered an alternative to the Brauer set. It is accompanied by non-singularity
conditions.
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1. Introduction

A well-known way to obtain inclusion regions for eigenvalues of matrices is the use of
Gersgorin disks. It is stated in the following theorem, for which we first define the deleted
absolute row and column sums R/(A4) and Cj(A4), respectively, of a matrix 4 € C"*" with
clements a;; as:

n

R(A) = lajl and Cid)=)_|a;l.
T jor

The dependence on the matrix 4 will be left out of our notation whenever there can be no
confusion about what matrix is being considered. The theorem is then given as follows:

THEOREM 1.1 [6] All the eigenvalues of the n x n complex matrix A are located in the union
of the n disks

n
i=1
where
rk = {ze C:|z—asl < R}

and also in the union of the n disks

rc = U re,
j=1

*Email: amelman@scu.edu

ISSN 0308-1087 print/ISSN 1563-5139 online
© 2010 Taylor & Francis

DOI: 10.1080/03081080902722733
http://www.informaworld.com



378 A. Melman
where

re— {ze C:lz—ay < C}}.
The theorem has a row and column version because the spectra of 4 and 47 are
identical. We refer to, for example [7, Chap. 6] for related results.
In addition to the Gersgorin set, there exists another well-known inclusion set for the
eigenvalues, namely the Brauer set, as stated in the following theorem:

THEOREM 1.2 [1]  All the eigenvalues of the n x n complex matrix A are located in the union
of the (5) ovals of Cassini

n

AR = U{z €C: |z —aillz —ay| < R/.Rj’.},

i
ij=1

i#]

and also in the union of the (5) ovals of Cassini

n
AC = U{z €C: |z—ayllz—ay| < Cgc;}.
i
It is an easily established and well-known fact that ARcT®and A€ TS,
More complicated sets can be derived (see, e.g. [2-5,8—11], and references therein),
although some of these involve the union of a very large number of sets.
As is the case for the GerSgorin and Brauer sets, our results can be improved by using
a suitable similar matrix S™'AS instead of A4, which has the same eigenvalues (see, e.g.
[7, Chap. 6]).
We need a few more definitions, in addition to the definition of R; and Cj. They all
relate to a matrix 4 € C"" and they are listed below:

n n
R = Z @] = Z lan| — |ail
k=1 k=1

i
n n
Ry = "lawl =Y lai| — |a]
k=1 k=1
k#j
n n
R =" lawl = lawl — lail — lagl = R, — |ay]
k=1 k=1
k#i,j
n n
Ci=Y lal = lal — lail
k=1 k=1
ki
n n
Cir=Y lawl = lawl — laz|
k=1 k=1
k#j

n n
Cir=> lal =Y lawil — lail — 4| = C; — |a|.
k=1 k=1
k#i,j
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We derive our spectral inclusion region in Section 2, along with accompanying
non-singularity conditions. Some examples are presented in Section 3.

2. An alternative to the Brauer set

The next theorem contains our main result, namely a spectral inclusion set which, like the
Brauer set, is composed of (3) oval-like sets.

THEOREM 2.1 Al the eigenvalues of the n x n complex matrix A are located in the union of
the following (%) sets:

n

ok = (2% n k),

ij=1

i]
where
QZI; = {Z eC: ‘(Z = a,-,-)(z = (,ij) = agfaji’ <l|z— aU|R;]’ + |aU—|R]/<;},

and also in the union of the following (3) sets:

n
2 = U(ef naf).
where
Qg = {z € C :|(z — aw)(z — ay) — aaz| < |z — a;|Cj; + |aji|C2;}.

Proof We only prove the row version because the column version’s proof is entirely
analogous. Let A be an eigenvalue of A4 with corresponding eigenvector x, i.e. Ax=Ax.
Since x is an eigenvector, it has at least one non-zero component. Define x, as the

component of x with the largest absolute value, so that |x,|>|x;] for all i=1,2,...,n
and x, #0.
If x,, is the only non-zero component of x, then we have
0 0
0 0
y X | _ 5 Xp
0 ol
0 0
0 0

which implies that a;, =0 for all i u, and A = a,,,,. In this case, and for i # p, we have that

Qf = {z €C :|(z—an(z—du)| <z — a,L,L|R;.;},
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380 A. Melman
and
Qf = [z € C : |z —a)z — au)| < |17 — @il R, + |au,»|R;;L},

so that A = a,, € QF N QK C Q.

Assume now that there is at least one other non-zero component of x. Define x, as
the component of x with the second largest absolute value, i.e. |x,|>|x,|>|x;| for all
i=1,2,....n, i#p, u#v, and x,, x,#0. We then have

n
Axy = § Xy + Aup Xy + Xy
. j=1
JFI,Y

n
AX, = E AyiXj + QX + Ay,
JFEMY

which is equivalent to

n
A = ap)xp — apuxy = § : ApjXj
=1

J#HY

n
—ay Xy + (A — an)x, = E @,y X;.
j=1

JF IV
Solving for x, and x,, we obtain
n n
(()‘ - a,u;t)()‘ - avv) - auvavu)xu =(0- avv) Z R Z ayiXj (1)
o okt
n n
(A = a, )\ — ay) — apay)x, = (A — ay,) Z ayixXj + Z i X;. )
ko ooy

Taking absolute values of (1) and (2) and using the triangle inequality yields

n n
|0 = @) = @) = @t xul < = awl D lagllx] + law] Y layllx;]
j=1 j=1
./’9/éu,v ./7/5%‘)

n n
O = )k = ) = @150 < = aul Y laylll + laval Y lagllx)-
j=1 j=1

JFE1Y JFEIY

Since x,, # 0 and x, # 0 are, in absolute value, the largest and second largest components of
x, respectively, and since these components do not appear in the right-hand side of these
inequalities, we can divide through by their absolute values to obtain

|()‘ - auu)()\ - aw) - a;wavu| <|A- aw|RZ,V + |a;w|R/U,M
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25 -2 -158 -1 05 0 05 1 15 2

Figure 1. Examples of the Q;; sets.

and
|(h — @ )A — @) = @uuauy| < [A — @, |RY, + |au,|R),,.

The eigenvalue X satisfies both these inequalities, but we do not know which u and v
correspond to a given eigenvalue. We can, therefore, only say that any eigenvalue must lie
in the union of all possible sets described by the above inequalities. |

The sets SZ,’; and Qg have properties similar to the Cassinian ovals of the Brauer sets,
as can be seen in a few typical examples of these sets in Figure 1.
In the next theorem, we show that the ©;; sets are contained in Gersgorin disks.

THEOREM 2.2 The sets Q,-f and Qg satisfy, for all i#j, that
Qfcrfurf and QF CTYUTY,
so that the sets QX and Q€ satisfy
QR cr® and Q€ cre.

Proof We prove the row version of the theorem. The column version follows
analogously.

Assume that z € Qff for some i, je {1,...,n} and i#j. Thenz € TR or z¢ T If z € TR,
there is nothing to prove If z¢ 'R, then

|z — ay| R + |ag| Rj; > |z — ai)(z — ay) — agail = |z — ail|lz — a;| — laglla;. 3)
Since R} = R} —|ay| and Rj;= R} —|a;|, and because |z —a;| > R, we have from (3) that
7 — a;|(R; — lagl) + lag|(R; — la;il) = Rilz — a;| — layllajil,
which implies that
lag|R; > lajllz — al.

If a;#0, then this inequality means that z e FR In other words, if z is not in T'%,
then it must be in I'}. If a;=0, then it is easy o see that Qf =TfU{ay) cTFU FR
As an immediate Consequence of the above, we have that QF C 'R, This completes the
proof. |

The following theorem shows that not only do our new sets lie in the GerSgorin sets,
but they are contained in the Brauer sets as well.
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THEOREM 2.3 The sets Qg and Q,S satisfy for all i#j that

QfNQf c Al and QfNQf S AL,

so that QR C AR and Q€ C A€,

Proof Once again, we prove the row version of the theorem while the column version
follows analogously. Pick any z € Qff N QF; then we know from Theorem 2.2 that z € I’}

or that z € FR Assume that z € FR Because ze Q,If, we have that

|z = ai)(z — ay) — aya;| < |z — ay| R + |ay| R}
Since
|z — aiillz — a| — |aglla;| < |(z — ai)(z — ay) — aja;l,
z must satisfy

z — a;il|z — ajl — lagllag| < |z — a5 Ry + lag| R},

or
|2 = aillz = ay) < 1z — azl R + lagl (R} + laz)- o

R : / : " / /" /
Because z € I', it satisfies |z —a;| < R, and since R = R —|aj and R = R, —lal, we
obtain from (4) that

2 = aillz — a1 = RIR)+ layl (R +1ail) = KR} +1ay| R, = RIR.

This means that z € Af. If z lies in T'f instead of T}, then we repeat the above
argument with Q/R 1nstead of QR to reach the same conclusmn i.e. we have shown that
QfNQRkc AR

As an immediate consequence, we obtain that % c A®. This concludes the proof. B

Remarks

(1) The proof of Theorem 2.3 relies on the first part of Theorem 2.2 but, once
Theorem 2.3 is proved, the second part of Theorem 2.2, namely Q*<TI'® and
Q¢c FC, also follows because ARCT® and A€ CTC.

(2) Whereas the diagonal elements of the matrix are always contained in the Brauer
sets, the same is not true for the new sets: consider, for example, a;;, which trivially

lies in Af. For a; to be contained in Q N fo, we must have

laglla;l < lai — ay| Ry + |ag| Rj; and laglla;l < la;| R},

but these inequalities are not necessarily satisfied. To take a simple case, assume that ay,
a; 70 and that a; = a;. The resulting inequalities become

lail < R;  and  |az < R,

which are clearly not satisfied in general. On the other hand, ;=0 or a;=0 is obviously
a sufficient condition for both a;; and a; to be contained in Qf N Q.
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An eigenvalue inclusion set for a matrix naturally leads to non-singularity conditions
for that matrix by requiring that z=0 not be included in the set. The following two
theorems present such conditions, the second one requiring slightly more work than the
first.

THEOREM 2.4 Let A€ C™", then A is invertible if Vi, j=1,2,...,n and i #J:

@i — agajl > min{la; R} + |y R], lail Ry, + 14l R .

Proof A sufficient condition for the invertibility of the matrix 4 is 0¢ Q% By
Theorem 2.1, this condition will be fulfilled if for any 7, je {1,2,...,n } and i#;:
|aiay — agag| > |a;| R + lag| R}
or
laziay — aia;i| > laq| Rj; + la;| R}
Since the left-hand side is the same in both these inequalities, the proof follows. |

THEOREM 2.5 Let A€ C"™", then A is invertible if Vi, j=1,2,...,n and i #J:

n n

ity — agay| > ming Y lagay — agag, Y |aiai — apap] ¢-
k=1 k=1
ket ketij

The proof follows from Equations (1) and (2) in the proof of Theorem 2.1, which we
can rewrite as

n

(()“ - aﬂﬂ)()‘ - avv) - auvavu)xu = Z(O‘* - avv)ap.k + a;wavk)xk
k=1
k#p,v

n

(()L - a[ut)()‘ - aw) - auvavu)xv = Z(O‘ - aﬂu)avk + avp,auk)xk-
k=1
k#p,v

Analogously as in the proof of Theorem 2.1, we then obtain

|()‘ - aﬂﬂ)()‘ - avv) - auvavu| =< Z|()" - aw)auk + a;wavk| (5)
k/;:L].v
n
| = @) — an) — apa,| < ZKA — ) avk + Aup Gyl (6)
k=1
Kty

If the matrix is to be non-singular, then it is sufficient for A =0 not to be in the intersection
of the two regions determined by inequalities (5) and (6) for any pair (u,v) with u#v.
This means that

n
‘auuaw - ap_vaup.| > Z|avvauk - a;}.vavk|
k,;il.v
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or

n

\awaw — awam| > E |awavk — Ay Ak
k=1
kv

5

for any given pair (u,v) with u #v. Since the left-hand side is the same in both these
inequalities, the proof follows with © =i and v=j. |

We note that the triangle inequality for the absolute value implies that the conditions
in Theorem 2.5 are weaker than those in Theorem 2.4.

3. Examples

To conclude, we present a few small examples, in which we have graphed A%, the Brauer
set, and QX, our alternative to it, for a few matrices. The Brauer sets A are shaded in light
grey, the sets QF are shaded in dark grey, and the eigenvalues appear as white dots
(Figures 2 and 3). As one can see, 2% can be quite similar to AR, as for 4,, but it can also be
significantly smaller, as is the case for the other matrices. The matrix 44 is taken from [4].

S—4i =2-3i 4-2 2—1i

4= 3-3i —4i 2-2i —1-3i |
—4i 4i 3—i  —4+43i |
14+4i S+4i —2-2i i
—4—i —4+3i 4+5i 12

4y 4431 2—i 4430 244i
—4i 1—i 4i 3+45i

—10 14+4i 245 -3-2i

10 L
10t

st
st
o o
5!
- 0!
sl

o
20l

a5 0 S o 5 0o o1

90 2% 20 15 40§ 0 5 10

Figure 2. The sets A® and QF for the matrices 4; (left) and A, (right).

= 18 |
» 10 |
s o4 |
o
o f
5
& [
10 -
a8 0 5 o 8§ 1 15 2

20 15 -6 -5 0 & 10 15 20

Figure 3. The sets A® and QF for the matrices A5 (left) and A4 (right).
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1+ 2i i i 20 10 O 3 5
1 2i i 11— 0 —-10 2
Az = ) L | As=
1—i 147 i —i 1 5 20
—-10 —i 0 1+ 4 4 0 =20
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